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1.0  INTRODUCTION,  SUMMARY,  AND  PROPOSED  MODEL 


1.1  INTRODUCTION 

This  document  reports  an  investigation  performed  to  provide  the  information  for  improved 
accuracy  of  low-altitude  wind  and  turbulence  models  to  be  used  for  the  certification  by 
flight  simulation  of  approach  and  landing  guidance  and  control  systems. 

Historically,  the  structural  designers  were  first  to  recognize  the  requirement  for  a 
mathematical  model  and  initially  used  only  the  discrete  1 -cosine  gust  for  the  design  limit 
case.  As  airplanes  became  lighter  and  more  flexible,  fatigue  life  became  more  critical  and  the 
need  for  a more  accurate  description  became  greater.  This  led  to  the  application  of  the 
statistical  power  spectra.  Attempts  to  fit  a mathematical  model  to  measured  data  began 
seriously  in  the  late  19S0s  and  has  progressed  to  the  point  of  “which  model  do  I use?” 

Automatic  controls  were  used  initially  to  provide  modest  improvements  of  airplane  stability 
and  to  provide  guidance  during  noncritical  flight  phases  (altitude,  attitude,  and  heading 
hold).  Automatic  control  authority  tended  to  be  low.  Hence,  the  interaction  of  the  control 
system  with  wind  and  turbulence  was  unimportant;  it  was  not  a concern  for  flight  safety. 

For  typical  flight  controls  analysis,  such  as  handling  qualities,  ride  qualities,  and 
controllability,  concern  was  for  a qualitative,  rather  than  quantitative,  answer:  that  is,  does 
a parameter  variation  (i:t  the  aircraft  or  control  system)  improve  or  degrade  the  particular 
output?  A forced  change  of  this  philosophy  occurred  when  the  autoland  systems  began  to 
appear  in  the  early  1960s.  The  dependence  upon  an  automatic  landing  system  rather  than 
the  highly  adaptive  pilot  required  analytic  proof  that  the  landing  would  be  performed  with 
adequate  safety.  The  problem  is  now  quantitative  rather  than  qualitative  and  a gross  error  in 
the  approach  wind  model  could  be  very  serious;  parameters  of  the  wind  model  have  effects 
comparable  to  parameters  of  the  aircraft  and  guidance  system.  Certification  of  autoland 
systems  is  dependent  upon  demonstration  of  very  low  orders  of  risk  of  fatal  accidents. 
Obtaining  adequate  statistical  data  to  validate  remote  probabilities  of  fatal  accidents  is 
impractical  without  heavy  reliance  upon  simulation. 

The  search  for  a low-altitude  wind  model,  providing  a bstter  representation  of  low-altitude 
wind  phenomena  than  provided  by  existing  certification  wind  models,  was  principally 
concerned  with  the  region  from  the  surface  to  about  1000  feet.  The  model  for  this  altitude 
region  tends  to  be  the  most  general  and  complex  due  to  the  strong  dependence  of  wind 
characteristics  upon  altitude  and  surface  terrain  and  the  orientation  dependence  of 
turbulence  characteristics.  Additionally,  the  landing  approach  task  is  the  most  difficult  and 
critical  task  for  which  relatively  small  changes  of  wind  characteristics  may  result  in  large 
changes  in  maneuver  performance.  The  low  airspeed  during  approach  tends  to  couple 
vertical  motion  with  longitudinal  wind  components  and  longitudinal  motion  with  vertical 
wind  components,  increases  the  nonlinearity  of  aircraft  responses  to  winds,  and  increases 
the  significance  of  the  distribution  of  winds  over  the  aircraft.  Hence,  the  aerodynamic 
mode:  incorporating  the  effects  of  winds  tends  also  to  be  most  general  and  complex. 


The  main  objective  of  the  investigation  was  to  define  a model  suitable  for  certification.  A 
model  for  design  must  be  simplified  to  reduce  the  wind  model  parameters  to  enable 
evaluation  of  a large  number  of  aircraft  and  control  system  design  parameters. 

The  studies  were  concerned  with  the  “average”  airport,  although  it  is  recognized  that  the 
“average”  airport  may  not  exist.  It  is  both  impractical  and  undesirable  to  represent  unique 
characteristics  of  any  particular  airport  for  the  certification  of  an  aircraft  that  will  land  at 
many  different  airports.  “Average”  airport  is  used  in  regard  to  possible  unique  operating 
procedures  and  terrain  features  and  does  not  imply  “average”  winds  at  the  “average” 
airport. 

Consideration  is  not  for  the  wind  alone,  but  for  aircraft  responses  in  wind  environments,  so 
the  investigation  included  the  representation  of  aerodynamic  forces  due  to  winds  and  a brief 
analysis  of  the  effects  of  winds  on  aircraft  motion. 

No  original  work  on  the  description  of  low-altitude  winds  is  intended.  The  wind  model  is  a 
combination  of  the  work  of  others.  The  structure  of  the  model  has  been  parameterized  to 
enable  incorporation  of  new  material  and  updating  of  parts  without  discarding  the  entire 
model. 

For  virtually  every  aspect  of  low-altitude  winds  there  are  conflicting  descriptions.  Some 
descriptions  are  based  on  undocumented  data  collection,  analysis  techniques,  and  test 
conditions.  Some  general  considerations  used  for  selecting  one  among  competion  descrip- 
tions are: 


• Weight  of  evidence 

• Physical  and  intuitive  reasonableness 

• Substantiation 

• Existing  specifications,  when  the  choice  appears  arbitrary 

• Compatibility  with  the  description  of  other  parameters 

• Validity  of  the  asrumptions 

• Avoidance  of  descriptions  providing  unreasonable  discontinuities 

Analytic  descriptions  of  wind  phenomena  are  presented.  Where  possible,  a deterministic 
description  is  preferred  in  the  presumption  that  all  physical  processes  have  cause-and-effect 
relationships.  When  relationships  are  too  complex  to  permit  quantitative  understanding  or 
when  deterministic  descriptions  are  impractical,  probabilistic  descriptions  are  used,  with  the 
statistical  parameters  defined  deterministically  as  much  as  possible. 


For  those  parameters  defying  analytic  description,  probabilistic  descriptions  have  been 
sought.  Probabilistic  descriptions  were  first  sought  from  the  literature.  For  those  aspects  not 
well  defined  by  the  literature,  descriptions  have  been  sought  by  reducing  and  evaluating 
tower  data. 

A brief  analysis  of  the  effects  of  winds  on  aircraft  motion  has  been  conducted  to  gjin  an 
appreciation  of  what  needs  to  be  modeled.  The  axes  transformations  required  between  wind 
and  turbulence  components  in  their  inherent  axis  system  and  in  the  airplane's  axis  system 
are  shown.  Techniques  of  providing  a random  process  on  computers  for  the  representation 
of  turbulence  are  presented.  A simulation  model  is  presented  that  combines  all  the  foregoing 
components. 

Each  section  has  been  designed  to  be  relatively  independent  of  the  other  sections.  Each 
section  has  its  own  nomenclature  and  reference  list,  and  tables  and  figures  are  numbered  by 
section. 


1.2  NOMENCLATURE 
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Wing  span 

Specific  heat  at  constant  pressure 
Mean  chord 

Atmospheric  boundary  layer  thickness 

Exponential  function 

Coriolis  parameter,  f = 2u>  j;  sin  X 

Contribution  of  nonneutral  atmospheric  stability  to  the  mean 
wind 

Fundamental  longitudinal  and  transverse  correlation  functions 
for  isotropic  turbulence,  respectively 

Filters  for  producing  u,  v.  and  w components  of  turbulence 

Acceleration  due  to  gravity 

Contribution  of  atmospheric  stability  to  mean  wind  caused  by 
variation  of  shear  stress 

Heat  flux,  positive  upward 
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Reference  altitude 

Altitude  above  which  turbulence  is  isotropic 

Von  Karman  constant,  k = 0.4 

Longitudinal  isotropic  turbulence  integral  scale 

integral  scales  for  horizontal  and  vertical  turbulence 
components 

Longitudinal  and  transverse  integral  scales  for  turbulence  com- 
ponents parallel  and  normal  to  the  displacement  vector, 
respectively 


Lir  Ly,  L% 


Integral  scab’s  corresponding  to  the  longitudinal,  transverse,  and 
vertical  turbulence  components,  respectively 
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Monin-Obukov  scaling  length  and  Monin-Obukov  scaling  length 
modified  by  ratio  of  eddy  conductivity  to  eddy  vicosity 

Distance  ftom  the  wing-body  aerodynamic  centei  to  the  tail 
aerodynamic  center  along  the  x body  axis,  positive  aft 

Frequency  response  amplitude 

Inertial  body  axis  roll  rate 

Effective  roll  rate  of  the  air  mass  due  to  turbulence  relative  to 
the  earth 

Inertial  body  axis  pitch  rate 
Dynamic  pressure 

Effective  body  axis  pitch  rate  due  to  turbulence  with  respect  to 
the  earth 

Richardson’s  number  and  that  at  20-foot  altitude 

Correlation  function  for  the  i and  j turbulence  components 

Inertial  body  axis  yaw  rate 

Displacement  vector 

Yaw  rate  relative  to  the  air  mass 
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Effective  body  axis  yaw  rate  due  to  turbulence  relative  to  the  9 

earth  IS 


Effective  yaw  rate  due  to  the  wind  and  mean  wind  relative  to 
the  earth 

Laplace  transform  variable 
Absolute  temperature 
Time 

Inertial  linear  velocity  along  the  x body  axis 

Friction  velocity  (shear  stress/density)'/-  and  that  at  the 
surface 

Linear  velocity  with  respect  to  the  air  mass  along  the  x body 
axis 

Component  of  airspeed  along  the  x turbulence  generation  axis 

Turbulence  velocity  parallel  and  normal  to  the  displacement 
vector 

Linear  turbulence  velocity  along  the  x body  axis  and  the 
x turbulence  generation  axis  relative  to  the  earth 

u p at  the  tail 

Linear  velocity  of  the  wind  and  mean  wind  with  respect  to  the 
earth  along  the  x body  axis 

Mean  wind  speed  and  that  at  20-foot  altitude 

Total  air  speed 

Inertial  linear  velocity  along  the  y body  axis  relative  to  the  earth 

Linear  velocity  with  respect  to  the  air  mass  along  the  y body 
axis 
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Linear  turbulence  velocity  along  the  y body  axis  and  the 
y turbulence  generation  axis  relative  to  the  earth  at  the  center  of 
gravity 

Linear  velocity  of  the  wind  and  mean  wind  along  the  y body 
axis  relative  to  the  earth 
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Inertial  linear  velocity  along  the  /.  body  axis 

Linear  velocity  along  the  /.  body  axis  relative  to  the  air  mass 

Linear  turbulence  velocity  along  the  /.  body  axis  relative  to  the 
earth 

Linear  velocity  of  the  wind  and  the  mean  wind  along  the  /.  body 
axis  relative  to  the  earth 

Surface  roughness  length 

Angle  of  attack 

Sideslip  angle 

Glide  slope 

Euler  pitch  angle 

Three-dimensional  spectrum  function  for  the  i and  j turbulence 
components 

Latitude 

Turbulence  wavelength  along  the  x and  y axes 

Position  displacement  vector  and  magnitude 

Standard  deviation  for  parameter  i 

Standard  deviation  of  horizontal  and  vertical  turbulence 

Standard  deviations  of  the  u,  v.  and  w components  of 
turbulence 

Covariance  between  the  i and  j turbulence  components 
Time  displacement 

Shear  stress  and  that  measured  at  the  surface 

Input  and  output  power  spectra 

One-dimensional  power  spectrum  for  parameter  i 

One-dimensional  spectrum  function  lor  the  i and  j turbulence 
components 
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Random  noise  power  spectrum 

isotropic  one-dimensional  spectrum  functions  for  u^  and  up 


4»U(J2|),  ♦v(J2j),  «frw(S2|)  One-dimensional  power  spectra  for  components  of  turbulence 

along  the  x,  y,  and  z axes 
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One-dimensional  cospectrum  for  components  of  turbulence 
along  the  x and  z axes 

Universal  function  of  h It'  defining  nondimensional  wind  shear: 
kh 

^inr  ' ♦<"/«'» 

Euler  ba  ik  angle 

Two-dimensional  spectrum  function  for  the  i and  j turbulence 
components 

Euler  heading  angle 

Heading  to  which  the  mean  wind  is  blowing 
Spacial  frequency  vector  and  spacial  frequency  magnitude 
Component  of  spacial  frequency  along  the  x axis 
Temporal  frequency,  rad/sec 
Angular  velocity  of  the  earth 


Note:  Dotted  terms  refer  to  derivatives  with  respect  to  time.  Overbar  indicates  an  average. 
Other  terms  defined  where  used. 


1.3  SUMMARY 

Wind  phenomena  are  classified  in  Section  2.2  as  being  mean  wind,  turbulence,  and  discrete 
gusts.  Mean  wind  and  turbulence  are  statistical  parameters  that  appear  together  with 
turbulence  being  a random  deviation  of  wind  velocity  about  the  mean.  Distinction  between 
the  mean  wind,  which  eventually  is  variable  given  enough  time  or  space,  is  made  on  a 
frequency  basis  using  the  Van  der  Hoven  bimodal  wind  speed  spectrum  (Fig.  I -I ). 

Discrete  gusts  are  deterministic  phenomena  caused  by  localized  terrain  or  atmospheric 
inhomogeneities  of  which  there  are  an  infinite  number  of  possibilities.  So  long  as  conditions 
of  reasonably  homogeneous  terrain  and  atmospheric  features  or  restrictions  on  Mic 
proximity  to  inhomogeneities  are  justified,  consideration  of  discrete  gusts  is  unnecessary. 
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FIGURE  7-  7.-  SCHEMA  TIC  SPECTRUM  OF  WIND  SPEED  NEAR  THE  GROUND 
ESTIMATED  FROM  A STUDY  OF  VAN  DER  HOVEN  (19571 


1.3.1  Mean  Wind 

The  mean  wind  is  characterized  by: 

• Zero  vertical  component 

• Zero  wind  speed  at  the  surface 

• Invariant  with  altitude  above  the  atmospheric  boundary  layer 

The  mean  wind  model  having  the  greatest  acceptance,  both  theoretically  and  empirically,  is 
that  developed  from  dimensional  analysis.  The  parameters  involved  are: 

avw 

-jjj-  = mean  wind  shear 


r = shear  stress 

p = atmospheric  density 

Cp  = specific  heat  at  constant  pressure 

h = altitude 
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g = gravitational  acceleration 

H = heat  flux 

T = absolute  temperature 

3T 

-jjj^  = lapse  rate 

This  inclusive  list  assumes- 

• Pressure  gradients  are  invariant  with  altitude,  at  least  over  a sufficiently 
constrained  altitude  region. 

• Viscous  forces  dominate  pressure  and  Coriolis  forces. 

• The  flow  of  air  is  fully  rough  so  that  molecular  viscosity  is  not  a significant 
parameter. 


The  parameters  appear  in  the  combinations 


u*  fric 


kh  dVW 
u+  dh 


■p  - friction  velocity 


= nondimensional  shear 


(k  = 0.4  = Von  Kantian's  constant) 
ufcpPT 


Dimensional  analysis  then  predicts 
where  (h/fi ) is  some  specific  function. 

It  is  additionally  assumed  tha*  shear  stress  and  density  are  invariant  with  altitude  for  a 
sufficiently  constrained  altitude  region.  Then 


*w4°  / 

'0 


wsfflww  !38\'T  W"ii4  ■WT«Vin^ 


zq  = the  attitude  at  which  the  mean  wind  speed  formally  goes  to  zero 
u*0  = u*(h  = 0) 

The  scaling  length,  2,  is  difficult  to  measure  due  to  the  difficulty  of  measuring  heat  flux,  so 
an  alternate  scaling  length,  is  introduced: 


*-r-» 

u*otTT 

i'  = „ V 

kG  — +-i- 
KU  ph  Cp 

This  alternate  scaling  length  is  equal  to  the  dimensional  analysis  scaling  length  multiplied  by 
the  ratio  of  eddy  conductivity  to  eudy  viscosity  and  is  assumed  to  be  a constant,  implying 
that  there  is  a one-to-one  relationship  of  the  wind  and  temperature  shears  independent  of 
altitude. 

The  alternate  scaling  length  can  be  related  to  a more  conventional  and  still  more  easily 
measured  parameter  reflecting  atmospheric  stability,  Richardson’s  number: 


Richardson  s number  is  a noudimensional  ratio  between  the  mechanical  wind  shear  that 
tends  to  displace  air  and  the  buoyancy  force,  which  may  damp  or  amplify  this  tendency 
(Sec.  2.3.4).  Richardson  s number  thus  gives  rise  to  the  notion  of  atmospheric  stability,  a 
dynamic  concept: 

0*T*  t 

Rj,  h/2'  > ^r-;  stable  (weak  lapse  or  inversion) 


"’"TO 

H %! III IBMIHU im  » II  m — i-ii-i  -I  --  ■ 


= = -0.00536°  R/ft ; neutral  ( adiabatic  lapse) 

CP 


< -£• : unstable  (strong  lapse) 

S’ 

Given  the  nature  of  0(  h/2').  the  variau  >n  <>:  Rj  is  known  with  altitude  and  Rj  could  be  used 
in  place  of  h/2'.  However,  it  is  simpler  to  use  h/2'  as  it  varies  linearly  with  altitud--  The 
greater  ease  involved  in  measuring  Rj  provides  an  indirect  means  of  computing  8'. 

Investigators  have  examined  ^(h/2')  for  different  regions  of  stability.  For  neutral  stability 
0(h/8')  = I and 


Rj, 

h/2* 

— s 

Ri 

h/2' 

<°~f 

(Sec.  2.3.2) 


or,  after  an  axis  system  shift  to  provide  V^y  = 0 at  h = 0, 


For  neutral  stability,  the  shear  is  inversely  proportional  to  altitude  and  the  mean  wind  is 
described  by  the  logarithmic  profile.  The  term  zq  reflects  surface  roughness  and  is  larger  for 
greater  roughness.  The  relationship  between  Zq  and  roughness  of  the  terrain  has  been 
investigated  in  Section  2.3. 2.2.  In  Section  2.3.6,  it  is  concluded  that  z.q  = 0.15  foot,  as 
provided  by  the  British  specification,  and  is  representative  for  autoland  applications. 

If  the  mean  wind,  Vj^pp  is  known  at  some  altitude,  h^pp,  the  friction  velocity,  u*q,  may 
be  found  from  the  equation  for  the  mean  wind  profile: 


For  a given  wind  speed  at  h^pp  an  increase  in  roughness  length,  Zq.  is  related  to  an  increase 
in  friction  velocity,  which  in  turn  provides  an  increase  of  the  shear  at  every  altitude,  a 
decrease  in  wind  speed  for  h < hj^pp,  and  an  increase  in  wind  speed  for  h > ligpp. 


For  near  neutral  stability,  $(h/8')  may  be  estimated  from  the  first  two  terms  of  a Taylor 
series  expansion  about  neutral  stability: 


♦<h/8')  = 

1 +a'h/8\  h/8'«  1 

a'  = 

constant 

- u*o 

vw =-r[' 

n(  *o°) +“H 

(Sec.  2.3.4.2) 

which  is  the  log-linear  mean  wind  profile.  For  stable  conditions  (h/B’>0),  the  effect  of 
stability  appears  to  cause  an  increase  in  the  mean  wind  speed  and  shear.  Unstable  conditions 
appear  to  cause  a decrease  in  the  shear  and  mean  wind  speed. 

For  the  log-linear  profile,  friction  velocity  can  be  determined  from  the  mean  wind  speed  at  a 
given  altitude  by 


kVREF 

0 lnC^r) + " 


Stable  conditions  result  in  a decrease  and  unstable  conditions  result  in  an  increase  of  friction 
velocity. 

I’  ' 

Combining  the  effects  of  stability  on  friction  velocity  and  the  nondimensional  wind  shear 
gives 


flVW  VREF 

1 + a'h/B' 

9h  " h 

Stable  conditions  cause  the  shear  to  be  greater  than  for  neutral  conditions  above  some 
altitude,  but  less  than  the  neutral  stability  shear  below  that  altitude.  The  reverse  is  true  for 
unstable  conditions. 

For  near  neutral  stability,  the  constant  6'  can  be  determined  by  knowing  Richardson’s 
number  at  some  altitude,  hg£p: 

h/8 ' = 


Rj0(h/8')=  Rj(l  +o'h/8'),  h/8'«  I 


,/0.  = £££ ^ — !i£L 

hREF(l‘  Riopr)  hRFF 


Tile  general  form  of  the  mean  wind  profile  may  be  reformulated  to  represent  the 
contribution  of  neutral  conditions  plus  the  increment  due  to  nonneutral  conditions: 


where 


fth/n  = f ^4^  d$ 


Different  investigators  have  developed  expressions  for  the  mean  wind  shear  for  various 
regions  of  stability  (Sec.  2.3.4.3.).  For  unstable  conditions. 


*(h/e> 


I - 0'Rj 


constant 


, small  negative  R: 


^ u-4/3 

8h  " 


. strong  instability. 


A form  that  matches  the  logarithmic,  log-linear,  and  the  above  two  expressions  is  the 
KEYPS  equation: 

*<h/«')  = L— 17.  Rj<0 

(1-7'Rj/4  1 


V-  20'  = 4a'  - constant 

This  form  has  been  adopted  in  Section  2.3.5  along  with  the  7'=  18,  v'hich  implies  a' = 4.5, 
values  in  good  agreement  with  measurements.  The  corresponding  relationship  between 
nondimensiona!  altitude  and  Richardson's  number  is 


h/2'  =■ 


( ! -7'Rj)' 


An  explicit  expression  for  the  mean  wind  shear  and,  consequently,  the  mean  wind  speed  in 
terms  of  h/8'  cannot  be  found,  but  such  a relationship  can  be  determined  numerically. 
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For  stable  conditions,  the  log-linear  relationship  has  been  found  to  hold  for  suprisingly  large 
values  of  h/fi':  for  very  stable  conditions,  knowledge  is  poor.  The  best  expression  found  for 
very  stable  conditions  is 


$<h/£')  = (l  +<*') 

which  once  again  results  in  a shear  inversely  proportional  to  altitude.  The  corresponding 
mean  wind  profile  is 


, h/£'  > I 


For  h/fi'  > I , Richardson’s  number  and  nonditnensional  altitude  are  related  by 


h/fi'  = ( I +cr')Rj 

Combining  the  descriptions  of  <*(h /fi')  adopted  provides  the  nondimensional  shear  as  a 
function  of  h/fi',  as  shown  in  figures  1-2  and  1-3.  The  corresponding  function  f(h/£')  ior 
the  mean  wind  equation  is  shown  in  Figures  1-4  and  1-5.  The  combined  relationships 
between  h/R ' and  Rj  are  shown  in  Figure  1-6. 

The  wind  above  the  edge  of  the  boundary  layer  (geostrophic  wind)  is  that  which  remains 
invariant  with  surface  conditions  and  atmospheric  stability  in  the  boundary  layer.  There  are 
little  data  on  geostrophic  winds,  and  relationships  between  winds  near  the  surface  and  above 
the  boundary  layer  are  poor.  Rather  than  relating  low-altitude  wind  conditions  to  the 
geostrophic  wind,  the  wind  profile  is  extrapolated  from  low-altitude  winds.  The  American 
standard  for  airport  wind  measurements  is  20  feet.  The  extrapolation  of  winds  and  shears 
based  on  wind  speeds  at  20  feet  is  performed  through  the  determination  of  friction  velocity: 


u* 


0 /k  = 


20 


M^rf) + 


(Fig.  1-7) 


Figure  1-7  shows  friction  velocity  to  continually  decrease  for  increasing  stability.  The 
nondiinensional  shear.  Figures  1-2  or  1-3,  is  constant  for  h/fi'  > I . Thus,  the  shear,  given  by 


must  decrease  for  h/£'  > 1 . 

The  scaling  length,  £' , may  be  determined  for  Richardson's  number  measured  at  another 
altitude  different  from  20  feet,  but  since  the  choice  appears  arbitrary.  I/?'  is  determined 
from  Figure  1-6  for  Richardson’s  number  measured  at  20  feet.  The  description  provided 


^•,  *■  - -w * ^*-7 "ft* 


thus  far  still  suffers  from  a restriction:  the  dimensional  analysis  descriptions  are  valid  only 
over  the  altitude  region  for  which  shear  stress  differs  insignificantly  fro  n that  at  the  surface. 
Insignificant  variations  of  the  shear  stress  have  been  variously  estimated  to  occur  up  to  6 5 to 
650  feet  (sec.  2.3.2.4),  significantly  less  than  the  objective  of  1000  feet.  At  progressively 
higher  altitudes,  a progessively  greater  overestimation  of  the  mean  wind  speed  and  shear 
occur:  the  description  of  the  mean  wind  never  does  provide  a constant  mean  wind  with 
altitude  above  the  boundary  layer.  A mechanism  for  adjusting  the  description  has  been 
found  through  descriptions  of  shear  stress  (friction  velocity)  variations  throughout  the 
boundary  layei  in  Section  2.3.5. 1. 

By  expanding  shear  stress  with  altitude  about  conditions  at  the  boundary  layer  (where  shear 
stress  is  zero)  using  a Taylor  series,  expressions  for  friction  velocity  variations  with  altitude 
and  for  the  boundary  layer  depth,  d,  are  developed: 


i DIMENSIONAL  SHEAR 
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FIGURE  1-4. -CONTRIBUTION  OF  NON  NEUTRAL  STABILITY  TO  MEAN  WIND 


U*  = 
d = 

where 

f = Coriolis  parameter 

= 2c0gsinX 

cjg  = angular  velocity  of  the  earth 

* = latitude 

Most  of  the  United  States  and  a majority  of  the  world  airport  activity  lies  between  30°ard 
50°  latitude,  so  a fixed  latitude,  X = 40°,  is  adopted  for  determining  the  boundary  layer 
depth.  Then, 


u*o<  I • h/d) 
u*^/5.35f 


d = 2000  u« 

0 

To  incorporate  the  shear  stress  variation  into  the  mean  wind  description,  the  assumption 
that  the  shear  is  proportional  to  friction  velocity  at  the  surface  is  dropped,  and  it  is  assumed 
that  the  shear  is  proportional  to  the  local  level  of  friction  velocity.  Then, 


The  shear  now  smoothly  decreases  to  zero  at  the  edge  of  the  boundary  layer  with  increasing 
altitude.  Near  the  surface,  where  h/d  £ 0,  the  constant  shear  stress  model  is  unaffected. 

The  corresponding  expression  for  the  mean  wind  speed,  developed  in  Section  2.3.5. 2,  is 

vw  - ho  (^)["'(lir) + «w> -$*««•)] 

The  function  g(h/2')  (Fig.  1-8)  is  derived  from  f(h/£').  It  is  always  positive,  is  e ual  to  one 
for  neutral  stability,  and  increases  with  increasing  stability. 
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The  additional  parameters  required  to  complete  the  description  of  the  mean  wind  speed  and 
mean  wind  shear  are  specifications  for  wind  speed  and  Richardson’s  number  at  a 20-foot 
altitude.  Probabilistic  descriptions  are  developed  in  Section  3.0. 

Based  on  Weather  Service  reports  at  U.S.  airports,  a desciiption  of  airport  wind  speeds  has 
been  developed  in  Section  3.2  that  describes  10-minute  averages  measured  each  hour  for  10 
years.  The  data  were  taken  prior  to  establishing  20  feet  as  a standard  anemometer  height,  so 
anemometer  heights  varied  widely  from  airport  to  airport.  From  data  for  132  U.S.  airports, 
data  were  selected  from  24  sites  where  anemometer  heights  varied  from  20  to  35  feet  with 
an  average  height  of  about  26  feet.  The  remaining  sites  have  anemometers  located  from 
above  35  to  120  feet  above  the  ground  and  were  considered  to  be  too  high  to  represent 
wind  speeds  at  20  feet.  In  developing  a composite  description  for  all  24  airports,  the 
distributions  from  each  site  were  weighted  equally.  The  resulting  descriptions.  Figure  1-9. 
provide  for  8 knots  exceeded  50%  of  the  time  and  22.8  knots  exceeded  V/  of  the  time.  For 
39  of  the  same  132  sites,  data  for  the  wind  speed  distribution  when  visibility  was  less  than 
0.5  mile  (prepared  by  the  Weather  and  Flight  Service  Station  Branch  of  the  FA  A)  are 
presented.  For  low  visibility,  wind  speeds  are  much  lower  than  for  clear  conditions,  for  low 
visibility,  4.5  knots  is  exceeded  50%  of  the  time  and  14  knots  is  exceeded  1%  of  the  time. 

From  the  data  for  the  24  U.S.  airports,  distribution  of  wind  components  along  and  across 
runways  were  developed,  assuming  the  runway  is  aligned  to  the  prevailing  wind  (Secs. 
3.2.1 .3  and  3.2. 1.4).  Crosswinds  from  the  left  and  right  were  found  to  be  equally  likely.  The 
distribution  of  crosswind  magnitude.  Figure  1-10,  provides  for  exceeding  a 5-knot  crosswind 
50%  of  the  time  and  a 19-knot  crosswind  1%  of  the  time.  When  the  distribution  of 
crosswinds  are  plotted  for  both  positive  and  negative  crosswinds,  the  distribution  is  closely 
Gaussian  (standard  deviation  equal  to  6.5  knots),  with  deviations  from  a Gaussian 
distribution  occurring  in  the  tails  ( 1 .65  standard  deviations  from  zero  crosswind). 

The  distribution  of  down  runway  components  is  also  closely  Gaussian  (Fig.  1-1 1)  with  a 
mean  and  standard  deviation  of  I and  7 knots,  respectively.  The  probability  of  a wind 
component  in  the  direction  of  the  prevailing  wind  is  59'/.  The  distribution  for  the 
magnitude  of  the  component  of  mean  wind  aligned  to  the  runway  (Fig.  1-12)  provides  for  5 
knots  exceeded  50%'  of  the  time  and  19  knots  exceeded  1%  of  the  time. 

Distribution  of  mean  wind  shears  were  also  investigated  in  Section  3.0.  Distributions  were 
much  broader  near  the  surface  than  at  higher  altitudes,  conforming  to  the  analytic 
description  The  introduction  of  atmospheric  stability  into  the  mean  wind  description  in 
such  a way  that  wind  shears  increase  with  increasing  stability  (up  to  a point),  as  well  as  with 
wind  speed  and  the  finding  that  atmospheric  stability  is  inversely  related  to  wind  speed, 
introduce  confusion  as  to  whether  maximum  shears  occur  at  high  wind  speeds  where 
stability  is  close  to  neutral  or  at  low  wind  speeds  where  stability  is  high.  Data  from  the 
literature,  presented  in  Section  3.2.3. 1,  show  the  greatest  shears  occur  at  the  most  stable 
lapse  rates  and  at  low  wind  speeds  (both  average  and  maximum  wind  shears  decrease 
monotonieally  with  increasing  wind  speeds  at  high  wind  speeds),  conflicting  with  commonly 
employed  wind  models  that  assume  neutral  stability  and  increasing  shears  with  wind  speed, 
thus  emphasizing  the  importance  of  atmospheric  stability  :i« :» :r.e.m  wind  parameter. 


Probability  of  axcaadanca , % 


FIGURE  1‘9.—  MEAN  WIND  CUMULATIVE/EXCCEDANCE PROBABILITY 
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FIGURE  1-10. -TOTAL  CROSSWIND  INFORMATION  COMPILED  FROM 
24  U.S.  AIRPORTS 


The  literature  was  not  pu'Uictive  tor  describing  distributions  of  atmospheric  stability,  so 
probability  distributions  were  generated  by  reducing  data  front  lowers  located  at  Cedar 
Hills,  Texas,  and  Cape  Kennedy,  Florida  (Sec.  3.3.3.).  The  distributions  for  the  two  sites 
differed  substantially  (Fig.  1-13),  with  the  Cedar  Hills  data  being  more  stable.  Evaluation  of 
the  climatology  and  wind  characteristics  of  the  two  sites  led  to  the  conclusion  that  the  Cape 
Kennedy  stability  data  were  more  representative  of  average  airport  conditions.  Conse- 
quently, the  Cape  Kennedy  data  were  selected  for  use  with  the  model.  Although  the  Cape 
Kennedy  data  reflected  the  lesser  stability  over  70'A  of  the  cases  at  the  site  were  stable 
(versus  ‘W  of  the  cases  at  Cedar  Hills). 

The  strong  interdependence  between  the  distribution  of  atmospheric  stability  and 
near-surface  wind  speed  can  be  seen  in  Figure  1-14.  Although  the  atmospheric  stability 
distribution  narrows  substantially  about  neutral  conditions  jt  increasing  wind  speeds,  the 
distribution  remains  significantly  broad  at  high  wind  speeds.  The  data  in  Figure  1-14  were 
faired  and  extrapolated  to  account  for  the  relatively  small  data  sample  (one  site  for  3 years 
with  near-calm  wind  speed  conditions  excluded)  and  have  been  cross  plotted  at  constant 
20-lbot-altitude  wind  speeds  in  Figures  1-15.  1-16,  and  1-17. 
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FIGURE  1-11.- HEADWIND-TAILWIND  DESCRIPTION  COMPILED  FROM 
24  U.S.  AIRPORTS 
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FIGURE  1-12.- TOTAL  HEADWIND-TAILWIND  MEAN  OF 24  U.S.  AIRPORTS 


The  mean  wind  speed  and  atmospheric  stability  distribution  curves  may  be  used  by 
(l)defining  wind  speed/stability  regions  and  assigning  average  values  ol'  wind  speed  and 
Richardson’s  number  to  each  region;  (2)  by  simulating  the  aircraft  for  each  wind 
speed/Richardson's  number  combination;  and  (3  > by  combining  the  results  of  the  simulation 
according  to  the  joint  probabilities  of  each  region.  Alternatively,  the  simulation  may  be  used 
to  define  random  combinations  of  mean  wind  speed  and  Richardson’s  number.  A random 
number  generator,  providing  a uniform  distribution  between  zero  and  one,  is  used  to 
determine  two  random  numbers.  A mean  wind  speed  at  an  exceedance  probability  equal  to 
one  of  the  random  number  generators  is  found.  The  Richardson's  number  associated  with 
the  exceedance  probability  for  the  mean  wind  speed  determined  equal  to  the  second 
random  number  is  found.  The  Richardson’s  number  and  mean  wind  speed  then  determine 
the  mean  wind  speed  and  shear  profiles.  When  this  process  is  repeated,  the  joint  distribution 
of  wind  speed  and  Richardson’s  number  is  reproduced.  This  procedure  is  defined  in  more 
detail  in  Section  4.5.1. 


Richardson's  number,  R 


Richardson's  numbsr,  R; 

20 

FIGURE  1-15.-  CUMULATIVE  PERCENT  FREQUENCY  OF  OCCURRENCE  OF  Rt 
AT  G!  VEN  WIND  SPEEDS,  0 TO  12  KNOTS 
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FIGURE  hi  7.-  CUMULA  Tl  VE  PERCENT  FREQUENCY  OF  OCCURRENCE  OF  R,  A T 
Gl  VEN  WIND  SPEEDS,  24  TO  30  KNOTS 


In  order  to  determine  the  aerodynamic  forces  and  moments,  the  mean  wind  must  be 
resolved  into  body  axis  components,  an  axis  system  attached  to  the  airplane.  Tne 
transformation  required  is  presented  in  Figure  1-18  and  depends  on  the  orientation  of  the 
airplane’s  body  axis  with  respect  to  the  wind,  defined  by  the  Euler  yaw,  pitch,  and  roll 
angles  and  the  direction  to  which  the  wind  is  blowing  (negative  of  conventional  wind 
heading).  The  introduction  of  wind  heading  presents  an  additional  mean  wind  parameter 
that  must  be  known  at  each  altitude.  As  shown  in  Section  4.2. 1.1. 2,  a variation  of  wind 
heading  with  altitude  (heading  shear)  has  an  effect  on  the  shear  that  the  airplane  sees  that  is 
added  to  the  mean  wind  speed  shear  effect. 


Analytic  descriptions  for  the  variation  of  wind  heading  with  altitude  are  provided  in 
Sections  2.3.1  and  2.3.5. 1,  but  these  descriptions  lack  empirical  support.  A small  amount  of 
heading  shear  probability  distribution  data  was  found  in  the  literature  and  is  reported  in 
Section  3.2.3. 1.  The  data  indicate  a majority  of  heading  shears  are  within  ±3*/l 00  feet  and  a 
greater  tendency  to  rotate  counterclockwise  v’hile  approaching  the  surface.  The  tower  data 
used  to  determine  the  atmospheric  stability  distribution  were  also  evaluated  for  heading 
shear  information  in  Section  3.3.4.  Distributions  tended  to  be  larger  near  the  surface  but 
constant  above  about  1 50  feet.  No  consistent  trend  of  the  profile  shapes  could  be  found. 
Heading  shear  was  found  to  be  uncorreiated  with  both  wind  speed  and  atmospheric  stability 
(Sec.  3.3.6).  In  order  for  the  heading  shear  to  be  significant,  the  wind  speed  must  also  be 
large  (body  axis  shear  components  involve  the  combination  Vyy  d^yy/dh  only).  The 
probability  of  having  a large  heading  shear  and  wind  speed  shear  is  sufficiently  remote  and 
the  information  for  specifying  the  variation  of  wind  heading  with  altitude  is  sufficiently 
poor  so  that  a representation  of  wind  heading  dependence  upon  altitude  is  not  attempted; 
the  wind  heading  is  assumed  to  remain  constant  and  equal  to  that  at  the  surface.  The 
distribution  of  wind  heading  at  the  surface  was  developed  from  wind  roses  for  the  same  24 
sites  used  to  determine  the  wind  speed  distribution  (Sec.  3. 2.1. 3)  and  is  presented  in 
Figure  1-19. 

A major  factor  to  which  longitudinal  touchdown  dispersions  are  attribu*  I is  the 
longitudinal  wind  shear  component.  Considerable  literature  has  been  written  on  ...e  subject, 
but  conflicting  conclusions  are  provided.  Some  predict  a headwind  shear  will  cause  an 
overshoot,  while  others  predict  an  undershoot.  The  subject  is  evaluated  in  Section  4.2.2. 
Some  of  the  differences  of  opinion  can  be  attributed  to  different  trim  and  operation 
procedures.  However,  it  is  concluded  that  one  of  two  airplanes  can  overshoot  while  the 
other  undershoots  due  to  a wind  shear,  even  if  both  are  operated  in  the  same  manner. 

The  effect  of  a steady  wind  is  to  alter  the  pitch  attitude  ( 6 ) at  which  to  trim  to  hold  a given 
glideslope  (7): 
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Vyy  COS(  \j/-  ^yy) 
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where  ^yy  = 0 is  j tailwind.  For  a headwind  and  a negative  glideslope,  the  pitch  attitude 
must  be  increased  by  ( Vyy/V^)7  from  that  for  still  air  and  the  thrust  increased  by 
A( thrust)  = WA0,  or  the  airplane  will  touch  down  short. 
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BODY  AXIS  MEAN  WIND  COMPONENTS 
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BODY  AXIS  MEAN  WIND  SHEAR  COMPONENTS 
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BODY  AXIS  TURBULENCE  COMPONENTS 
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FIGURE  1-18.-  TRANSFORMATIONS 
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If  the  airplane  is  trimmed  for  a headwind  at  a high  altitude  and  the  headwind  decreases  with 
altitude,  the  pitch  attitude  must  be  decreased  throughout  the  approach  and  thrust 
correspondingly  decreased,  or  else  the  airplane  will  touch  down  long  due  to  the  attitude 
effect. 

There  is  also  a second  effect  of  a wind  shear.  If  the  approach  is  to  be  performed  at  constant 
airspeed,  changes  in  the  wind  speed  must  be  matched  with  changes  in  the  inertial  speed.  To 
provide  inertial  acceleration,  thrust  must  be  changed  by 


W(VA  + VW)  dVw 
A(thrust)  s -gjj-  7 

For  a headwind  that  diminishes  during  an  approach 


dh 
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and  thrust  must  be  increased  or  the  touchdown  will  be  short. 
The  combination  of  the  attitude  and  acceleration  effects  is 
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So  long  as  the  magnitude  of  the  wind  increases  with  altitude  and  the  airplane  is  trimmed  for 
the  high  attitude  wind,  the  two  terms  have  opposite  signs.  For  airplanes  with  low  airspeeds, 
the  attitude  effect  tends  to  dominate.  For  a given  airplane,  the  acceleration  effect  will  be 
stronger  at  lower  altitudes  where  tb  : shear  is  relatively  strong  compared  to  the  total  change 
of  wind  speed.  This  evaluation  presumes  the  airplane  is  controlled  in  an  open-loop  manner. 
The  ability  to  attain  closed-loop  control,  either  by  the  pilot  or  the  autoland  system,  depends 
in  part  upon  the  open-loop  stability  of  the  aircraft-autoland  system. 

Airplane  stability  is  affected  by  the  wind  shear,  as  shown  in  Sections  4.2.1. 1.  and  4.2. 1.2: 
aerodynamic  forces  anu  moments  are  dependent  on  the  components  of  wind  speed,  motion 
is  dependent  on  aerodynamic  forces  and  moments,  and  the  components  of  wind  speed  are 
dependent  on  airplane  motion.  If  the  aerodynamic  characteristics  can  be  considered  to  be 
concentrated  at  the  center  of  gravity,  only  longitudinal  stability,  principally  phugoid  or  long 
period  stability,  is  affected  by  wind  shears.  A headwind  shear  can  either  stabilize  or 
destabilize  the  phugoid,  depending  on  the  characteristics  of  the  airplane’s  stability 
derivatives.  If  a headwind  shear  has  stabilizing  effects,  a tailwind  has  destabilizing  effects, 
and  vice-versa. 


The  effects  of  a wind  shear  may  not  be  adequately  represented  by  considering  the 
aerodynamic  characteristics  to  be  concentrated  at  the  center  of  gravity.  Due  to  the  change 
of  wind  speed  with  altitude,  there  is  a distribution  of  wind  speed  over  the  vertical  tail  that 


introduces  a roiling  moment.  When  the  airplane  is  disturbed  from  zero  pitch  attitude  and 
wings  level,  the  different  parts  of  the  airplane  in  the  plane  of  the  wings  will  be  at  different 
altitudes  and  there  wilt  be  a distribution  of  wind  speed  about  the  airplane  and  a 
corresponding  change  in  the  distribution  of  lift. 

The  distribution  of  wind  about  the  airplane  may  well  be  represented  as  being  linear  in  three 
dimensions.  Then  the  components  of  wind  at  some  point  (x,y,z)  are  represented  by 
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The  derivative  of  body  axis  wind  components  are  expressible  in  terms  of  the  mean  wind 
shear  (Sec.  4.2. 1.2)  and  can  be  interpreted  as  effective  angular  components  of  wind.  For 
example,  the  distribution  of  the  lateral  component  of  wind  about  the  vertical  dimensions  of 
the  fin  appears  as  a roll  rate,  which  generates  a rolling  moment  proportional  to  the  fin’s 
contribution  to  the  roll  rate  derivative  of  rolling  moment. 

Linear  analysis  predicts  that  the  distributed  lift  effects  of  the  mean  wind  shear  appear 
primarily  for  lateral-directional  motion.  These  effects  are  due  to  the  headwind-tailwind 
component  of  the  shear.  The  wind  shear  alters  all  of  the  lateral-directional  stability 
characteristics,  but  the  sensitivity  of  the  characteristic  roots  to  wind  shear  are  configuration 
dependent. 

Representation  of  the  distributed  lift  effects  is  the  only  reason  for  computing  the  mean 
wind  shear  at  each  altitude.  If  the  distributed  lift  effects  can  be  shown  to  be  insignificant, 
the  computation  of  the  shear  can  be  left  out  of  the  simulation. 

1.3.2  Turbulence 

For  unstable  atmospheric  conditions,  amplified  displacement  of  air  particles  from  their 
initial  positions  due  to  buoyancy  forces  cannot  increase  without  bound.  Turbulence  is  the 
mechanism  by  which  the  effects  of  instability  are  constrained  through  the  mixing  of  hot  and 
cold  air  particles,  which  produces  equilibrium  locally.  The  appearance  and  disappearance  of 
turbulence  with  changing  atmospheric  stability  involves  a hysteresis  effect,  but  it  is 
predicted  to  occur  at  the  critical  Richardson’s  number,  related  to  the  log-linear  mean  wind 
profile  constant: 


R;  sji  = 0.222  for  a'=  4.5 
'CRIT  «• 
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The  equations  of  motion  for  turbulence  have  been  developed  from  the  Navier-Stokes 
equations,  but  the  severe  nonlinearity  of  these  equations  has  prevented  their  solution.  Even 
if  they  could  be  solved,  it  is  questionable  as  to  whether  they  could  be  practically  applied, 
from  observations  relating  to  these  equations,  some  characteristics  have  been  determined:, 


• Turbulence  transports  energy  front  large  eddies,  where  it  is  generated  mechani- 
cally and  thermally  to  smaller  eddies  until  it  is  finally  dissipated  viscously. 


p 

0- 

y* 


• Turbulence  can  only  occur  nonlinearly  in  three  dimensions. 

• Turbulence  is  diffusive  and  far  more  efficient  for  the  transport  of  mass, 
momentum,  and  heat  properties  than  molecular  motion. 

• Turbulence  is  a continuum  having  a smallest  dynamically  significant  scale  much 
larger  than  molecular  or  intermodular  dimensions. 

• Turbulence  is  approximately  an  equilibrium  phenomenon  for  homogeneous 
terrain  having  very  low  rates  of  change  of  kinetic  energy. 

• The  diffusive,  continuous,  and  equilibrium  characteristics  tend  to  produce 
homogeneity  for  turbulence  in  a horizontal  plane. 

Using  these  properties  of  turbulence,  a statistical  description  of  turbulence  is  developed 
(Sec.  2.4.1).  The  basic  statistical  function  is  the  average  product  of  two  turbulence 
components  measured  at  two  points  of  time  and  space,  the  correlation  function: 

Rjj(t|,  ti.  ?j.  rj)*  Uj(t|,  rpujd^.ro) 


When  = ri  (measured  at  the  same  point  in  space)  and  t|  = t->  (measured  at  the  same 
time),  the  correlation  function  becomes  the  covariance.  When,  in  addition,  i = j.  the 
correlation  function  is  the  variance. 

By  invoking  homogeneity  (turbulence  properties  independent  of  absolute  position  in  space) 
and  stationarity  (turbulence  properties  independent  of  absolute  time),  the  parameters 
reduce  to  just  tlr  displacements  in  position  and  time  between  the  measured  components: 

Rii(t!’t2’r!’r2>  = 

T = ti-tj 

{ = r,  - r2 

By  additionally  applying  Taylor’s  hypothesis  (frozen  field  concept),  which  jssumes  airplanes 
fly  at  speeds  large  compared  to  turbulent  velocities  and  their  rates  of  change,  the  time 
displacement  can  be  related  to  a component  of  the  position  displacement,  leaving  statistical 
tuibulence  properties  defined  only  in  terms  of  space. 
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The  correlation  function  can  be  transformed  into  the  three-dimensional  spectrum  function 
by  applying  the  Fourier  integral: 


9»,3,=^/R«‘?)'‘iS1£  d? 


(2k) 

•■w 

The  parameter  it  is  the  spacial  frequency  vector  having  units  of  rad/ft  and  is  related  to 
distance  as  temporal  frequency  in  rad/sec  is  to  time.  The  transformation  can  be  reversed  by 
the  inversion  formula: 


OO 

Rij(?)=  f flytHie'^dfl 

— OO 


When  £ = 0,  the  correlation  function  becomes  the  covariance  and  the  spectrum  function  can 
be  seen  to  be  the  distribution  of  the  covariance  with  spacial  frequency: 
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Simulation  of  turbulence  can  be  performed  only  by  a temporal  process,  but  only  one 
component  of  spacial  frequency  (that  in  the  direction  of  flight)  can  be  related  to  time  or 
temporal  frequency  through  Taylor’s  hypothesis,  to  =ft|  V^.  To  obtain  a spectrum  function 
in  terms  of  the  component  associated  with  the  coordinate  in  the  direction  of  flight  (4>(fl  j )) 
integration  of  the  spectrum  function  over  the  other  two  components  is  performed.  Then 


'ij 2 =/*(«! 


)dft, 


Important  characteristics  of  the  one-dimensional  spectrum  function,  4»j:(fZj  >,  have  been 
derived  by  Batchelor  for  the  special  case  of  isotropic  turbulence  (Sec,  2.4.2), for  which  the 
statistical  properties  of  turbulence  are  invariant  with  coordinate  system  rotation  or 
translation.  Batchelor  showed  that  there  were  but  two  one-dimensional  spectrum  functions: 
one  for  two  parallel  longitudinal  turbulence  components  (components  aligned  to  the  vector 
separating  them),  4>pp(ftj),  and  one  for  parallel  transverse  components  (components 
norma<  to  the  vector  separating  them),  4>ty]q(&j)-  All  spectra  for  orthogonal  components 
are  zero.  The  variances  for  all  components  are  equal.  The  two  spectra  are  related  by 


*NN(fil)=7 


d<!*pp(fl  j ) 

*pp<ni>-«i  — fer 


Determination  of  one  of  the  isoiropic  spectrum  functions  provides  the  other. 
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Corresponding  to  the  two  spectrum  functions  are  two  nondimensional  (divided  by  variance) 
scalar  correlation  functions:  one,  f(£),  for  two  parallel  longitudinal  components,  and  the 
other,  g(£),  for  two  parallel  transverse  components,  which  are  also  interrelated: 


f(£)  = 


g(£) 

g(£) 


UN2**) 
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The  fundamental  correlation  functions  are  analogous  to  serial  correlation  functions. 

A measure  of  the  average  eddy  size,  the  integral  scale  (Sec.  2.4.2.3)  may  be  determined  from 
the  fundamental  correlation  functions: 
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LP  = f f(£)d£ 
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For  a separation  distance,  £ , equal  to  the  integral  scale,  the  area  under  the  corresponding 
correlation  function  is  divided  into  equal  parts.  Through  the  relationship  between  the 
fundamental  correlation  functions,  it  can  be  shown 

Lp  = 2 ln 

The  integral  scales  provide  means  for  normalizing  distance.  It  is  then  p.istulated  that  f(£/Lp) 
and  g(£/Ljyj)  are  universal  functions.  The  one-dimensional  spectrum  functions  must 
correspondingly  have  the  form 


4>jj(ft|)=  Ojj“G(Lj,  Ljft,) 

That  is,  spacial  frequency  appears  only  in  combination  with  the  integral  scales. 

Theory  and  empirical  investigation  have  led  to  additional  requirements  for  the  isotropic 
one-dimensional  spectra  (Sec.  2.4.2.4): 

• The  high  frequency  asymptotes  (excluding  viscous  dissipation)  of  the  spectra  are 
of  the  form  4>jj(ft] ) This  leads  to  a ratio  of  the  transverse-to- 

longitudinal  spectrum  equal  to  4/3  at  high  frequencies. 
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• The  low-frequency  asymptotes  are  frequency  invariant.  This  leads  to  a ratio  of  the 
transverse-to-longitudinal  spectrum  equal  to  1/2. 

• Isotropic  spectra  must  be  symmetric  about  £2|  = 0. 

A number  of  isotropic  spectra  forms  have  been  proposed.  The  best-known  forms  for 
aeronautical  applications  are  the  Dryden  and  Von  Karman  forms,  presented  with  related 
functions  in  Figure  1-20. 

The  Dryden  form  is  simpler  and  is  based  on  an  exponential  shape  of  the  fundamental 
correlation  functions.  The  Dryden  function  fails  to  meet  the  high-frequency  requirement. 

The  Von  Karman  forms  result  from  a curve  fitting  expression  for  the  energy  spectrum  and 
satisfy  all  isotropic  requirements.  In  numerous  investigations  the  Von  Karman  forms  have 
been  shown  to  be  superior  to  the  Dryden  forms.  The  Von  Karman  one-dimensional  spectra 
are  those  accepted  for  the  model. 

Although  high-altitude  turbulence  is  well  represented  by  isotropy,  low-altitude  turbulence 
(Sec.  2.4.3)  is  clearly  nonisotropic.  Specifically: 

• The  statistical  functions  describing  the  field  of  turbulence  are  not  invariant  with 
coordinate  rotation:  variances  of  turbulence  components  are  not  equal  and  the 
longitudinal  and  transverse  integral  scales  vary  with  coordinate  rotations. 

• Low-altitude  turbulence  exhibits  a lack  of  homogeneity  with  altitude;  the 
variances  and  integral  scales  of  turbulence  vary  with  altitude. 

• A non-zero  correlation  between  turbulence  in  the  direction  of  the  mean  wind  and 
vertical  turbulence  has  been  found.  Isotropic  turbulence  requires  zero  correlation 
between  orthogonal  components. 

There  are,  however,  limited  conditions  of  isotropy  found  to  hold  for  iow-altitude 
turbulence: 

• At  sufficiently  high  spacial  frequencies  (short  separation  distances),  low-altitude 
turbulence  is  isotropic.  This  is  referred  to  as  “local  isotropy'’  and  requires  the 
high-frequency  spectrum  asymptotes  to  be  invariant  with  coordinate  rotations. 

• The  existence  of  a single  non-zero  correlation  function  between  the  downwind 
and  vertical  components  of  turbulence  is  compatible  with  horizontal  isotropy 
(invariance  of  the  horizontal  statistical  functions  with  rotations  of  the  axis  system 
in  the  horizontal  plane).  Horizontal  isotropy  must  be  viewed  as  an  approximate 
characteristic  for  low-altitude  turbulence,  for  the  variance  of  horizontal  turbu- 
lence perpendicular  to  the  mean  wind  is  frequently  reported  as  being  somewhat 
greater  than  the  variance  of  the  component  in  the  direction  of  the  mem  wind. 

The  spectra  that  have  been  developed  specifically  for  low  altitude  tend  to  be  for  small 
regions  of  altitude  near  the  surface  and  do  not  tend  to  full  isotropy  at  higher  altitudes.  A 
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FIGURE  1-20. - VON  KAFMAN  ANO  OR  YDEN  CORRELA  TION  AND  SPECTRA  FUNCTIONS 


frequently  employed  technique  that  is  employed  in  this  report  is  to  adopt  isotropic  spectra 
for  low  altitude  by  permitting  the  variances  and  integral  scales  to  be  different  for  each 
component.  The  Von  Karman  spectra  are  used.  These  low-altitude  forms  become: 
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These  spectra  were  all  originally  written  in  terms  of  the  longitudinal  integral  scale,  which  is 
twice  the  transverse  integral  scale  for  isotropy,  so  Ly  and  Lw  must  be  redefined  as  twice  the 
area  under  the  corresponding  correlation  functions. 

Although  a cross  spectrum,  4>uw,  has  been  found  to  exist  and  was  modeled  in  Section 
14.6.5.  it  has  been  concluded  that  the  cross  spectrum  has  a significant  magnitude  only  at 
frequencies  too  low  to  be  important. 

The  spectra  in  terms  of  temporal  frequency  are  obtained  by  substituting  fij  = m/Va 
(Taylor  s hypothesis)  and  by  requiring  the  variance  to  be  the  same  in  either  domain: 


^OO  QQ 

of-  J 4>j(w)dcj=  J 4>j(ft 


When  a random  variable  is  modified  by  a transfer  function,  the  output  spectrum  is  given  by 


4>q(w)  = M“(W)*jq(W) 


(Sec.  4.11.3.1) 


where: 


4>0<w)  = output  spectrum 
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M(w)  = amplitude  frequency  response  of  the  transfer  function 
♦jq(to)  = power  spectrum  of  the  random  function  or  noise 
Turbulence  is  represented  by  finding  a transfer  function  such  that 

I *o(w) 

where  the  output  frequency  response  is  equal  to  that  desired.  When  white  noise  is  used, 
= I by  definition.  Then  to  match  a desired  power  spectrum,  it  is  only  necessary  to  find 
a transfer  function  with  a frequency  response  equal  to  the  square  root  of  the  spectrum. 

It  is  not  possible  to  exactly  reproduce  the  Von  Karman  spectra  with  linear  transfer 
functions  (filters)  due  to  exponents  of  frequency  that  are  noneven  integers,  so  an 
approximation  is  sought. 

The  significant  criteria  for  evaluating  an  approximation  to  a power  spectra  is  to  require  the 
contribution  of  each  incremental  frequency  range  to  the  variance  to  be  correct  for  the 
frequency  range  in  which  the  airplane’s  response  is  important.  Directly  plotting  4(o>)  versus 
oj  lacks  resolution  over  the  entire  frequency  range.  Plots  of  co<f>(co)  versus  log  (w)  provide 
the  necessary  resolution  and  the  area  under  such  a curve  is  also  equal  to  the  contribution  to 
the  variance: 


<t>(ccHlcu  = 


/ 


Log  w-> 


Log  Wj 


cc<t>(w)d(log  to) 


The  validity  of  transfer  functions  representing  spectra  may  be  assessed  by  comparing  plots 
of  this  type  for  the  transfer  function  frequency  response  squared  and  the  power  spectrum. 

Filters  exactly  duplicating  the  Dryden  spectra  are  often  assumed  to  match  the  Von  Karman 
spectra  well  for  rigid  airplane  responses  even  though  it  is  conceded  the  Dryden  spectra  are 
not  substantiated  by  theory  and  empirical  evidence.  This  is  seen  not  to  be  true  in  Figure 
1-21,  for  the  Dryden  spectra  provide  greater  contributions  to  the  variance  than  the  Von 
Karman  spectra  by  as  much  as  25%  at  frequencies  where  contributions  to  the  variance  are 
greatest.  Approximate  filters  that  do  a much  better  job  of  matching  the  Von  Karman 
spectra  are  presented  in  Section  4.5.3.3  and  in  Figure  1-22  (where  the  corresponding 
mechanization  is  also  shown).  Comparisons  of  the  filters  in  Figure  1-22  with  the  Von 
Karman  spectra  are  shown  in  Figures  1-23  and  1-24. 

The  white  noise  may  be  generated  by  either  hardware  or  software  (digitally).  There  are 
several  methods  available,  as  discussed  in  Section  4.4.2,  each  with  different  shortcomings. 


FIGURE  1-21. -COMPARISON:  DRYDEN  AND  VON  KARMAN  VARIANCE  DENSITY 


FIGURE  122.- SCHEMATIC  FOR  TURBULENCE  FILTERS 


When  the  noise  is  generated  digitally,  it  is  only  approximately  random  and  the  noise 
spectrum  is  only  approximately  flat  and  equal  to  one.  The  digital  generation  of  white  noise 
consists  of  three  main  steps: 

1 ) Random  numbers  having  a uniform  distribution  between  0 and  I are  generated. 

2)  From  the  uniform  distribution,  the  distribution  assumed  to  hold  for  turbulence  is 
generated. 

3)  The  noise  thus  far  produced  will  have  a unit  variance  and  a spectrum  amplitude  of 
At/2*  (At  = frame  time  or  sampling  interval)  no  matter  what  distribution  is  used 
in  2).  To  provide  white  noise  for  which  the  spectrum  amplitude  is  one,  the  output 
from  2)  is  multiplied  by 

Turbulence  velocities  within  a single  patch  of  turbulence  are  assumed  to  form  a Gaussian 
distribution  (Sec.  2.4. 1.2).  Although  the  distribution  of  turbulence  velocities  for  the  sum  of 
all  turbulence  patches  have  been  shown  to  be  non-Gaussian,  this  is  not  inconsistent  with  a 
Gaussian  distribution  for  a single  patch  of  turbulence. 

The  simulator  model  for  turbulence  in  Figure  1-22  lacks  definition  of  the  variances  and 
integral  scales.  The  measurements  and  theory  for  these  statistical  parameters  of  turbulence, 
measured  in  an  axis  system  aligned  to  the  mean  wind,  are  presented  in  Sections  2.4.4 
and  2.4.S. 

Dimensional  analysis  leads  to  a description  of  the  vertical  turbulence  standard  deviation  for 
unstable  condition  given  in  Section  2.4.4.2. 1 : 

kh3Iw  |D.\3i>1i/3 

u*  dh  ' \ C / T'J 
D and  C are  constants 

For  neutral  conditions  where  the  nondimensional  shear  at  the  surface  (kh/u*)/3V^/dh)  is  1 , 


~=  1.3  = C 


is  well  accepted.  For  extremely  unstable  conditions,  the  nondimensional  shear  is  negligible 
and  the  equation  reduces  to 
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The  constant  D is  well  represented  by  1.7,  hence 


The  nondimensionai  shear  has  been  described  as  a function  of  h /£'  only,  so  ow/u*  is  also 
completely  described  by  h/C\  For  near  neutral  conditions  and  slightly  stable  conditions,  the 
shape  of  ow/u*  versus  h/8’  has  been  made  to  match  that  of  measured  data.  The  standard 
deviation  of  vertical  turbulence  is  reduced  abruptly  beginning  at  h/£'  = I , above  which  the 
nondimensionai  shear  is  constant,  to  ow/u*  = 0 at  h/2'=  1.22,  which  corresponds  to  the 
critical  Richardson’s  number  (RicRIT  = 0.222).  The  combined  description  for  ow/u*  is 
presented  in  Figure  1-25,  The  procedure  for  computing  the  rms  level  of  turbulence  vertical 
to  the  earth  is: 


where: 

u*  / k 
0 

"=7  — determined  for  the  mean  wind  model 
V20 

u*  , 

- — = I-—,  as  determined  from  the  mean  wind  model 

"*o  d 

d = 2000  u*^,  as  determined  for  the  mean  wind  model 

t 

The  standard  deviation  for  vertical  turbulence  is  described  as  being  proportional  to  the  mean 
wind  speed  at  20  feet,  as  decreasing  and  finally  disappearing  with  increasing  atmospheric 
stability,  and  as  tending  :oward  zero  as  altitude  approaches  the  boundary  layer.  The 
variation  of  ow  with  altitude  for  dilfeient  surface  wind  and  atmospheric  stability  conditions 
is  shown  in  Figure  1-26. 

Dimensional  analysis  relationships  for  the  variances  of  horizontal  components  of  turbulence 
have  not  had  good  empirical  support.  At  the  surface,  the  magnitudes  of  the  horizontal 
components  are  significantly  greater  than  magnitude  of  the  vertical  component  with  the 
component  in  the  direction  of  the  mean  wind  frequently  reported  as  greater  than  the 
hori/ontai  component  normal  to  the  mean  wind.  The  data  in  Section  2.4.4. 2. 5 do  not 
indicate  any  clear  relationship  between  the  variances  for  the  horizontal  turbulence 
components  but  do  show  them  to  be  approximately  equal,  so  horizontal  isotropy  (ou  = oy, 
Lu  = Ly)  is  assumed.  This  enables  describing  turbulence  characteristics  according  to  whether 
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turbulence  components  are  vertical  or  horizontal.  A corresponding  change  of  nomenclature 
is  adopted:  ffy  replaces  ow,  Ly  replaces  Lw,  <rH  replaces  ou  and  ov,  and  LH  replaces  Lu  and 
Ly  (subscripts  H and  V refer  to  horizontal  and  vertical  components). 

The  change  in  nomenclature  aids  in  differentiating  between  turbulence  components  aligned 
to  the  mean  wind  and  turbulence  components  aligned  to  other  axis  systems. 

It  is  assumed  that  the  horizontal  components  of  turbulence  have  variances  that  change 
identically  with  stability.  Qualitatively,  this  is  not  correct,  but  any  other  quantitative 
descriptions  based  on  the  information  in  hand  would  be  just  as  arbitrary  but  more  complex. 
As  a result,  the  standard  deviation  for  horizontal  turbulence  may  be  described  by 

At  the  surface  0^/0 y = 2 is  a good  compromise  of  the  data.  Above  a sufficiently  high 
altitude  where  complete  isotropy  begins,  hj,  oH/oy  = I . There  is  little  information  to 
describe  the  variation  of  o^/cy  w‘t*1  altitude,  sc  in  Sections  2.4.6.3  and  2.4.6.4  an 
interpolation  equation. 
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was  developed  that  is  qualitatively  similar  to  other  variations  proposed. 

Implied  estimates  for  the  altitude  above  which  isotropy  exists  (h|)  range  from  300  to  2500 
feet.  The  latter  number  is  an  extreme.  A value  of  hj  = 1000  feet  is  chosen,  is  adequately 
supportable,  and  provides  integral  scales  comparable  with  other  models. 

The  integral  scale  for  vertical  turbulence  is  predicted  by  dimensional  analysis  to  have 
the  form 


Lv  = (B(Rj)l  h (Sec.  2.4.5) 

That  is,  the  vertical  turbulence  integral  scale  is  linearly  related  to  altitude  with  the 
proportionality  constant  dependent  upon  stability. 

The  atmospheric  stability  dependence  of  the  proportionality  constant  is  apparently  weak,  at 
least  for  a wide  range  of  stability  conditions,  and  is  assumed  to  be  constant.  Estimates  for  B 
range  from  0.(25  to  greater  than  4,  with  most  estimates  centered  about  0.S  and  1.  Unit 
proportionality  is  assumed.  The  estimates  about  0.5  may  be  for  the  literal  definition  of 
integral  scale  equal  to  the  integral  of  the  correlation  function  rather  than  the  redefinition  of 
twice  that  area.  Hence,  the  estimates  of  0.5  may  be  consistent  with  the  unit  proportionality 
assumed  for  the  redefinition.  In  keeping  with  isotropy  about  1000  feet,  Ly  - 1000  feet  for 
h>  1000  feet. 

The  integral  scale  for  horizontal  turbulence  is  the  parameter  for  which  knowledge  is  poorest. 
It  may  be  derived  from  the  condition  of  local  isotropy  «L  low  altitudes,  which  can  be  shown 
to  require  (Sec.  2.4.3. 1): 


This  description  provides  a horizontal  turbulence  integral  scale  greater  or  equal  to  that 
vertical  turbulence.  At  the  surface,  Ljj  ~ 8 Ly.  Above  1000  feet,  where  isotropy  is  assumed 
to  exist,  the  integral  scales  are  equal.  These  characteristics  are  in  agreement  with 
observations  (Sec.  2.4.5.3). 

There  an  inconsistency  in  the  turbulence  model  developed:  the  power  spectra  are  for 
turbulence  components  aligned  to  the  airplane's  velocity  with  respect  to  the  air  mass  and 
the  standard  deviations  and  integral  scales  are  for  turbulence  components  aligned  with 
respect  to  the  plane  of  the  earth  and  the  mean  wind  heading.  Both  sets  of  components  can, 
in  genera],  coincide  only  for  an  observer  whose  position  with  respect  to  the  earth  is  fixed. 
This  inconsistency  of  axis  systems  is  examined  in  Section  4.3. 

One  exact  approach  for  resolving  the  differences  in  axis  systems  consists  of  transforming  the 
variances  and  integral  scales  from  the  mean  wind  axis  system  to  the  axis  system  attached  to 
the  relative  wind  where  the  spectra  shapes  are  known.  Turbulence  components  would  then 
be  generated  in  .lie  relative  wind  axis  and  transformed  to  the  body  axis.  Transformations  for 
the  integral  scales  and  variances  have  been  developed,  but  are  quite  complex.  Complete 
tensor  transformations  have  been  developed  and  reveal  that  when  the  airplane's  relative 
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FIGURE  1-28.-  SELECTED  INTEGRAL  SCALE  DESCRIPTION 
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velocity  is  not  aligned  to  the  mean  wind  and  when  wings  are  nonlevel,  nonnegligible 
cospectra  exist  in  the  body  axis  (components  of  body  axis  turbulence  are  correlated).  Since 
the  power  spectra  shapes  are  in  general  not  known  in  the  mean  wind  axis  system  and  the 
cospectra  forms  are  not  known  for  a body  axis  system,  the  exact  method  cannot  be 
performed. 

trrors  from  approximate  methods  were  examined.  It  was  revealed  that  for  low-altitude 
turbulence,  it  is  much  more  important  to  have  the  correct  alignment  lor  the  variances  and 
integral  scales  than  for  the  spectra  shapes.  The  greatest  error  in  the  spectra  magnitude  at  any 
frequency  for  tuibulence  normal  to  the  airplane  that  can  occur  due  to  misalignment  of  the 
spectra  shape  is  a factor  of  2,  while  the  greatest  error  possible  due  to  misalignment  of  the 
statistical  parameters  is  a factor  of  64.  The  best  compromise  found  was  to  generate 
turbulence  in  an  axis  system  that  is  in  the  plane  of  the  earth  but  aligned  to  the  heading  of 
the  airplane's  relative  velocity  vector  with  the  filters  in  Figure  1-22  and  the  specified  rms 
levels  and  integral  scales.  The  components  of  turbulence  are  then  transformed  to  the  body 
axis  system.  The  transformation  required  is  presented  in  Figure  1-18. 

When  the  aircraft  can  be  adequately  represented  as  though  the  aerodynamic  forces  and 
moments  were  concentrated  at  the  center  of  gravity,  turbulence  affects  forces  and  moments 
through  the  computation  of  body  axis  velocities  relative  to  the  air  mass: 

UA  = U - llyy.  Uyy  = ti^y  + U j 

VA  = v-vw,vw  = vw  + "T 

WA  = W - Wyy,  Wyy  = + W j 

VA  = uA2  + vA2  + wA2 

u,  v,  w = inertial  velocity  components  along  the  x,  y,  and  y.  body  axis 

coordinates 

t«A  va  WA  = components  of  airplane  velocity  relative  to  the  air  mass 

UW  VW  wW  = components  of  wind  relative  to  the  earth 

uw.Vw  Wyy  = components  of  mean  wind  relative  to  the  earth 

u*|*  Vf  w-j-  = components  of  turbulence  velocities  relative  to  the  earth 

The  relative  velocity  components  are  used  to  determine  the  parameters,  which  in  turn 
determine  the  aerodynamics  forces  and  moments: 


l WA 

a = tan'1  — = angle  of  attack 
UA 
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l VA 

0 = sin*'y-  = sideslip  angle 
A 

q = */2PVa2  = dynamic  pressure 


it  S 


isY-_wA“. 


v i 
UA~  + WA“ 


^ (UA2  + WA2>*-VA(UA*  + WA*> 

vaV«a2  + wa2 

Note  that  for  the  point  representation,  u^y  = v^y  = wty  - 0. 

The  attenuation  of  the  high-frequency  response  of  forces  and  moments  due  to  the  fact  that 
lift  cannot  respond  instantaneously  to  changes  in  angle  of  attack  (unsteady  aerodynamics) 
can  be  handled  approximately  through  use  of  the  Kussner  and  Wagner  lift  growth  functions 
in  the  manner  described  in  Section  4.2. 1 .3.4. 

In  general,  it  is  not  adequate  to  assume  the  aerodynamics  m^y  be  represented  by  a point  for 
the  purpose  of  simulating  the  effects  of  turbulence;  there  is  a distribution  of  turbulence 
about  the  airplane  that  causes  a change  in  the  distribution  of  lift.  The  point  representation 
has  been  estimated  in  Section  4.2. 1 .3.3  to  be  accurate  only  up  to: 

X,  > I20«t 

cj  < 60c  for  tailless  aircraft  or  for  the  wing  only 


or 


< o.i  vA/«T 

VA 

< 0.05  — for  tailless  aircraft  or  for  the  wing  only 


m 

s 

m 


> irb 


If 


where: 

x,,x2  = 
8t 
b 


wavelengths  in  the  longitudinal  and  lateral  directions,  respectively 
tail  length 
wing  span 
mean  chord 


Only  one  method  of  representing  all  the  distributed  lift  effects  suitable  for  simulation  has 
been  found.  This  method  represents  the  distribution  of  turbulence  linearly,  just  as  was  done 
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for  the  distributed  lift  effects  of  the  mean  wind.  The  derivatives  of  turbulence  with  respect 
to  the  coordinates  are  related  to  effective  angular  components  of  turbulence: 

Effective  Turbulence  Angular  Velocities 


Wing  Tail 


3wj 

dv-r 

T " ' 3y 

pT  = 3 — 

3wj 

dw-p 

qT  = 1 T 

q,r  = ~aT 

duT 

dvT 

rT  = 

rT  ="a r 

pj,  q-p,  r-p  = effective  body  axis  roll,  pitch, 
and  yaw  rates  due  to  turbulence 
with  respect  to  the  earth 

The  effective  angular  velocities  are  generated  through  matching  the  spectra  for  the 
turbulence  derivatives  and  their  cospectra  with  the  linear  velocities  of  turbulence  in  a manner 
similar  to  that  used  for  generating  linear  components  of  turbulence. 

The  effective  angular  velocities  affect  body  axis  forces  and  moments  in  the  same  way  as  did 
the  linear  components  of  turbulence.  For  example,  the  yaw  rates  of  the  airplane  with 
respect  to  the  air  mass  are  computed  by 

rA  = r - rw,  rw  = rw  + r-p 

Separate  yaw  rates  for  wing  and  tail  are  computed  as  the  effective  yaw  rates  of  the  wind  are 
different.  A total  force  or  moment  due  to  yaw  rate  is  the  sum  of  the  contribution  of  the 
wing  force  or  moment  derivative  with  respect  to  yaw  rate  times  the  wing  yaw  rate  with 
respect  to  the  aii  mass  and  the  contribution  of  the  tail  to  the  force  or  moment  derivative 
with  respect  to  yaw  rate  times  the  tail  yaw  rate  with  respect  to  the  air  mass. 

At  lower  and  lower  turbulence  frequencies,  the  linear  representation  of  the  distribution 
becomes  exact.  The  linear  distribution  becomes  poor  at  high  frequencies;  relating  effective 
angular  velocities  to  turbulence  derivatives  ’oduces  infinite  variances  of  angular  velocities 
due  to  the  error  of  the  representation  at  high  frequencies.  The  spectra  for  the  angular 
velocities  must  be  attenuated  at  high  frequencies  or  truncated. 

A comparison  of  representing  the  distribution  of  turbulence  in  this  manner  with  the  point 
representation  is  made  in  Section  4.2. 1.3.3.  It  is  concluded  that  a factor  of  10  improvement 
in  the  maximum  frequency  to  which  the  representation  is  valid  occurs  for  representing  the 
longitudinal  distributions.  However,  no  improvement  over  the  point  representation  occurs 
for  representing  the  lateral  and  vertical  distributions.  This  does  not  mean  that  the  lateral  ai.d 


WWWBWWWISWB8WWKB  j 


vertical  distributions  of  turbulence  are  insignificant  just  that  they  can’t  be  accurately 
modeled.  However,  from  a simple  analysis  in  Section  4. 2. 1.3. 3,  it  is  concluded  that  the 
rolling  moment  due  to  turbulence  roll  rate  will  generally  be  insignificant  compared  to  the 
roll  rate  caused  by  the  lateral  component  of  turbulence. 

The  power  spectra  and  cross  spectra  for  turbulence  pitch  and  yaw  rates  that  provide 
longitudinal  distributions  of  turbulence  are  represented  by  simply  filtering  the  vertical  and 
lateral  components  of  turbulence  by 
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trV, 


The  terms  l/V^  s wT  and  l/V^  s vy  represent  the  derivatives  of  turbulence  with  respect  to 
the  longitudinal  coordinate: 


i, 

i 


\ 

t 


A.  = 1 = _L  ,. 

dx  3t  dx  s 

s = Laplace  transform  operator 
The  additional  filter 


s 


attenuates  the  effective  angular  velocity  at  the  maximum  frequency  to  which  the 
representation  is  valid  assuming  eight  straight  line  segments  are  the  minimum  number  that 
can  adequately  represent  a sine  wave.  That  is,  the  effective  angular  velocities  are  attenuated 
at  a frequency  corresponding  to  a wavelength  that  is  eight  times  the  distance  over  which  the 
distribution  of  turbulence  is  provided.  The  power  spectra  that  result  are  shown  in  Figure 
1-29.  There  are  also  body  axis  accelerations  due  to  distributed  lift: 
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To  accommodate  the  linear  accelerations  due  to  turbulence,  the  equations  for  a and  0 are 


revised  to 

• _ UA*A  ' wAl*A 
UA~  + wa" 

A <l,A2  + vA2>  V^A^A^A^ 

p v 2 i 

VAVUA  +VA“ 

where 

“A  = 

u - (UW  + llj) 

vA  = 

V - (vw  + V-j  ) 

wA  = 

W-(Wyy  + W-p) 

For  the  representation  of  the  longitudinal  distribution  of  turbulence  only  (gust  penetra- 
tion), there  is  an  alternate  technique  based  on  the  frozen  field  hypothesis.  The  turbulence 
velocities  may  be  considered  to  be  frozen  with  respect  to  the  air  mass  as  rates  of  change  of 
turbulence  velocities  are  small  compared  to  the  speed  and  dimensions  of  an  aircraft.  The 
turbulence  velocities  that  strike  the  airplane  at  its  center  of  gravity  will  occur  at  the  tail  a 
time  At  = later.  The  turbulence  at  the  tail  may  be  represented  on  a digital  simulator 

by  storing  turbulence  velocities  occurring  at  the  eg  for  the  appropriate  time  lag,  then  using 
them  for  turbulence  velocities  at  the  tail.  If  digital  noise  generation  is  used,  two  identical 
random  number  sequences  displaced  in  time  by  At  = 8-p/V^  may  use^'  Additionally, 
linear  filter  representations  for  a transport  lag  are  provided  in  Section  4. 2. 1.3.3.  Separate 
buildups  of  angle  of  attack,  sideslip  angle,  and  dynamic  pressure  are  provided  for  the  tail, 
and  the  forces  and  moments  due  to  the  tail  are  built  up  separately  from  those  due  to  the 
wing-body.  This  method  is  described  in  more  detail  in  Sections  4,2. 1 .3  3 and  4.5.5. 
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The  highest  frequency  to  which  gust  penetration  is  accurate  using  the  transport  lag 
method  is 


c 


which  may  not  be  as  good  as  the  restriction  for  the  linear  distribution  method  of 

w < 0.5 

fiT 


The  two  methods  may  be  combined  by  separate  wing  and  tail  representations  using  the 
transport  lag  plus  a linear  distribution  representation  for  the  wing.  The  maximum  frequency 
then  increases  to 


The  need  to  provide  more  and  more  accurate  representations,  or  rather  the  sufficiency  of 
any  approximation,  depends  on  whether  the  variance  of  airplane  motion  parameters  are 
significantly  altered.  Some  considerations  involved  for  determining  the  sufficiency  of  an 
approximation  are  provided  in  Sections  4.2. 1 .3. 1 and  4.2. 1 .3.2.  Approximations  that  can  be 
shown  to  be  conservative  may  be  acceptable  for  certification  but  provide  economic  penalties 
due  to  overdesign.  Care  must  be  taken  to  demonstrate  the  suitability  of  assumptions.  As  the 
airplane  descends,  the  frequency  at  which  the  greatest  turbulent  energy  occurs  changes  by  a 
factor  of  50.  drastically  altering  the  response  of  the  airplane  (Sec.  4.2. 1.3.5).  Generally,  the 
lower  the  speed  of  an  airplane,  the  more  accurate  the  representation  required  and  the 
greater  the  coupling  between  forces  and  moments  along  one  coordinate  with  wind  and 
turbulence  components  along  another  coordinate  (Sec.  4.2. 1 .3.5). 

Finally,  care  must  be  taken  with  the  way  data  are  analysed.  Far  fewer  simulations  than 
conventionally  performed  may  provide  a more  precise  statement  of  results  with  fewer 
assumptions  (Sec.  4.6). 

1.4  WIND  MODEL  FOR  AUTOMATIC  LANDING  SYSTEM  CERTIFICATION 

The  applicant  should  account  for  the  aerodynamics  of  the  airplane  being  evaluated  including 
aeroelasticity,  plus  the  distributed  lift  effects  of  steady  winds  and  the  longitudinal 
distribution  of  lift  due  to  turbulence,  unless  it  can  be  shown  that  these  effects  are 
insignificant. 

The  surface  mean  wind  is  defined  as  that  at  20  feet  above  the  ground.  The  automatic 
landing  system  need  not  be  certified  for  surface  wind  speeds  exceeding  25  knots  nor  for 
tailwind  _components  exceeding  10  knots.  The  probability  distribution  of  surface  wind 
speeds  (V-iq)  is  presented  in  Figure  1-9.  The  probability  distribution  for  the  direction  to 
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which  the  wind  is  belowing,  (4>y),  is  presented  in  Figure  1-19  and  is  uncorreiated  with  the 
surface  wind  speed.  The  probability  distribution  of  atmospheric  stability  as  defined  in  terms 
of  Richardson’s  number,  (Ri2o)>  *s  correlated  with  wind  speed  and  is  presented  in  Figures 
1-15  and  1-16.  The  stochastic  combinations  of  surface  wind  speed  and  heading  and 
atmospheric  stability  may  be  generated  by  the  niodei  in  Figure  1-30. 
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FIGURE  1-30.-  PROBABILITY  MODEL  SCHEMATIC 


The  mean  wind  at  any  altitude  is  computed  from  the  equation: 


vW<h>  = v2o(^)  ['"(oTs) 


where 


u*  Ik 


is  given  on  Figure  1-7  as  a function  of  Rhq 

v m 
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u*0/k 

d = 800  VM 


h < d no  matter  what  the  actual  altitude 

1/fi'  is  given  in  Figure  1-31  as  a function  of  Rj-^o 

f(h/fi').  g(h/£')  are  described  in  Figures  1-4,  or  1-5  and  1-8,  respectively. 

The  mean  wind  shear  at  any  altitude,  needed  only  to  define  the  distributed  lift  effects  of  the 
mean  wind,  is  given  by 


— ~ ( h) 
3h 


where  0(h/£')  is  described  in  Figures  1-2  and  1-3,  and  where,  once  again  h <d  no  matter 
what  the  actual  altitude. 

The  power  spectra  for  uncorrelated  components  of  turbulence  in  an  axis  system  parallel  to 
the  earth  but  aligned  to  the  direction  of  the  airplane's  airspeed  vector  are  given  by 
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where  the  spectra  are  defined  such  that 


°H" 


oo  w 

= y*4>u(w)dto  =y*4>v(w)dw 

_oo  -00 

= variance  of  a horizontal  component  of  turbulence 

OO 

ow"  = J 4>u(w)dw  = variance  of  the  vertical  component  of  turbulence  and  where 
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°v 

— defined  on  Figure  1-25  is  a function  of  h/8' 
u* 


°H  = 


°V 


——given  as  function  of  altitude  on  Figure  1-27. 

°V 

Ih  , h<  1000  ft 
1000  ft  , h >1000  ft 
L||  = Ly(Oj.j/ay)^ 

The  spectra  art  well  represented  hy  generating  turbulence  components  equal  to  passing 
uncorrelated  Gaussian  white  noise  through  the  filters  in  Figure  1-22. 

Body  axis  components  of  mean  wind,  mean  wind  shear,  and  turbulence  are  found  by  means 
of  ihe  transformations  in  Figure  1-18. 

The  interrelationships  between  the  components  of  the  wind  model  and  the  other  elements 
of  the  simulation  are  described  in  Figure  1-32. 


This  model  is  compared  with  the  current  British,  FAA,  and  military  models  in  Appendixes 
I -A.  1-B.and  U\ 


FIGURE  1 -32.-C0MPUTATI0N  FLOW  DIAGRAM 


APPENDIX  1A 

COMPARISON  OF  PROPOSED  MODEL  WITH  ARB  MODEL 


This  appendix  provides  a comparison  of  the  model  proposed  in  Section  1.4  with  the  Air 
Registration  Board  (ARB)  model  defined  in  the  following  reference:  “Air  Registration 
Requirements,”  Paper  No.  367.  Issue  3.  June  1970. 


MEAN  WIND 

The  ARB  mean  wind  model  provides  for  a mean  wind  variation  with  altitude  given  by 
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= l0.43  logjQ(h)  + 0.35 


V Rli|r  = vw,h  = 10  meters) 


which  can  be  rewritten  as 
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The  proposed  model,  given  by 
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(;  reduces  to  approximately  the  same  form  when  neutral  stability  (h/8'  = 0)  and  low  altitudes 

1 (h/d  S 0)  are  assumed: 


V 


u* 

— i Q 
REF  TT 


The  only  other  difference  is  that  the  ARB  model  uses  a wind  speed  measured  at  10  meters, 
the  British  standard,  while  the  proposed  model  uses  a wind  speed  measured  at  20  feet,  the 
American  Standard. 


The  explanation  for  the  ARB  mouel  assuming  neutral  conditions  appears  to  be  contained  in 
the  following  statement  contained  in  the  reference: 


“Large  wind  shears  can  exist  in  stable  conditions,  which  usually  occur  at  night 
with  wind  speeds  less  than  20  ft/sec.  However,  these  will  be  less  severe 
circumstances  overall,  since  the  turbulence  will  then  be  less  . . .” 


The  qualitative  explanation  of  the  effect  of  stability  agrees  with  the  proposed  model.  The 
above  statement  implies  that  turbulence  and  wind  shears  have  the  same  effect,  which  does 
not  agree  with  the  analysis  performed  in  Section  4.2.  Even  though  the  reference  is 
concerned  with  determining  the  risk  of  a fatal  landing,  the  above  statement  implies  that  this 
risk  must  be  determined  with  the  most  severe  wind  conditions,  an  attitude  that  leads  to 
overdesign.  The  use  of  atmospheric  stability  in  the  proposed  model  is  an  attempt  to  provide 
wind  conditions  as  they  appear;  since  about  70%  of  the  cases  for  the  proposed  model  are  for 
stable  conditions,  the  proposed  model  will  tend  to  be  less  severe  than  the  \RB  model  if  the 
above  statement  can  be  believed. 


The  term  (h/d)  g(h/l!')  was  provided  in  the  proposed  model  to  ensure  the  shear  diminished 
to  zero  at  the  edge  of  the  boundary  layer.  Since  no  comparable  term  exists  in  the  ARB 
model,  the  ARB  model  will  provide  greater  shears  and  wind  speeds  at  high  altitudes.  This 
difference  is  unimportant  if  the  wind  and  wind  shear  above  the  altitudes  where  (h/d)  g(h/K') 
is  significant  has  no  effect  ori  touchdown  performance.  The  parameters  most  likely  to  be 
influenced  by  high-altitude  wind  conditions  are  the  touchdown  dispersion  parameters. 

Because  the  mean  wind  speed  increases  with  altitude  and  the  probabilistic  distribution  of 
reference  wind  speeds  (Vj^jvp)  for  the  ARB  model  is  presumed  to  be  measured  at  a higher 
altitude  than  is  the  data  for  the  proposed  model,  it  would  be  expected  that  for  a given 
exceedance  probability  the  ARB  description  would  provide  the  higher  reference  wind 
speeds.  This  relationship  has  been  found  to  hold,  as  seen  in  Figure  IA-I.  The  ARB  model 
provides  an  average  wind  speed  of  9.1  knots  at  10  meter-..  Using  the  neutral  stability  ARB 
model,  the  average  wind  speed  at  20  feet  is 
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FIGURE  1A-1.  -COMPARISON  OF  WIND  SPEED  DESCRIPTIONS 
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which  is  reasonably  close  to  the  8-knot  average  wind  speed  at  20  feet  provided  by  the 
proposed  model.  The  lack  of  precise  agreement  can  be  atiributed  to  the  following. 

1 ) The  average  level  of  atmospheric  stability  is  more  stable  at  lower  altitudes.  Since 
wind  speed  decreases  with  increasing  stability,  the  average  wind  speed  at  20  feet 
would  be  less  than  would  be  predicted  by  a constant  atmosphere  stability  model 
such  as  the  ARB  model. 


2)  The  data  employed  by  the  two  models  are  different,  measured  at  different 
locations. 


The  ARB  wind  speed  exceedance  probability  data  is  said  to  be  “. . . based  on  worldwide 
in-service  operations  of  U.K.  airlines  (sample  size  about  1 ,000).” 

The  technique  of  taking  data  corresponding  to  in-service  operations  is  superior  to  the 
approach  taken  for  the  proposed  model  if  the  samples  were  random,  for  conditions  at  a 
specific  airport  would  tend  to  be  weighted  according  to  the  act'vity  at  that  airport.  Whether 
or  not  the  samples  were  taken  randomly  is  not  known.  Although  the  ARB  model  presumes 
the  wind  speeds  were  taken  at  10  meters,  anemometer  heights  vary  widely  from  airport  to 
airport.  Even  if  the  average  anemometer  height  were  10  meters,  deviations  of  individual 
anemometers  from  10  meters  would  influence  the  tails  of  the  distribution.  The  main 
advantage  of  the  probabilistic  description  of  wind  speeds  in  the  proposed  model  are  the 
constraints  of  anemometer  heights  and  the  much  larger  data  sample  (about  170,000  data 
points),  which  provides  a better  description  for  the  more  remote  exceedance  probabilities. 

For  six-degree-of-freedom  simulations,  the  distribution  of  wind  heading  is  needed  as  well  as 
the  distribution  of  wind  speed  in  order  to  provide  the  combinations  of  down-runway  and 
cross-runway  wind  components  in  proportion  to  their  joint  probabilities.  If  separate 
down-runway  and  cross-runway  wind  component  distributions  are  provided,  then  the 
correlation  between  the  components  must  also  be  provided.  If  separate  longitudinal  and 
lateral-direction  simulations  can  be  justified,  only  the  distributions  for  down-runway  arid 
cross-runway  wind  components  are  needed. 

The  heading  and  wind  speed  distributions  were  provided  in  the  proposed  model. 
Distributions  for  the  components  were  also  developed  during  the  study.  The  ARB  model 
provides  a strange  combination  of  data:  the  distributions  of  the  total  wind  speed  and  for  the 
cross-runway  component  are  provided.  This  informa'ion  is  incomplete  for  either  six-degree- 
of-freedom  or  separate  longitudinal  and  lateral-directional  simulations. 

The  ARB  model  does  not  explicitly  provide  an  equation  for  the  wind  shear  at  any  altitude 
nor  does  it  mention  accounting  for  the  distribution  of  the  mean  wind  over  the  airplane. 
Hence,  the  ARB  model  implies  the  distributed  lift  effect;  due  to  the  mean  wind  are 
insignificant.  From  the  analysis  in  Section  4.2. 1.2,  it  can  be  concluded  that  the  significance 
of  the  distributed  lift  effects  due  to  the  mean  wind  are  configuration  dependent. 
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TURBULENCE 

The  ARB  turbulence  model  employs  the  same  power  spectr  m form  for  all  three 
components: 

, _ 2o2L  I 
1 * l+(Lft,)2 

This  form  corresponds  to  the  one-sided  Dryden  spectrum  for  the  longitudinal  component  of 
turbulence.  By  one-sided,  it  is  meant  that  the  spectrum  is  redefined  to  provide 
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0 

rather  than  the  literal  definition  of  the  power  spectrum,  which  provides 


OO 

o2=/  4>(fl|)dft| 


If  a turbulence  tiller  operating  on  while  noise  is  made  to  match  the  one-sided  spectrum, 

G(S)=,/^  1 + ls/va- 

the  resulting  variance  will  be  high  by  a factor  of  two. 

The  use  of  a single  spectrum  for  all  three  turbulence  components  prevents  turbulence  from 
meeting  well-established  requirements: 

• Local  isotropy  (isotropy  at  high  frequencies)  will  not  result 

• Turbulence  will  not  tend  toward  isotropy  for  increasing  altitude 

Failure  to  meet  these  requirements  means  the  relationship  between  the  transverse  spectra  to 
the  longitudinal  spec* rum  is  incorrect. 

The  Dryden  longitudinal  spectrum  was  found  to  be  inferior  to  the  Von  Karman  form  in 
Section  2. 4.2.4  and  was  found  to  be  a poor  approximation  to  the  Von  Karman  form  in 
Section  4.5. 3. 3. 


The  ARB  model  defines  rms  turbulence  intensities  and  integral  scales  relative  to  the  mean 
wind,  just  as  was  done  in  the  proposed  model.  However,  the  reference  does  not  indicate  how 
to  resolve  the  problem  of  spectra  defined  for  components  aligned  to  the  relative  wind  and 
turbulence  parameters  defined  relative  to  the  mean  wind. 


Vertical  rms  turbulence  in  the  ARB  model  is  9%  of  the  mean  wind  speed  at  10  meters  and 
horizontal  rms  turbulence  is  twice  the  vertical  turbulence  level.  Rms  intensities  are  defined 
as  invariant  with  altitude  and  are  said  to  be  representative  for  neutral  stability. 


In  the  proposed  model,  vertical  turbulence  decreases  slowly  with  altitude  and  horizontal 
turbulence  decreases  more  rapidly  witli  altitude  until  it  is  equal  to  the  level  of  vertical 
turbulence  at  1000  feet.  All  proposed  turbulence  levels  increase  with  decreasing  stability  in 
the  same  manner.  At  the  surface,  horizontal  rms  turbulence  i;.  twice  the  level  for  vertical 
turbulence,  just  as  for  the  ARB  model.  For  neutral  conditions,  the  proposed  model  provides 
rms  vertical  turbulence  equal  to  10.6*#  of  the  mean  wind  speed  at  20  feet.  For  neutral 


conditions,  the  wind  speed  at  20  feet  is  91.3%  of  the  wind  speed  at  10  meters.  Hence,  the 
proposed  model  provides  rms  vertical  turbulence  equal  to  9.7 % of  the  nuan  wind  speed  at 
10  meters,  which  is  close  o the  level  specified  in  the  ARB  model.  Near  the  surface  for 
neutral  conditions,  the  two  models  provide  for  nearly  equal  rms  intensities. 

The  failure  of  the  ARB  model  to  provide  for  the  effects  of  atmospheric  stability  on 
turbulence,  the  decrease  of  turbulence  levels  with  increasing  atmospheric  stability,  and  the 
evidence  indicating  the  atmosphere  is  stable  for  a majority  of  the  time  mean  the  ARB  model 
is  overpredicting  the  average  level  of  turbulence.  The  invariance  of  ARB  turbulence  levels 
with  altitude  means  the  ARB  model  tends  to  overpredict  turbulence  levels  away  from  the 
surface. 


The  reference  provide*  for  turbulence  generated  by  a Gaussian  process,  but  qualifies  the 
acceptability  of  the  Gaussian  distribution  with  the  following  statement: 

“Whilst  giving  an  adequate  description  of  measured  wind  decreases,  the  Gaussian 
model  underestimates  the  probability  of  large  wind  increases.  In  accepting  the 
Gaussian  model  the  assumption  has  been  made  that  critical  touchdown 
performance  parameters  are  primarily  influenced  by  wind  decreases.” 


The  qualification  is  unnecessary.  Although  evidence  shows  that  for  the  sum  of  all  patches  of 
turbulence  the  distribution  of  turbulence  is  non-Gaussian.  there  is  nothing  to  indicate  that 
the  distribution  of  turbulence  velocities  for  a single  patch  of  turbulence  (that  which  is  being 
simulated)  is  anything  but  Gaussian  (Sec.  2.4. 1.2).  , 


The  ARB  model  specifies  an  integral  scale  for  vertical  turbulence  equal  to  the  altitude, 
except  below  30  feet,  where  it  is  15  feet.  Why  the  vertical  turbulence  integral  scale  is  held 
constant  near  the  surface  is  unknown.  Above  30  feet,  the  ARB  vertical  turbulence  integral 
scale  is  half  that  in  the  proposed  model.  This  causes  the  turbulence  for  the  ARB  model  to  be 
greatest  about  a frequency  that  is  twice  that  for  the  proposed  model.  The  use  of  the 
longitudinal  turbulence  spectra  for  vertical  turbulence  reduces  this  difference. 


The  ARB  model  specifies  600  feet  invariant  with  altitude  for  the  horizontal  integral  scale. 
The  reference  states  that  this  wa'  • ’termined  by  approximating  a “mean  smoothed” 
spectrum  from  six  I -hour  runs  (Fig.  iA-2).  The  use  of  I -hour  runs  implies  the  mean  wind 
was  the  average  of  a I -hour  sample  of  data,  and  turbulence  is  taken  as  the  deviation  from 
that  mean.  One  hour  is  a very  long  period  for  determining  the  mean  wind  (10  minutes  is 
more  common).  Within  I hour,  “mean”  conditions  vary  and  changes  in  the  mean  wind  arc 
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Spectral  density  of  horizontal  wind  speed  fluctuations 


Mean  smoothed  spectrum  at  100  ft  height  compared 
with  model  spectra  having  the  same  rms  and  various 
values  of  scale  length,  L. 
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FIGURE  1A-2.-ARB  MODEL  SPECTRUM  COMPARISON  WITH  MEASURED 
SPECTRA  AT  100  FT 


interpreted  as  turbulence.  The  effect  is  to  overpredict  the  spectrum  at  low  frequencies  and 
to  overpredict  integral  scales.  However,  the  ARB  spectrum  model  underpredicts  the  “mean 
smoothed”  spectrum  at  low  frequencies,  as  seen  in  Figure  1A-2,  to  compensate  for  this 
error.  At  100  feet,  the  proposed  model  predicts  an  integral  scale  of  500  feet,  which  is  not 
far  different  from  the  ARB  specification. 

Although  the  reference  implies  the  integral  scale  for  horizontal  turbulence  changes  with 
altitude  through  Figure  IA-3,  no  provisions  for  varying  the  horizontal  integral  scale  with 
altitude  were  made.  In  contrast,  the  integral  scale  for  horizontal  turbulence  increases  with 
altitude  for  the  proposed  model. 

The  best  comparison  between  the  two  models  is  a comparison  of  the  complete  spectra, 
including  the  specified  rms  levels  and  integral  scales.  Comparisons  of  l>  are  made  for  the 
three  components  aligned  to  the  mean  wind  in  Figures  IA-4,  IA-5,  and  IA-6.  The  ARB 
spectrum  has  been  divided  by  two  to  provide  the  two-sided  spectrum  compatible  with  the 
proposed  model.  The  areas  under  these  curves  are  proportional  to  the  variances  of  the 
components.  Hence,  the  curves  define  the  distribution  of  turbulence  variance  with 
frequency. 

The  proposed  turbulence  model  and  the  ARB  model  do  not  agree  well  for  any  of  the 
components.  For  the  horizontal  components  (Figs.  IA-4  and  IA-5),  the  maximum 
contribution  to  the  variance  at  low  altitudes  is  at  a lower  frequency  for  the  ARB  model  than 
for  the  proposed  model.  The  vertical  turbulence  spectra  compare  much  better  at  low 
altitudes  (Fig.  I A-6).  This  is  due  to  a cancellation  of  differences: 

• The  use  of  the  Dryden  spectra  causes  the  maximum  value  of  for  the  ARB 
model  to  be  greater,  but  the  use  of  the  horizontal  turbulence  spectrum  for  vertical 
turbulence  causes  the  maximum  of  to  be  less. 

• The  use  of  a smaller  integral  sce«.  shifts  the  ARB  specti:*  to  higher  frequencies  but 
the  use  of  the  Dryden  horizontal  turbulence  spcctium  for  vertical  turbulence 
shifts  the  ARB  spectrum  bad.  to  lower  frequencies. 

liven  though  the  rms  levels  provided  by  each  model  arc  comparable  at  low  altitudes,  the 
ARB  model  provides  greater  maximum  values  for  £1<1>U  and  ft4>v;  thus  the  ARB  model 
provides  for  a greater  concentration  of  turbulent  energy  about  the  frequency  for 
maximum  n«t>. 

At  higher  altitudes,  the  airplane  response  to  turbulence  is  clearly  greater  for  the  ARB  model. 
The  ARB  model  will  generally  have  more  severe  airplane  responses  at  low  altitudes,  although 
the  conclusion  as  to  which  model  is  most  severe  at  low  altitudes  is  heavily  dependent  upon 
airspeed  and  particular  airplane-control  system  characteristics. 


COMPARISON  OF  HORIZONTAL  TURBULENCE  IN  DIRECTION  OF  THE  MEAN  WIND 


Neutral  atmospheric  stability 

Mean  wind  = 10  kt  at  20  ft  above  ground 


FIGURE  1A-5. —COMP A RISON  OF  HORIZONTAL  TURBULENCE  PERPENDICULAR  TO 


FIGURE  1A-6.— COMPARISON  OF  VERTICAL  TURBULENCE 


APPENDIX  IB 


COMPARISON  OF  PROPOSED  MODEL  WITH  FAA  MODEL 


This  appendix  provides  a comparison  of  the  model  proposed  in  Section  1 .4  with  the  Federal 
Aviation  Administration  model  defined  in  the  following  reference:  Advisory  Circular 
20-57A,  “Automatic  Landing  Systems,’*  Federal  Aviation  Administration,  12  January  1 97  i . 


MEAN  WIND 


The  reference  requires  demonstrating  adequate  touchdown  performance  for  “reasonable” 
combinations  of  headwinds  up  to  25  knots,  tailwinds  up  to  10  knots,  crosswinds  up  to 
15  knots,  wind  shear  of  8 knots  per  100  feet  from  200  feet  to  touchdown,  and  moderate 
turbulence.  Probability  distributions  are  specified  for  mean  wind  speeds  identical  to  those 
appearing  in  the  ARB  model  except  the  “total  wind”  speed  distribution  in  the  ARB  model 
has  been  redesignated  “downwind.”  Since  the  reference  is  dated  later  than  the  reference  for 
the  ARB  model,  the  probability  distribution  has  likely  been  taken  from  the  ARB  model. 


Using  the  total  wind  distribution  for  the  distribution  of  the  downwind  component 
significantly  overpredicts  the  downwind  component  associated  with  a given  exceedance 
probability.  For  example,  the  average  wind  speed  at  20  feet  for  the  proposed  model  is 
8 knots,  while  the  corresponding  average  downwind  component  is  only  5 knots.  Alternately, 
a 5-knot  downwind  component  corresponds  to  an  exceedance  probability  of  0.5,  while  an 
8-knot  downwind  component  corresponds  to  an  exceedance  probability  of  0.25,  twice  as 
remote. 


The  altitude  at  which  the  probability  distributions  of  wind  speeds  are  to  apply  are  not 
specified.  Furthermore,  it  is  not  clear  how  variable  levels  of  wind  speed  are  to  be  combined 
with  a fixed  shear.  Several  interpretations  are  possible,  as  shown  below. 

1 ) The  user  may  arbitrarily  select  the  altitude  at  which  to  apply  the  wind  speeds. 
The  wind  speed  varies  linearly  with  altitude  about  that  point  at  the  rate  of  8 
knots/ 1 00  feet.  This  will  result  in  a finite  wind  speed  at  the  surface  or  a wind 
speed  that  decreases  to  zero  with  decreasing  altitude,  then  reverses  direction  and 
increases  with  further  decreases  of  altitude.  Both  of  these  descriptions  of  the 
mean  wind  are  unreasonable. 

\ 

2)  Tiie  user  is  to  evaluate  the  effects  of  a steady  wind  and  a shear  separately,  then 
combine  results. 

A steady  wind  has  little  influence  on  touchdown  performance  except  through  the 
decrab  maneuver,  if  one  is  provided.  It  is  possible  to  represent  a wind  shear 
without  representing  the  corresponding  change  in  wind  speed  through  linear 
equations.  However,  as  discussed  in  Section  4.2.2,  this  will  cause  the  touchdown 
dispersions  to  be  overpredicted. 


To  hold  constant  airspeed  along  a glideslope  in  a decreasing  headwind  requires  an 
acceleration  to  increase ’the  groundspeed.  If  throttles  are  not  advanced,  the 
airplane  will  tend  to  touch  short.  This  is  the  effect  of  the  shear. 


The  decrease  in  headwind  requires  the  pitch  attitude  to  be  decreased  in  order  to 
hold  the  glideslope.  Less  thrust  is  required  to  maintain  lesser  attitudes.  Unless 
throttles  are  retarded,  the  decreasing  wincTspeed  will  cause  the  touchdown  to  be 
long.  This  is  the  effect  that  would  be  ignored  if  oniy  the  wind  shear  were  to  be 
represented. 

3)  The  user  is  to  represent  the  mean  wind  by 

Vw  = 0.08  h 
V^y  ~ knots 
h ~ feet 


and  the  probability  distribution  of  wind  speeds  is  to  be  used  only  for  determining 
turbulence  levels.  This  would  make  the  relationship  between  the  mean  wind  and 
turbulence  arbitrary.  In  contrast,  the  proposed  model  provides  a definite 
relationship  between  the  level  of  wind  and  the  level  of  turbulence  and  the  shear  is 
described  as  varying  inversely  with  altitude. 

The  proposed  mean  wind  model  cannot  be  well  approximated  by  a constant 
shear.  To  demonstrate  that  this  is  true,  consider  an  example  where  atmospheric 
stability  is  neutral.  The  wind  profile  for  the  proposed  model  is  then 

vw  = 0.204  V20l„(Jli^Jl). 

If  the  shear  in  FAA  model  is  supposed  to  correspond  to  the  shear  computed  by 
the  difference  in  wind  speeds  at  the  surface  and  200  feet,  the  wind  speed  at  200 
feet  for  the  proposed  model  should  also  be  16  knots. 


Then, 
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The  FAA  and  proposed  wind  profiles  and  shears  are  compared  on  Figure  IB-1. 

To  assess  the  relative  effects  of  the  two  wind  profiles,  an  airplane  approaching 
into  the  wind  at  a constant  120-knot  airspeed  along  a 3°  glideslope  is  considered. 
In  Section  4.2.2,  an  approximate  expression  for  the  change  of  thrust  required 
from  that  used  to  trim  the  airplane  initially  was  developed  for  such  a maneuver: 


/AT\ 

VA  + vw  dVw 

w 'req. 

IV 

g dll 

where 


- dVW 

vw,  ~dif  < amid  AVW>  0 

for  an  approach  into  a headwind.  If  the  airplane  is  trimmed  for  the  glideslope  at 
200  feet 


AVW  = Vw(h)  - Vw(h  = 200) 

A(T/W)  = ^(l«)-|(h  = 200). 

The  change  in  thrust-to-weight  ratio  represents  the  throttle  activity  required  to 
maintain  constant  airspeed  on  a fixed  glideslope  or,  conversely,  it  represents  the 
airplane  deceleration  if  the  throttles  are  not  moved. 

As  seen  in  Figure  1B-! , the  FAA  model  requires  only  a single  throttle  correction, 
white  the  throttles  for  the  proposed  model  must  be  increased  at  an  increasing  rate 
as  the  ground  is  approached.  If  no  throttle  corrections  are  made,  touchdown  will 
be  far  more  short  of  the  glideslope  intercept  for  the  FAA  model  than  for  the 
pvoposed  model.  Without  a throttle  adjustment,  a high  deceleration  will  occur  for 
the  FAA  model  from  200  feet  while  a high  deceleration  only  occurs  near  the 
ground  for  the  proposed  model,  too  late  to  cause  a significant  touchdown 
dispersion. 

The  differences  between  the  two  models  is  even  greater  because  the  shear  for  the 
FAA  model  is  always  constant,  while  that  for  the  proposed  model  will  change 
substantially  with  changing  atmospheric  stability  and  wind  levels.  Figure  1B-I 
makes  it  cleai  that  a wind  shear  invariant  with  altitude  cannot  represent  the 
effects  of  the  shear  in  the  proposed  model. 


BSJSWMWWWWS 


TURBULENCE 

The  turbulence  model  in  the  reference  is  similar  to,  and  appears  to  be  takeirfrom,  the  ARB 
model  except  for  the  following  significant  differences. 

1 ) The  integral  scale  for  vertical  turbulence  is  a constant  30  feet. 

2)  The  rms  level  for  vertical  turbulence  is  set  at  a constant  1 .5  knots  independent  of 
wind  speed,  atmospheric  stability,  and  altitude. 

3)  The  rms  levels  of  the  horizontal  turbulence  component’s  are  linearly  related  to 
downwind  and  crosswind  components  of  the  mean  wind. 

4)  Components  of  turbulence  are  to  be  generated  directly  in  an  axis  system  attached 
to  the  orientation  of  the  airplane  (Fig.  1 B-2). 

5)  Undefined  concepts  of  “span  averaging”  and  “area  averaging”  are  shown  to  affect 
longitudinal  and  vertical  turbulence,  respectively  (Fig.  IB-2). 

The  explanation  provided  for  item  2)  in  the  reference  is  “The  effect  of  vertical  turbulence  is 
small  and  a constant  level  is  satisfactory.”  The  reason  vertical  turbulence  has  been  found  to 
have  small  effect  is  because  of  item  1):  the  very  small  constant  integral  scale  of  30  feet  for 
vertical  turbulence  shifts  the  power  of  turbulence  to  frequencies  above  those  at  which  the 
aircraft  can  respond.  For  the  power  spectra  provided  in  the  reference,  which  is  the  same  as 
for  the  ARB  model,  the  greatest  vertical  turbulence  energy  is  about  a frequency  computed 
from 


Hence,  for  the  FAA  model  and  a 120-knot  approach  speed,  maximum  turbulence  energy 
occurs  at 


u = 6.752  rad/sec. 

This  is  far  beyond  the  short-period  natural  frequencies  of  most  commercial  aircraft.  For  the 
proposed  model,  where  the  integral  scale  for  vertical  turbulence  is  equal  to  altitude,  the 
airplane  will  respond  to  vertical  turbulence  until  very  close  to  the  ground.  This  is  shown  in 
Figure  IB-3.  At  higher  altitudes,  not  only  will  the  short  period  respond  to  the  vertical 
turbulence  from  the  proposed  model,  but  the  phugoid  will  also  respond. 

The  description  of  the  rms  levels  of  the  turbulence  components  provided  by  items  2)  and  3) 
is:  horizontal  turbulence  occurs  only  in  the  direction  of  the  mean  wind  while  vertical 
turbulence  occurs  regardless  of  the  wind  level  or  even  if  there  isn’t  any  wind.  This 
description  is  contrary  to  the  empirically  substantiated  theory  presented  in  Section  2.4.4. 
Turbulence  can  only  occur  in  three  dimensions,  as  can  be  observed  from  the  equations  of 
motion  governing  turbulent  motion.  Rms  turbulence  levels  are  proportional  to  the  mean 
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LONGITUDINAL  TURBULENCE 


Gust 

model 


T|0  isL/V:  where  L is  longitudinal  scale  length - 600  ft 
V “approach  speed  { ft/sec) 


VERTICAL  TURBULENCE 

Gust 

model 


Tvert  isL/V:  where  L is  vertical  scale  length  2 30  ft 
' V = approach  speed  (ft/sec) 


LATERAL  TURBULENCE 


T|at  is  L/V:  where  L is  lateral  scale  length  = 600  ft 
V - approach  speed  (ft/sec) 


T represents  time  constant  r 

S represents  the  Laplace  operator  jC  where  t denotes  a real  variable 
and  S a complex  variable: 

JC  (f(t)l  = f°°est  f(t)dt 
0*' 


FIGURE  IB-2.— FA  A TURBULENCE  MODEL  IMPLEMENTATION 
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wind  speed  at  a given  altitude,  with  the  constant  of  proportionality  determined  by  the  state 
of  atmospheric  stability.  It  is  possible  to  have  significant  levels  ofturbulence  for  low  levels 
of  mean  wind  speed  for  very  unstable  conditions,  but  then  turbulence  levels  would  vary 
strongly  with  altitude. 

The  constant  level  of  vertical  turbulence  does  not  even  constitute  a good  average  value.  Near 
the  surface  and/or  during  high  mean  wind  conditions,  the  proposed  model  defines  therms 
vertical  turbulence  level  to  be  10.6%  of  the  mean  wind  speed  at  a 20-foot  altitude.  Thus,  a 
1.5-knot  rms  vertical  turbulence  level  would  correspond  to  a mean  wind  speed  of  14.2 
knots.  The  probability  of  exceeding  a 20-foot  mean  wind  speed  of  14.2  knots  is  not  50% 
but  12.5%. 


The  setting  of  rms  levels  of  horizontal  components  of  turbulence  equal  to  15%  of  the 
respective  components  of  mean  wind  .corresponds  to  the  18%  of  the  total  mean  wind  speed 
at  10  meters  specified  by  the  ARB  model  for  neutral  atmospheric  stability.  Thus,  the 
reference  specifies  a reduced  percentage  of  a reduced  wind  speed. 

Specifying  turbulence  to  be  generated  directly  in  an  axis  system  attached  to  the  airplane, 
iteh?  4),  implies  the  rms  levels  of  turbulence  and  the  integral  scales  depend  upon  the 
orientation  of  the  ah  plane.  The  theory  and  empirical  investigation  presented  in  Sections 
2.4.4  and  2.4.5  clearly  define  the  statistical  properties  of  turbulence  to  be  aligned  to  the 
heading  of  the  mean  wind.  Directly  generating  turbulence  in  an  airplane  referenced  axis 
system  was  found  in  Section  4.3  to  be  a.  poor  approximation  for  vertical  turbulence.  Near 
the  sur.jcc,  for  a 5*  pitch  attitude  generating  turbulence  directly  in  the  airplane  body 
axis  will  cause  the  low-frequency  portion  of  the  vertical  turbulence  spectrum  to  be 
underestimated  by  a factor  of  two. 

“Span  averaging”  and  “area  averaging”  are  apparently  intended  to  represent  the  distributed, 
lift  effects  of  turbulence.  Although  the  reference  does  not  specify  the  nature  of  these 
operations,  Figure  IB-2  implies  that  they  are  linear  operations  such  as  filtering.  The 
representation  of  the  distribution  of  turbulence  about  an  airplane  is  discussed  in  Section 
4.2. 1.3.3.  No  suitable  method  corresponding  to  Figure  IB-2  was  discovered.  The  only 
suitable  method  found  for  simulating  the  spanwise  distribution  of  turbulence  was  through 
generating  an  effective  roll  rate  due  to  turbulence  by  filtering  the  vertical  body  axis 
component  of  turbulence.  However,  the  proponent  of  this  method  has  found  that 
representing  an  effective  turbulence  roll  rate  does  not  improve  the  fidelity  of  the  airplane 
response  to  turbulence. 


Two  methods  of  representing  the  longitudinal  distribution  of  turbulence  (gust  penetration) 
were  determined  and  both  may  be  used  jn  combination.  One  method  consists  of  generating 
effective  pitch  and  yaw  rates  due  to  turbulence  by  filtering  the  vertical  and  lateral  body  axis 
components  of  turbulence  by: 
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where  t = length  from  wing  aerodynamic  center  to  tail  aerodynamic  center. 

The  turbulence  pitch  and  yaw  rates  are  subtracted  from  the  inertial  pitch  and  yaw  rates  to 
form  the  airplane  pitch  and  yaw  rates  with  respect  to  the  air  mass,  respectively,  which  in 
turn  are  multiplied  by  the  aerodynamic  pitch  rale  derivatives  and  yaw  rate  derivatives-due  to 
the  longitudinal  velocity  distribution. 

The  second  method  employs  the  frozen  field  concept.  Turbulence  velocities  are  assumed  to 
be  frozen  in  space.  Turbulence  at  the  tail  is  the  same  as  that  at  the  wing  occurring  a time 
increment  earlier  equal  to  that  required  to  traverse  the  distance  from  the  wing  aerodynamic 
center  to  the  tail  aerodynamic  center.  Upon  computing  turbulence  velocities  at  the  wing, 
these  velocities  are  stored  for  a time  At  = £/V^  and  then  are  used  as  the  turbulence 
velocities  at  the  tail.  Approximate  methods  of  representing  the  transport  lag  are  also 
discussed  in  Section  4.2. 1.3.3.  The  transport  lag  method  of  representing  distributed  lift' 
effects  requires  separate  buildups  of  fail  angle  of  attack  and  tail  aerodynamics  but  will 
provide  a better  representation  than  using  just  effective  turbulence  angular  velocities.  An 
even  better  representation  is  provided  by  using  effective  turbulence  angular  velocities  with 
the  wing  contributions  to  yaw  rate  and  pitch  rate  aerodynamic  derivatives  in  addition  to  the 
transport  lag  method. 

The  representation  of  the  distributed  lift  due  to  turbulence  is  not  an  unnecessary  luxury.  It 
is  generally  required  for  approach  speeds  to  eliminate  significant  errors  caused  by  using  .u- 
point  lift  representation  of  the  airplane.  As  discussed  in  Section  4.2. 1.2  and  as  provided  for 
in  the  model  in  Section  1.4,  it  may  be  necessary  to  represent  the  distributed  lift  effects  of 
the  mean  wind  also. 

In  sunuwry,  the  average  turbulence  condition  provided  by  the  FAA  model  wili  generally  be 
more  severe  than  that  provided  by  the  proposed  model  because  the  FAA  model  does  not 
account  for  the  diminishing  or  disappearance  of  turbulence  for  stable  atmospheric 
corlitions  nor  for  increasing  altitude,  which  occur  for  a majority  of  the  time.  On  the  other 
hand,  the  FAA  model  generally  underpredicts  the  effects  of  the  more  severe  turbulence 
conditions  for  the  followi  -easons. 

• An  unrealistically  short  integral  scale  for  vertical  turbulence  causes  the  aircraft  to 
not  respond  to  vertical  turbulence. 

• Horizontal  turbulence  rms  levels  are  too  low  of  a percentage  of  wind  speed  and 
are  incorrectly  based  on  components  of  the  mean  wind  speed  rather  than  the  total 
wind  speed. 

• The  increase  of  turbulence  levels  for  increasingly  unstable  atmospheric  conditions 
are  not  accounted  for. 
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The  reference  incorrectly  implies  turbulence  components  may  be  attenuated  for 
distributed  lift  effects. 

The  vertical  body  axis  turbulence  tends  to  be  underpredicted  because  the 
reference  incorrectly  permits  the  generation  of  turbulence  directly  in  the 
airplane’s  body  axis  system. 


APPENDIX  1C 


COMPARISON  OF  PROPOSED  MODEL  WITH  MILITARY  MODEL 


This  appendix  provides  a comparison  of  the  model  proposed  in  Section  i .4  with  the  military 
model  defined  in  the  following  reference:  Chalk,  C.  R.,  Neaf,  T.  P.,  Harris,  F.  E.,  and 
Pritchard,  F.E.,  “Background  Information  and  User  Guide  for  M1L-F-8785B(ASG),  Military 
Specification- Flying  Qualities  of  Piloted  Airplanes,”  Technical  Report  AFFDL-TR-69-72, 
August,  1967. 


MEAN  WIND 

The  most  notable  shortcoming  of  the  military  model  is  the  absence  of  a mean  wind  model 
for  low  altitudes. 


TURBULENCE 

The  reference  recommends  use  of  the  Von  Kartnan  power  spectra  forms,  which  are  identical 
to  the  spectra  approximated  by  the  filters  in  Section  1.4  except  the  reference  employs  the 
one-sidedi  redefinition  of  the  spectra,  which  have  twice  the  gain  of  the  literal  two-sided 
spectra.  That  is,  the  reference  defines  the  spectra  such  that 


o~  = J 4>(S2)  dS2 
0 


rather  than 


o2  — J 4>(£2)dn. 

-CO 


The  reference  also  permits  use  of  the  Drydcr,  spectra  “. . . when  it  b not  feasible  to  use  the 
Von  Karman  form, . . The  reference  also  provides  filters  which,  when  modifying  white 
noise,  are  to  represent  the  Dryden  spectra.  However,  in  developing  the  filters,  an  errordias 
occurred.  The  transformation  to  the  time  domain  from  the  frequency  domain  (Fourier 
integral  inversion)  is: 


Hence,  no  matter  if  a spectrum  is  defined  as  one-sided,  the  time  simulation  will  treat  its 
filter  representation  as  corresponding  to  a two-sided  spectrum.  The  effect  of  the  reference’s 
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filter  representing  a one-sided  spectrum  is  to  provide  turbulence  with  a variance  that  is  too 
high  by  a factor  of  two. 

The  reference  describes  rms  vertical  turbulence  levcj'  probabilistically  in  terms  of  the 
expected  level  as  a function- of  altitude,  the  probability  of  encountering  turbulence  (also  a 
function  of  altitude),  and  the  Rayleigh  distribution.  The  reference  notes  that  “. ...  The 
model  described  here  neglects  any  effects  on  the  turbulence  due  to  terrain  roughness,  mean 
wind  magnitude,  or  any  other  meteorological  factor  except  height  (altitude).  This  means 
that  the  model  describes  an  average  of  all  conditions  for  clear  air  turbulence.”  If  the  mean 
wind  and  mean  wind  shear  are  unimportant,  the  representation  for  rms  vertical  turbulence 
levels  as  provided  by  the  reference  would  be  satisfactory  provided  it  could  be  ensured  that 
the  weighted  average  conditions  yielding  the  statistical  functions  are  representative  for  the 
applications  to  which  the  model  is  intended. 

The  reference  shows  an  expected  rms  vertical  turbulence  level  that  is  6.7  ft/see^  at  the 
surface  and  which  declines  slowly  with  altitude,  similar  to  the  variation  provided  by  the 
proposed  model. 

The  reference  provides  for  determining  horizontal  turbulence  levels  from  the  condition  of 
local  isotropy, 


L 2/3  ",2/3",  2/3 

U *-V  *-W 


and  the  assumption  of  horizontal  isotropy, 


These  same  assumptions  were  used  to  develop  the  proposed  model  (Sec.  2.4.6).  However, 
rather  than  specifying  ow,  Lu  = Ly,  and  Lw  then  determining  ou  = oy  from  the  conditions 
of  local  isotropy  as  done  in  the  reference,  au  = gy,  gw  and  Lw  were  specified  and  Lu  = Ly 
were  determined  from  the  condition  ofilocal  isotropy  in  arriving  at  the  proposed  model. 

The  variation  of  the  vertical  turbulence  integral  scale  with  altitude  is  the  same  in  the 
reference  as  in  the  proposed  model  (Lw  = h)  except  the  linear  variation  with  altitude  is 
continued  to  2500  feet  in  the  reference  as  opposed  to  1000  feet  in  the  proposed  model.  The 
reference  notes  that  it  chose  2500  feet  because  that  value  is  currently  being  used  in  other 
military  specifications  (for  high  altitudes).  Additionally,  the  reference  notes  that  1750  feet, 
used  as  the  altitude  above  which  the  integral  scales  are  invariant  with  altitude  with  its 
Dryden  model,  exceeds  values  commonly  used  in  the  past.  The  1000-foot  value  used  in  the 
proposed  model  was  found  to  agree  more  closely  with  low-altitude  measurements. 
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The  reference  provides  for  horizontal  integral  scales  that  vary  with  the  cube  root  of  altitude. 
This  variation  is  qualified  by: 

“The  variation  of  Lu  and  Ly  at  low  altitudes  according  to  the  one-third  power  of 
altitude  above  ground  level  is  simply  a mechanism  that  forces  the  scales  of  the 
two  horizontal  components  to  be  larger  than  the  vertical  scale.  Although  these 
formula  produce  the  correct  trends,  there  are  little  data  available  that  can  be  used 
to  substantiate  the  h'^  as  used  in  MIL-F-8785B.  It  is  merely  a formula  that 
produces  reasonable  results.” 

One  bad  feature  of  h*^  variation  for  Lu  and  Lv  is  that  it  causes  mis  horizontal  turbulence 
levels  to  go  to  zero  near  the  ground,  although  this  may  be  no  practical  problem  as  an 
airplane’s  aerodynamic  center  is  always  substantially  above  the  ground.  In  order  for  there  to 
be  a finite  rms  horizontal  turbulence  level  at  the  surface  as  indicated  by  theory  and 
measurements  (Sec.  2.4.4),  the  variation  of  she  horizontal  turbulence  integral  scale  with 
altitude  must  approach  linear  near  the  ground.  This  is  a characteristic  of  the  proposed 
model. 

The  observation  in  the  reference  that  there  is  little  good  information  concerning  the 
variation  of  the  horizontal  integral  scale  with  altitude  is  agreed  with,  and  the  variation 
resulting  from  the  proposed  model  was  also  determined  from  a somewhat  arbitrary 
interpolation  formula,  which  provides  for  horizontal  integral  scales  greater  than  vertical 
integral  scales.  The  objectionable  decrease  of  the  horizontal  rms  turbulence  level  near  the 
surface  was  overcome  in  the  proposed  model.  Additionally,  observations  providing  ratios  of 
horizontai-to-vertical  turbulence  levels  and  integral  scales  of  about  2 and  8 near  the  surface, 
respectively  (Secs.  2.4.4  and  2.4.5),  were  matched. 

The  reference  permits  constant  integral  scales  and  variances  equal  to  those  at  500  feet  to  be 
used  for  landings.  This  simplification  is  not  agreed  with  (Sec.  4.5.7). 

The  reference  notes  that: 

"Atmospheric  turbulence  should  be  described  mathematically  in  an  axis  (coordi- 
nate) system  related  explicitly  to  the  turbulence  field  itself;  but  instead,  for 
M1L-F-8785B,  the  turbulence  is  described  relative  to  the  airplane  body-axis 
system.  . . . The  implication  of  these  assumptions  [isotropy  in  iiorizontal  planes 
only!  is  that  flight  paths  must  be  within  a degree  or  so  of  being  horizontal  near 
the  ground;  otherwise  spcciai  consideration  should  hc  given  to  the  non-isotropic 
and  non-homogcncouc  nature  of  turbulence.” 

These  < on  *M$  -ire  h arwroent-  with  the  analysis  in  Section  4.3,  which  shows  that 
generating  tu/ou^m;-,  direi  uy  in  the  body  axis  system  causes  turbulence  vertical  to  the 
plane  of  the  airplane  to  be  greatly  underestimated  at  low  frequencies  due  to  using  statistical 
parameters  of  turbulence  known  only  in  an  axis  system  attached  to  the  mean  wind.  An 
exact  method  for  the  generating  turbulence  for  flight  simulation  could  not  be  found  in 
Section  4.3,  but  rather  than  resigning  to  the  airplane’s  body  axis  system  as  done  in  the 
reference,  a better  approximation  was  found:  Generate  turbulence  in  the  plane  of  the  earth 
but  in  an  axis  system  aligned  to  the  relative  (to  the  air)  velocity  of  the  airplane,  then 


transform  the  turbulence  to  the  body  axis  system.  This  method  correctly  aligns  the 
statistical  properties  of  turbulence  and  provides  only  a small  error  due  to  the  misalignment 
of  the  spectra  forms. 

The  reference  provides  a model  to  represent  the  distributed  lift  effects  of  turbulence,  said  to 
be  based  on  the  work  of  Etkin,  which  is  reported  in  Section  4.2. 1.3.3.  Etkin  approximated 
the  turbulence  field  about  an  airplane  with  the  first  two.terms  of  a Taylor  series, expanded 
about  the  airplane’s  eg.  For  example,  the  vertical  component  of  turbulence  would  be 
represented  in  the  plane  of  the  airplane  by: 

w^>*»ICG+fe)GGX+^cGy‘ 

The  first-order  derivatives  are  equivalent  to  introducing  angular  velocity  components  of 
turbulence: 


These  expressions  become  exact  as  frequency  approaches  zero,  but  very  seriously 
overpredict  the  turbulent  velocities  away  from  the  eg  at  high  frequencies. 


Etkin  recognized  this.  In  an  attempt  to  alleviate  the  problem,  he  first  formed  the 
three-dimensional  spectra  of  the  derivatives  in  terms  of  the  three-dimensional  spectra  for  the 
eg  turbulence  velocities: 
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The  three-dimensional  spectra  are  the  Fourier  integrals  of  the  turbulence  velocities  described 
in  three-dimensional  space.  Only  one  of  the  spacial  frequencies,  corresponding  to  the 
coordinate  along  the  airplane’s  relative  velocity  vector,  can  be  used  to  convert  spacial 
frequency  into  time.  To  eliminate  the  other  two  coordinates,  integrations  are  performed 
with  respect  to  the  transverse  coordinates  to  successively  obtain  the  two-  and  one- 
dimensionai  spectra; 
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Etkin,  rather  than  integrating  from  -<»  to  perfonned  the  integration  over  the  frequency 
region  for  which  the  Taylor  series  approximation  was  valid.  The  airplane’s  vertical 
dimensions  are  generally  small  and  the  distribution  of  turbulence  vertically  are  relatively 
unimportant,  so  he  performed  truncated  integrations  only  for  the  lateral  component  of 
spacial  frequency: 


The  integration  from  -ftymax  to  i2ymax  is  analogous  to  truncating  the  two-dimensional 
spectra  at  ±£2ymax>  an  arbitrary  but  convenient  method  of  modifying  the  two-dimensional 
spectra;  Using  the  Dryden  spectral  forms,  oniy  because  of  the  simpler  and  more  easily 
determinable  results,  Etkin  obtained  the  one-dimensional  roll-rate  spectra  on  Figure  1C-1. 
Etkin  reasoned  that  the  truncation  frequency,  £2ymax,  could  be  estimated  by  assuming  that 
a sine  wave  could  be  adequately  represented  by  no  less  than  eight  straight  line 
segments.  Thus, 


%_  2tt  _ jr 
max  " 8(b/2)  _ 2b‘ 

Substituting  this  expression  into  the  approximate  roll-rate  spectra  from  the  reference  yields 
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Comparing  the  gain  at  zero  frequency  to  those  from  Etkin’s  work  on  Figure  I C-2  shows  that 
the  approximate  spectra  seriously  overestimates  the  Etkin  low-frequency  gain,  being  about 
140%  higher  for  large  integral  scales  and/or  high  spacial  frequencies  and  orders  of  magnitude 
too  high  for  small  integral  scales  and/or  low  spacial  frequencies.  Additionally,  the  shape  of 
the  approximate  spectrum  does  not  compare  well  with  Etkin’s  spectra,  as  seen  on 
Figure  1C-1. 

More  significant  than  the  poor  match  of  the  approximate  roll-rats  spectrum  is  the 
conclusion  from  Etkin’s  latest  book:  The  Taylor  Series  method  for  lateral  distributions  is 
accurate  to  no  higher  lateral  spacial  frequencies  than  is  the  point  representation. 
Representing  turbulence  roll  rates  provides  no  better  results  than  does  the.  point 
representation.  Etkin  reached  this  conclusion  by  comparing  and  examining  complex 


FIGURE  1C-2.-EFFECTIVE  TURBULENCE  ROLL  COMPONENT  LOW-FREQUENCY 
POWER  SPECTRUM 


amplitudes  of  force  and  moment  components  produced  on  a finite  wing  flying  through  a 
sinusoidal  gust  field.  The  Taylor  series  method  was  compared  to  an  exact  solution  and  the 
maximum  frequency  was  set  where  the  error  reached  10%. 

The  Taylor  series  method  increased  the  maximum  frequency  by  a factor  of  10  for  the 
longitudinal  distribution.  That  is,  representing  qg  and  rg  provides  an  improvement.  As  a 
consequence,  the  spectra  for  turbulence  pitch  and  yaw  rates  in  the  reference  misses  the 
point.  Attenuating  these  spectra  should  not  be  performed  for  lateral  dimensions,  but  for 
longitudinal  dimensions.  The  one-dimensional  spectra  should  be  truncated  for  wavelengths 
less  than  eight  times  the  airplane’s  tail  arm. 

Rather  than  truncating  the  spectra,  the  spectra  were  filtered  at  the  maximum  valid 
frequency  in  Section  4.2. 1.3. 3.  This  is  no  less  arbitrary  and  more  realistic  as  wings  are 
unlikely  to  have  a response  to  the  effective  angular  components  equal  to  that  at  zero 
frequency  up  to  a given  frequency  and  no  response  beyond.  The  filter  forms  for  turbulence 
pitch  and  yaw  rates  become: 


% = -■ 


4 % 

1 +-rr-  S 
ffVA  . 


w„ 


r„  = 


4 

l+^s 


w„ 


(Fig.  1C-3) 


(Fig.  1C-3) 


where  *H>  CV  = horizontal  and  vertical  tail  lengths 

An  approach  that  is  accurate  to  higher  frequencies  i*  to  provide  separate  wing  and  tail 
representations.  The  turbulence-  at  the  tail  is  that  at  the  wing  delayed  by  a transport  lag 
equal  to  the  time  required  to  traverse  the  distance  from  the  wing  to  the  tail  (t/V^).  The 
distributions  of  turbulence  over  just  the  wing  may  then  be  represented  by  the  Taylor  series 
approach. 

Although  there  are  significant  differences  in  application  and  modeling,  the  assumptions  in 
the  proposed  turbulence  model  are  the  same  as  in  the  reference  and,  except  for  the 
dependence  of  turbulence  upon  the  mean  wing,  the  proposed  turbulence  model  agrees  more 
closely  with  the  military  specifications  than  with  either  the  FAA  or  ARB  models. 


2.0  ANALYTIC  DESCRIPTION  OF  LOW  ALTITUDE  WIND  PHENOMENA 
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This  section  presents  a review,  comparison,  and  analysis  of  the  descriptions  of  low  altitude 
wind  phenomena  provided  by  the  literature.  The  emphasis  is  on  an  analytic  description  that 
provides  for  continuity  with  respect  to  the  parameters,  as  opposed  to  a qualitative 
description. 

The  objective  of  the  analytic  description  is  to  provide  a standard  for  developing,  evaluating, 
and  comparing  flight  simulation  models.  Although  the  resulting  composite  description  may 
be  unique,  no  new  scientific  work  has  been  done.  Rather,  engineering  judgment  was  applied 
to  provide  analytic  descriptions  leading  to  a simulation  based  on  information  supplied  by 
the  literature.  The  resulting  description  is  a composite  of  work  provided  by  many  authors. 
Selection  of  one  of  several  alternate  or  conflicting  descriptions  for  a particular  subject  was 
based  on  the  weight  of  evidence,  quality  of  substantiation,  appropriateness,  and  engineering 
judgment. 
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Much  of  the  information  presented  is  not  restricted  to  any  particular  application.  However, 
to  restrict  the  magnitude  of  the  task,  it  has  been  found  necessary  to  restrict  some  of  the 
subject  matter  to  the  application  of  interest.  Thus,  there  are  specializations  to  simulator 
usage,  application  to  aircraft,  and  the  performance  of  their  autoland  systems  during  the 
approach  and  landing  phase,  and  low  altitudes  (below  1000  feet). 

Additionally,  the  model  is  developed  for  the  “average”  airport.  It  is  recognized  that  such  an 
average  probably  does  not  exist,  but  when  the  distribution  of  airport  characteristics  and  the 
appropriate  weightmg  of  each  airport  according  to  its  activity  are  not  available,  “average” 
characteristics  arc  selected. 

Emphasis  is  on  the  more  probable  events  (sav,  with  excc.:dance  probabilities  less  than  10'J) 
rather  than  the  extreme  events  (with  probabilities  of  exceedance  as  remote  as  10'^).  The 
implication  is  that  the  following  discussion  is  not  directed  at  flight-critical  control  system 
design.  If  an  autoland  system  should  fail,  the  pilot  has  recourse  to  manual  control.  If  more 
remote  and  more  severe  levels  of  wind  should  occur,  the  pilot  has  recourse  to  landing  at  an 
alternate  airport.  For  fi>e,(it  safety  features  that  must  be  designed  for  extremely  remote 
occurrences,  critical  values  rather  than  average  values  should  be  selected,  or  perhaps  a 
description  for  a single  critical  airport  should  be  developed. 
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Analytic  descriptions  can  be  classified  as  either  deterministic  or  stochastic.  In  actuality,  all 
physical  events  are  likely  to  be  deterministic.  However,  when  the  deterministic  relationships 
are  unknown,  are  too  complex,  or  when  the  relevant  differential  equations  have  not  been 
solved,  a stochastic  description  is  used.  A deterministic  description  enables  parametric 
evaluation  and  understanding  of  the  problem  but  generally  has  to  be  simplified,  either 
merely  to  avoid  complexity  or  because  not  all  of  the  parameters  and,  their  effects  are 
known.  Stochastic  descriptions  Have  statistical  parameters  which,  in  turn,  may  be  described 
deterministically  or  stochastically.  Stochastic  descriptions  suffer  from  the  inability  to 
measure  data  for  all  combinations  of  events,  incompatibility  of  measurement  and 
application  conditions,  measurement  inaccuracies,  and  data  misinterpretations. 

^ceding  page  blank 
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Stochastic  descriptions  are  often  misapplied.  For  example,  if  exceedance-probability  curves 
arc  given  for  the  steady  wind  and  for  turbulence,  how  are  the  data  to  be  combined?  If  the 
engineer  is  given  a design  probability,  he  might  choose  steady  wind  and  turbulence  levels  so 
that  the  product  of  their  exceedance  probabilities  is  equal  to  the  design  probability,  or  he 
might  choose  levels  so  that  the.,probabiliiy  of  each  is  equal  to  the  design  probability.  The 
former  approach  implies  zero  correlation  between  the  steady  wind  and  turbulence  while  the 
latter  approach  implies  perfect  correlation,  neither  of  which  is  likely  to  be  valid.  Even  if  he 
wc.re  given  the  correlation,  he  could  not  be  sure  that  the  correlation  given  applies  for  the 
coriditionsjof  interest.  Thus,  deterministic  descriptions  of  stochastic  processes  are  required. 

The  approach  taken  is  to  describe  deterministically  the  effects  of  the  important  parameters 
to  the  greatest  extent  possible,  i.e;,  so  far  as  the  parameters  are  measurable.  Then,  all  the 
parameters  are  related  to  the  smallest  number  of  parameters  possible  so  as  to  reduce  the 
amount  of  knowledge  required  by^  the  user.  Ultimately,  it  is  desired  to  relate  all  parameters 
to  a single  design  probability,  but  this  section  will  deal  only  with  the  description  in  terms  of 
basic  parameters. 

It  must  be  appreciated  that  a^great  number  of  simplifications  are  required  to  arrive  at  even 
the  most  complex  description  permitted  by  the  state  of  the  art.  Discontinuities  are  not 
accounted  for.  To  account  for  such  things  as  low  level  inversion  layers,  inhomogeneous 
terrain,  low  level  squalls  and' the  like,  geometrically  increases  the  magnitude  pf  the- task  and 
is  generally  beyond  tiic  state  of  the  art. 

This  section  begins  with  definitions  and  interrelationships, -of  different  classes  of  wind 
phenomena  and  then  discusses  what  is  known  about  each  class.  Although  this  section  is. 
intended  to  be  independent  of  other  sections,  the  material  within  the  section  is  presented  in 
building  block  format  whereby  the  description  of  a topic  is  dependent  upon  description  of 
previous  topics. 


2.1  NOMENCLATURE 

A(fl),  B(fi)  Scalar  functions  defining  isotropic  three-dimensional  power  spectrum 
Cp  v,  Specific  heat  at  constant  pressure 

Atmospheric  boundary  layer  thickness 
Energy  or  exponential 'function 
Energy  spectrum  function 
Cpriolis.parameter,  f = 2cog  sin  X 


d 

e 

E(H) 

f 

f(h/£') 


Universal  function  of  hA?'  defining  the  incremental  change  of  mean  wind 
due  to  nonadiabatic  thermal  conditions 
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ftt),  g(*) 

Ftt),  qa) 

s 

G 

h*  hREF 
hI 

h: 

k 

k 

kH.  kM 

Kl/3<  >’  K2/3< 
8,8' 

Lp,  l.n 
l-u,  Lv,  Lw 


P|  I 


R 


Rij 


Fundamental  longitudinal  and  transverse  correlation  functions  for  iso- 
tropic turbulence,  respectively 

Scalar  function  defining  isotropic  turbulence  correlation  functions 

Acceleration  due  to  gravity 

Geostrophic  wind  speed 

Altitude,  reference  altitude 

Altitude  above  which  turbulence  is  isotropic 

Heat  flux,  positive  upward 

Von  Karman  constant,  k = 0.4 

Ekman  spiral  parameter,  k = s/f/2km 

Eddy  conductivity  jnd  viscosity,  respectively 

) Modified  Bessel  functions  of  the  second  kind  of  orders  1/3  and  2/3, 
respectively 

Mcmin-Obukov  scaling  length  and  that  modified  by  ratio  of  eddy 
conduct,  vity  to  eddy  viscosity,  g'  = kjj/k^  8 , respectively 

Longitudinal  and  transverse  integral  scales  for  turbulence  components 
parallel  and  normal  to  the  displacement  vector,  respectively 

Integral  scales  corresponding  to  the  longitudinal,  transverse,  and  vertical 
turbulence  components,  respectively 

Pressure 

Probability  function 
Position  vector 
Gas  constant 

Gradient  Richardson’s  number 

Correlation  function  for  the  i and  j turbulence  components 


?c> 


i 


•j 


s 


s 


t 

T 


u*,  u* 


0 


lip  UN 


'j 

Normalized  correlation  function,  Ry  = Rjj/ojj“ 

Entropy 

Nondimensional  mean  wind  shear; 

s=  _kh. 
u+o  rth 

Time 

Absolute  temperature 

Friction  velocity  and  friction  velocity  at  the  surface,  respectively;  u*  = 

'Trip 

Turbulence  velocity  components  parallel  and  normal  to  the  displacement 
vector 


u,  v,  w Velocity  components  along  the.  x,  y,  and  z axis,  respectively 

J I __ 

VW’VREF  Mean  wind  speed  and  mean  wind  speed  at  a reference  altitude, 
respectively 


VA  Airspeed 

x,  y,  z Position  components 


z0 


a,ao 


a,  a' 


Pi  ) 
P 

7,  r 


Small  scale  roughness  length  of  surface  topography 

Heading  angle  between  the  mean  wind  and  the  geostrophie  wind  and 
heading  angle  between  the  surface  wind  and  the  geostrophie  wind, 
respectively 

Log-linear  mean  wind  profile  constant  and  that  constant  modified  by  the 
ratio  of  eddy  conductivity  to  eddy  viscosity; 

kM 

Probability  density  function 
Deacon  wind  profile  exponent 

Mean  wind  profile  constant  for  KEYPS  equation  and  that  modified  by 
the  ratio  of  eddy  conductivity  to  eddy  viscosity; 
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Gamma  function 


9 

\ 


r(  ) 


*i>  h>  h 
0 


Rate  of  energy  dissipation 

Displacement  vector,  displacement  magnitude  and  components  of  the 
displacement  vector,  respectively 

Potential  temperature 
6 = constant  x 


T 

pR/Cp 


Three-dimensional  spectrum  function  fc  the  i and  j turbulence 
components 


X 


Latitude 


P Density 


°PP  ' aNN~  Variances  (square  of  standard  deviation  or  root  mean  square)  of 

turbulence  components  parallel  and  normal  to  the  displacement  vector, 
respectively 
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°u~’°v  ,0w  Variances  of  turbulence  components  along  the  x,  y and  z axis, 

respectively 


r,  r 

rx*  Ty>  Tz 


Covariance  between  the  i and  j turbulence  components 
Covariance  between  turbulence  components  along  the  x and  z axis 
Time  displacement 

Shear  stress  vector,  shear  stress  magnitude,  and  shear  stress  components 
along  the  x,  y and  z axis,  respectively 


r 


i 


<t>(  fj,0 

Hh/n 


*ij  («l) 


Indicator  function;  zero  when  f < f j . one  when  f>  fj 


Universal  function  of  n/£'  defining  nondimensional  wind  shear; 


kh  3VW 


u* 


3h 


W) 


One-dimensional  spectrum  function  for  the  i and  j turbulence 
components 


4>U(S2,),  One-dimensional  spectrum  functions  for  the  u,  v,  and  w turbulence 

4>w  (S2 1 ) components,  respectively 


One-dimensional  cospectrum  function  for  the  u and  w turbulence 
components 

Two-dimensional  spectrum  function  for  tlie  i and  j turbulence 
components 

Temporal  frequency 

Angular  velocity  of  the  earth 

Spacial  frequency  vector,  spacial  frequency  magnitude,  and  components 
of  the  spacial  frequency  vector,  respectively 

2.2  CLASSIFICATION’* OF  WIND  PHENOMENA 

By  convention,  wind  phenomena  are  divided  into  three  categories:  discrete  gusts, 
turbulence,  and  mean  winds.  However,  the  distinction  between  the  three  is  not  always  clear. 

Turbulence  and  mean  wind  are  statistical  quantities  appearing  in  combination.  A sample  of 
wind  fluctuations  is  divided  into  a constant  bias  about  zero  plus  the  deviations  about  the 
bias.  The  bias  is  the  mean  wind,  assumed  to  be  invariant.  Deviations  about  the  bias  represent 
turbulence.  The  distribution  of  the  fluctuations  between  mean  wind  and  turbulence  will  be 
dependent  upon  the  size  of  the  sample.  In  a sample  of  a single  data  point,  all  the  wind 
would  be  mean  wind.  If  a large  sample  were  broken  into  smaller  samples,  it  could  reasonably 
be  expected  that  the  mean  value  would  vary  between  subsanipies.  In  a sufficiently  large 
sample,  nearly  all  the  fluctuation  may  be  turbulence.  This  is/.the  implication  of  Figure  2-1 , 
where  the  widely  quoted  (Refs.  2-1 , -2,  -3,  and  -4,  among  others)  Van  der-Hoven  estimates 
of  the  intensity  distribution  (multiplied  by  frequency)  with  frequency  are  shown.  The 
presumed  existence  of  the  distinct  peaks  leads  to  the  standard  distinction  be»ween 
turbulence  and  mean  wind:  turbulence  is  represented  by  the  peak  to  the  right  and  the  mean 
wmd  is  made  up  of  the  distribution  at  all  lower  frequencies.  Technically,  all  the  intensity  of 
the  mean  wind  should  occur  at  zero  frequency. 

The  definition  of  the  mean  wind  is  also  relaxed  to  include  I'sterministic  variations  of 
horizontal  winds  with  altitude  at  low  altitudes.  Thus,  to  obtain  a mean  from  a low  altitude 
sample,  the  sample  must  be  collected  at  constant  altitude. 

By  definition,  the  term  “discrete  gust”  refers  to  a discontinuous,  /individual, /and  distinct 
sudden  rush  of  air.  In  contrast  with  turbulence,  it  implies  a deterministic -fluctuation  of 
wind.  That  is,  a discrete  gust  has  a specific  physical  shape  definable  in  terms  of  certain 
parameters.  Local  variations  of  the  mean  wind  may  also  be  classified  as  discrete  gusts.  Thus, 
in  a small  sample  of  winds,  there  may  be  no  distinction  between  a -mean  wind  and  a 
discrete  gust. 
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Mean  wind 


Turbulence 


FIGURE  2-1. -SCHEMATIC SPECTRUM  OF  WIND  SPEED  NEAR  THE  GROUND 
ESTIMATED  FROM  A STUDY  OF  VAN  DER  HOVEN  (1957) 


The  distinction  between  deterministic  discrete  gusts  and  random  turbulence  may  also  be 
difficult.  A wind  fluctuation  may  be  deterministic  in  the  extremely  small  scale  but  random 
on  a much  larger  scale.  In  fact,  turbulence  may  be  represented  by  the  random  superposition 
of  a large  number  of  discrete  gusts  with  varying  shapes  and  magnitudes.  In  a sufficiently 
large  sample,  the  contribution  of  a single  discrete  gUst  to  the  statistical  characteristics  of 
turbulence  will  be  negligible.  In  a small  sample,  the  effects  will  not  be  negligible  and  arc 
difficult  to  separate  out  without  prior  knowledge  of  the  existence  of  the  discrete  gust. 

From  the  above  discussion,  it  may  appear  that  the  difficulty  in  distinguishing  the  character 
of  winds  might  be  alleviated  by  using  only  large  samples  of  winds.  However,  the  wind 
characteristics  must  be  defined  in  terms  of  analytic  descriptions.  In  order  to  match  the 
assumptions  inherent  in  the  analytic  descriptions  and  to  constrain  variations  in  the  large 
number  of  parameters,  the  sample  size  must  be  kept  relatively  small. 

In  this  report*  the  analytic  description  of  winds  assumes  the  distinction  between  mean  wind 
and  turbulence  provided  by  Figure  2-1.  “Discrete  gusts”  refers  to  wind  phenomena  Which 
are  generated  by  local  conditions  not  compatible  with  the  assumptions  of  the  analytic 
description  of  mean  wind  and  statistical  characteristics  of  turbulence. 
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2.3  MEAN  WIND 

From  the  definition  of  mean  wind,  two  additional  characteristics  are  deduced: 

• Time  variations  of  mean  wind  velocity  relative  to  the  earth  are  so  slow  that  wind 
accelerations  may  be  considered  to  be  zero. 

• Since  winds  due  to  local  conditions  have  been  classified  as  discrete  gusts,  the 
mean  wind  is  considered  to  be  homogeneous  in  the  horizontal  plane  over  the 
region  of  interest. 

Definition  of  the  mean  wind,  then,  consists  of  defining  the  variation  of  the  mean  Wind 
vector with  altitude  under  various  atmospheric  conditions  and  for  different  terrain  features. 
The  significant  classifications  of  atmospheric  conditions  are  adiabatic  (no  vertical  heat 
transfer)  and  nonadiabatic  conditions.  Under  adiabatic  conditions,  the  variation  of  mean 
wind  with  altitude,  or  the  mean  wind  shear,  is  generated  only  mechanically.  For  the 
nonadiabatic  conditions  there  is  also  a transfer  of  momentum  through  heat  transfer. 


Some  general  qualitative  characteristicsof  mem  winds  in  the  atmospheric  boundary  layer 
can  be  deduced.  As  mean  winds  are^either  invariant  with  time.  orare  very  slowly  changing, 
there  must  be  an  equilibrium  of  forces  acting  on  an  dement  of  air  mass  such  that  the  time 
derivative  of  wind  vector  with  respect  to  the  earth  is  zero.  The  principal  forces  involved  are: 


• Coriolis 

• Centrifugal 

• Gravitational 

• Pressure  gradients 

• Viscous 

• Shear  stresses 

Coriolis  and  centrifugal  forces  result  from  inertial  accelerations.  If  a particle  of  air  is 
unaccelerated  with  respect  to  the  earth,  it  must  be  accelerated  with  respect  to  an  inertial 
reference  system  due  to  the  angular  velocity  of  the  earth.  These  forces  are  actually  only  part 
of  the  expression  for  the  acceleration  of  a particle  in  a rotating  frame  of  reference  derived  in 
Reference  2-5  by: 


-*■  , 6~r  , 5co  Sr  . -*■ 

uq  + + -g-p  x r + 2u  x-jj-t  u x (w  x r) 
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where 
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a0 
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6t: 


= acceleration  of  center  of  earth  with  respect  to  space 
= mean  wind  acceleration  = 0 


6r 


2cox%-  = Coriolis  acceleration 

ot 

wx(co  x r)  = centrifugal  acceleration 

to  = angular  velocity  of  earth 

r*  = radius  of  earth  plus  altitude  Jo  the  point  in  question 

The  acceleration  of  the  earth  with  respect  to  space  is  assumcd'td  be  negligibly  small. 

Centrifugal  acceleration  acts  perpendicular  to  the  axis  of  the  earth  and  has  a component 
normal  to  the  earth  that  varies  with  the  cosine  of  the  latitude  but  is  small  at  all  latitudes 
compared  with  gravity.  The  component  at  constant  altitude  of  the  centrifugal  acceleration 
varies  wit  hr  the  sine  of  the  latitude  and  is  negligible  near  the  equator. 

Coriolis  force  is  proportional  to  wind  velocity.  For  constant  velocity,  it  has  a component 
normal  to  the  earth  that  varies  with  the  cosine  of  the  latitude  but  is  small  at  all? latitudes 
compared  with  gravity  for  reasonable  wind  velocities.  Its  component  tangent  to  the  earth 
varies  with  the  sine  of  the  latitude. 

To  maintain  homogeneous  mean  wind  conditions,  the  latitude  variation  must  be  restricted 
so  that  changes  in  horizontal  centrifugal  and  Coriolis  force  components  are  small  compared 
to  other  forces. 

Viscous  forces  oppose  the  motion  of  the  particle  and  produce  one  type  of  shear  stress.  The 
magnitude  of  the  viscous  forces  depends  on  the  scale  of  the  problem  considered.  If  the  scale 
is  very  small,  molecular  motion  and  viscosity  is  relevant.  For  mean  winds,  the  scale  is  large 
and  the  relevant  motion  is  the  eddy  motion,  leading  to  eddy  viscosity,  whit  h is  on  the  order 
of  10^  greater  than  molecular  viscosity  (Ref.  2-6).  For  the  study  of  mean  winds,  eddy 
viscosity  is  relevant  (Ref.  2-7). 
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Other  shear  stresses  arise  from  the  interaction  of  winds  with  the  earth’s  surface,  the 
influence  of  which  can  be  expected  to  diminish  with  increased  altitude,  and  temperature 
gradients  which  provide  different  levels  of  energy  at  different  altitudes. 

At  the  boundary  condition  at  the  earth’s  surface,  there  must  be  zero  wind  velocity.  Thus, 
the  wind  must  increase  in  some  fashion,  at  least  for  small  distances  from  the  earth.  At  high 
altitudes  away  from  the  influence  of  the  surface,  the  wind  can  be  expected  to  tend  toward  a 
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value  equal  to  the  product  of  the  earth’s  angular  velocity  and  the  distance  from  the  earth 
due  to  the  tendency  of  a mass  to  remain  fixed  in  space  in  the  absence  of  forces.  Such  a wind 
would  blow  from  east  to  west. 


The  mathematical  relationships  between  the  parameters  influencing  the  horizontal  compo- 
nents of  the  mean  wind  are  provided  by  the  equations  of  motion  derived  from  the 
Navier-Stokes  equations  and  are,  as  taken  from  Reference  2-4: 


du 

dt 


= 0 = fv  - 


9p  9tx] 


dv 

It 


= 0 = - fu  - 
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•9p  9ry] 

3v  “ 8zj 


where  f is  the  Coriolis  parameter  describing  the  variation  of  the  force:  f=2w£  sinX. 
Horizontal  components  of  centrifugal  acceleration  are  neglected.  The  primary  difficulty  in 
solving  for  the  mean  wind  components  is  in  describing  the  variation  of  the  shear  stress 
components,  rx  and  ry,  with  altitude  (z). 

Three  major  analytic  descriptions  of  the  mean  wind  in  the  earth’s  boundary  layer  for 
adiabatic  conditions  will  be  discussed:  the  Ekman  spiral,  the  logarithmic  profile,  and  the 
power  law.  Additionally,  the  theory  of  the  logarithmic  profile  has  been  expanded  to  include 
nonadiabatic  conditions. 

2.3.1  Ekman  Sniral 

The  Ekman  spiral  describes  the  variation  of  the  components  of  mean  wind  with  altitude 
from  the  top  of  the  boundary  layer  to  the  surface  for  the  following  rather  restrictive 
assumptions: 

• Motion  is  horizontal 

• Flow  is  laminar  (zero  turbulent  stresses) 

• Isobars  are  straight,  parallel,  and  constant  with  altitude 

• Above  the  boundary  layer,  the  wind  (geostrophic  wind)  is  constant  with  altitude 

• Eddy  viscosity  and  density  are  constant  with  altitude 

• Temperature  conditions  are  adiabatic 

2.3. 1.1  Derivation 

The  assumptions  of  constant  winds  above  the  boundary  layer,  the  character  of  the  isobars, 
and  constant  density  leads  to  constant  shear  stresses  above  the  boundary  layer  through  the 
equations  of  motion  and  defines  the  components  of  the  geostrophic  wind: 


Ccos«0=-^.j| 

Csi"“o=jrE 

where  the  axis  system  is  aligned  with  the  x axis  along  the  direction  of  the  surface  wind  and 
ag  is  the  angle  between  the  geostrophic  and  surface  winds.  The  equations  of  motion  now 
reduce  to 


-f(v-G  sin  a Q)  =^£- 


The  assumption  of  laminar  flow  permits  a simple  relationship  between  shear  stress  and 
velocity  components: 


— 1 1/14 
Tx  ~ kM  fa 


. dv 

ry=kMdi 


where  k^j  is  the  coefficient  of  eddy  viscosity,  which  has  been  assumed  to  be  constant  with 
altitude.  Substitution  into  the  equations  of  motion  yields  the  differential  equations 
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Assuming  the  form  of  the  solution  as 


u = A + B e^z 
v = C + D e*z 

yields  a solution  for  X of 
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(I  +i) 
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Only  the  roots  which  satisfy  the  condition  of  a finite  wind  speed  are  retained.  Applying  the 
boundary  condition  of  zero  velocity  at  zero  height  leads  to  thesolution  given  in  Reference 
2-6  for  an  axis  system  rotated  to  align  the  x axis  with  the  geostrophic  wind: 

0 = G [ 1 - e^z  cos  kz] 
v = G c"^  sin  kz 


where 


/ f ji>)£  sin  X 

v J 


Tile  resulting  profiles  of  the  wind  vector  magnitude  and  heading  are  shown  on  Figure  2-2. 
The  magnitude  provides  a shear  that  increases  with  decreasing  altitude.  The  heading  change 
with  altitude  is  near  linear  at  low  altitudes  and  rotates  counterclockwise  with  decreasing 
altitude  in  the  northern  hemisphere.  The  solution  provides  a heading  that  approaches  the 
geostrophic  wind  heading  asympotically.  The  total  heading  change  is  45°. 

2.3. 1.2  Description 

This  phenomenon  is  described  in  Reference  2-8  by  a tendency  of  the  wind  “to  align  itself 
with  the  pressure  gradient  (from  high  to  low)  near  the  ground,  and  to  align  itself  with  the 
Coriolis-produced  ‘cyclone  swirls’  (that  are  perpendicular  to  the  pressure  gradient)  at  higher 
altitudes.”  This  effect  is  described  on  Figure  2-3. 

The  “cyclone  swirls”  are  generated  in  part  by  the  shear  at  a constant  altitude  produced  by 
the  reduction  of  the  Coriolis  effect  toward  the  equator.  The  alignment  of  winds 
perpendicular  to  the  pressure  gradient  is  caused  by  a balance  between  the  pressure  gradient 
and  the  a .itrifugal  acceleration.  As  the  altitude  decreases,  the  viscous  forces  increase, 
slowing  the  wind  down,  reducing  the  centrifugal  forces,  and  causing  the  wind  to  turn  toward 
the  pressure  gradient. 
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FIGURE  2-3.—IDEALIZA  TION  OF  WIND  DIRECTIONS  NEAR  THE  GROUND  AND  AT  HIGH 
ALTITUDE  (NORTHERN  HEMISPHERE) 


The  severity  of  a wind  shear  component  will  be  dependent  upon  tiie  magnitude  of  the 
geostrophic  wind  and  the  depth  of  the  boundary  layer.  From  the  altitude  scaling  factor  on 
Fjgure  2-2,  it  can  be  deduced  that  the  boundary  layer  thickness  must  be  inversely 
proportional  to  the  latitude  (or  Coriolis  factor,  f).  Thus,  the  thickness  would  be  infinite  at 
the  equator,  invalidating  the  solution  there.  Reference  2-9  provides  such  an  inverse 
relationship  (boundary  layer  thickness  ~F*).  For  moderate  latitudes,  (f  = 1.14  x lO^/sec) 
the  thickness  is  given  at  about  3500  feet  for  adiabatic  conditions. 

The  conditions  required  for  the  solution  of  the  Ekman  spiral  are  seldom  met.  Reference  2-9 
notes  that  a 45°  turning  angle  exceeds  any  observed,  and  at  moderate  latitudes  the  angle 
does  not  exceed  23*'.  It  additionally  notes  that  the  solution  for  the  Ekman  spiral  is 
particularly  poor  for  turbulent  flow  (assumed  not  to  exist).  The  assumption  of  constant 
eddy  viscosity  is  probably  quite  poor  near  the  ground  as  the  eddy  size,  to  which  eddy 
viscosity  is  proportional,  is  constrained  by  the  presence  of  the  ground.  Finally,  the 
assumption  of  straight  isobars  would  restrict  the  size  of  the  field  to  which  the  solution 
would  be  applicable,  depending  on  the  distances  to  the  high  and  low  pressure  centers. 

The  idealized  Ekman  spiral  soiul.'-n  is  valuable,  however,  for  the  qualitative  description  and 
understanding  of  wind  profiles  in  the  boundary  layers.  It  shows  the  probable  existence  of 
mean  wind  heading  changes  and  increased  change  of  wind  magnitudes  with  lower  altitudes 
that  diminish  in  severity  as  the  equator  is  approached. 

2.3.2  Logarithmic  Profile 

The  logarithmic  wind  profile  is  the  most  widely  accepted  form  describing  the  altitude 
variation  of  mean  wind  in  the  lower  part  of  the  boundary  layer.  It  is  reported  in  References 
2-1,  -4,  -6,  -7,  -9,  and  -10  through  -14,  among  others.  The  derivation  assumes  that  near  the 
ground 
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• Shearing  stress  and  pressure  gradient  are  independent  of  height 

• Coriolis  force  is  negligible  compared  to  other  forces 

• Pressure  force  can  be  neglected  with  respect  to  viscous  forces 

• The  flow  is  fully  rough;  thus,  molecular  viscosity  is  not  a significant  parameter 


The  assumptions  of  constant  shearing  stress  and  pressure  gradient  are  validated  simply  by 
restricting  the  maximum  height  under  consideration  until  the  variations  fall  within 
tolerance.  The  assumption  of  constant  stress  leads,  to  the  consequence  that  near  the  ground 
the  heading  must  be  constant,  and  permits  the  definition  of  a “friction  velocity,”  u* 
given  by 


0 


u*^  = ^(measured  at  the  surface) 


that  remains  constant  with  height.  The  assumption  that  the  flow  is  fully  rouglbis  validated 
by  not  applying  the  law  to  extremely  small  heights,  which  is  relative  to  the  scale  of  the 
surface  roughness. 


2.3.2. 1 Development  and  Description 

The  only  parameters  in  the  equations  of  motion  and  in  the  identification  of  shear  stress 
remaining  are  wind  shear,  altitude,  and  friction  velocity.  Panofsky  (Ref.  2-7),  who  states 
that  there  are  many  derivations  of  the  law  and  that  the  solution  is  insensitive  to  the  manner 
of  its  derivation,  uses  dimensional  analysis  (similarity  theory)  to  show  that  these  parameters 
mushbe  related  by 

9Vyy/3/>  j 
0 

where  k is  a constant  of  proportionality  (Von  Karman’s  constant,  equal  to  0.4).  Integration 
yields 


or,  if  the  axis  system  is  translated  to  coincide  with  the  ground, 


The  logarithmic  profile  is  thus  derived  by  assuming  that  the  wind  shear  magnitude  is 
inversely  proportional  to  altitude.  Although  the  profile  formally  goes  to  zero  at  zero  height. 


the  equation  is  theoretically  valid  only  when  height  is  large  compared  to  the  surface 
roughness  reflected  by  zq,  the  roughness- length  or  height. 

The  logarithm  coefficient  need  not  be  calculated  directly  for  modeling.  Rather,  a reference 
height  at  which  the  mean  wind  is  known  is  used  to  extrapolate  for  all  other  altitudes: 


Using  this  form,  the  mean  wind  profile  is  plotted  on  Figures  2-4  and  2-5  and  the 
corresponding  wind  shear  is  plotted  on  Figure  2-6,  all  for  a reference  height  selected  at 
20  feet.  An  increase  in  roughness  length  is  seen  to  cause  an  increase  in  wind  shear  at  all 
altitudes.  Small  roughness  lengths  tend  to  cause  a nearly  constant  mean  wind  speed  down  to 
low  altitudes. 

2.3.2.2  Roughness  Length 

Several  authors  have  attempted  to  associate,  the  roughness  length  with  types  of  topography. 
A summary  of  the  results  of  their  studies  is  provided  on  Figure  2-7.  Reference  2-9  points 
out  that  the  roughness  length  may  change  with  wind  speed.  For  example,  higher  wind  levels 
over  water  will  introduce  larger  waves,  causing  an  increase  of  roughness  length.  On  the  other 
hand,  vegetation  will  bend  more  in  high  winds,  reducing  the  roughness  length,  with  the 
effect  more  significant  for  taller  crops. 

For  “average”  conditions,  Reference  2-9  provides  a rule  of  thumb  that  the  roughness  length 
is  15%  of  the  crop  height.  Reference  2-13  disagrees,  however,  and  recommends  3-1/3%  of 
the  “average  dimension  cf  the  typical  roughness  particle  on  the  surface,”  although  “this 
ratio  of  roughness  length  Zq  to  the  actual  roughness  may  show  a rather  wide  range  of 
values.”  The  3-1/3%  relationship  is  supported  by  Reference  2-6,  but  is  only  applied  to  very 
small  roughness  particles  (sand). 

The  mean  wind  profile  is  influenced  not  only  by  the  terrain  immediately  below,  but  also  by 
upwind  topography.  Thus,  for  a specific  landing  field,  the  effective  roughness  length  will  be 
a function  of  wind  heading.  Such  is  the  manner  that  roughness  lengths  are  presented  in 
Reference  2-15  for  the  Kennedy  Space  Center.  Perhaps  it  can  be  expected  that  roughness 
lengths  will  be  greater  for  winds  across  runways  than  down  runways. 

The  special  case  of  a sharp  transition  in  surface  roughness  along  a line  perpendicular  to  the 
wind  direction  has  been  treated  in  References  2-16,  -17,  and -18.  An  internal  boundary  layer 
height  downwind  of  the  transition  is  defined,  below  which  the  mean  wind  profile  is 
influenced  by  the  downwind  topography.  The  internal  boundary  layer  height  increases  with 
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the  downwind  distance  from  the  transition.  The  solution,  however,  is  too  restrictive  for 
general  application,  but  future  work  may  lead  to  significant  analytic  descriptions. 

2. 3.2.3  Minimum  Valid  Altitude 

The  altitude  range  for  which  the  logarithmic  flow  is  valid  is  dependent  on  the  error  the  user 
is  willing  to  tolerate.  The  literature,  however,  does  provide  some  guidelines.  To  maintain  the 
assumption  of  fully  rough  flow,  the  minimum  altitude  must  be  much  greater  than  the 
roughness  length.  Reference  2-9  states  that  the  minimum  altitude  should  be  twice  the  height 
of  the  crops,  or  using  the  relationship  that  the  roughness  length  is  1 5%  of  the  crop  height, 
about  13  times  the  roughness  length.  Reference  2-14  states:  “It  is  generally  accepted  that  in 
neutral  conditions,  the  wind  profile  between  10, feet  and  300  feet  may  be  given  by  [the 
logarithmic  profile  1 .”  The  statement  is  made  without  regard  to  any  specific  roughness 
Length,  but  a roughness  length  of  0.1 5 feet  is  later  recommended.  Reference  2-1 3 states  that 
the  logarithmic  profile  should  be  good  to  two  or  three  times  the  roughness  length  (for  a 
.roughness  length  of  3 feet). 

The  relevant  altitude  to  compare  with  the  minimum  altitude  for  applying  the  logarithmic 
profile  is  that  near  the  height  of  the  wing  chord  plane  with  the  airplane  on  the  grouifd.  For 
“average”  airport  conditions  with  the  roughness  length  at  about  0.15  feet  as  used  in. the  Air 
Registration  Board  model  in  Reference  2-14,  there  will  normally  be  no  problem.  If  the 
roughness  length  is  relatively  large  compared  to  the  wing  chord  plane,  there  may  still  be  no 
problem  if  the  time  spent  below  the  minimum  altitude  of  validity  is  small,  particularly  since 
the  trend  provided  (reduced  mean  wind  speed  with  reduced  altitude)  is  correct.  For  extreme 
roughness,  such  as  that  occurring  while  flying  within  an  area  influenced  iby  buildings  the 
problem  becomes  that  of  a discrete  gust. 

2.3. 2.4  Maximum  Valid  Altitude 


As  stated  in  Reference  2-9,  unambiguous  evidence  for  establishing  the  upper  altitude  limit 
for  application  of  the  logarithmic  profile  is  not  available.  Several  authors  have,  however, 
estimated  the  upper  limits  by  testing  the  assumptions  leading  to  the  derivation  of  the 
profile. 

It  can  be  recognized  that  when  the  altitude  is  very  high  with  respect  to  the  roughness  length, 
the  surface  roughness  will  have  only  a weak  influence  and  should  not  be  included  as  a 
parameter.  Thus,  perhaps  the  maximum  altitude  is  a multiple  of  the  roughness  length,  zg. 
Reference  2-13  slate3  that  the  logarithmic  profile  is  accurate  to  altitudes  of  the  order  of 
1000  times  Zg  (150  feet  for  zg  = 0.15  as  implied  in  the  model  of  Ref.  2-14). 

More  commonly,  the  upper  altitude  limit  is  tied  to  a total  change  of  the  shearing  stress  (the 
profile  assumes  constant  shear  stress).  Reference  2-4  estimates  a 1 00-foot  limit  at  mode-ate 
latitudes  for  a 10%  total  change  of  shear  stress.  Reference  2-7  provides  an  upper  limit  range 
of  65  to  650  feet  for  a 20%  change  in  shear  stress. 


Reference  2-9  adds  the  level  of  turbulence  as  an  additional  parameter  for  determining  the 
upper  limit  of  validity.  It  is  noted  that  the  logarithmic  law  holds  for  the  lower  15%  of  the 
boundary  layer  for  flow  over  a flat  plate  but  to  the  center  of  the  pipe  for  pipe  flow. 


analagous  to  the  entire  boundary  layer.  Thus,  it  is  deduced  that  the  upper  limit  increases 
with  the  level  of  turbulence  (pipe  flow  is  more  turbulent).  As  a consequence,  the 
logarithmic  profile  should  extend  to  above  15%  of  the  earth’s  boundary  iayei  or  to  above 
525  feet  for  the  3500-foot  boundary  layer  at  moderate  latitudes  previously  discussed.  A 
1 0%  shear  stress  cb jnge  criterion  was  applied. 

Reference  2-15  applies  the  logarithmic  profile  to  the  first  100  feet,  and  Reference  2-14 
specifies  300  feet  without  qualification.  Tower  data  have  been  evaluated  in  Reference  2-19. 
and  the  logarithmic  profile  is  found  to  hold  up  to  100  feet,  the  highest  level  for  data 
measurement. 

The  effect  of  changing  shear  stress  on  the  mean  wind  profile  is  not  clear.  It  may  be  assumed 
that  some  change  of  wind  leading  may  occur.  If,  for  small  shear  stress  changes,  the 
logarithmic  profile  is  accurate,  then  because  the  mean  wind  and  the  mean  wind  shear  are 
proportional  to  the  square  root  of  the  shear  stress  (through  the  fiiction  velocity),  the  error 
in  moan  wind  and  mean  wind  shear  would  be  approximately  half  the  change  in  shear  stress. 
Thus,  a 1 0%  change  in  shear  stress  may  be  too  restrictive,  and  the  upper  limit  for  application 
of  the  logarithmic  profile  associated  with  a 10%  change  may  be  too  low. 

Application  of  the  logarithmic  profile  at  the  extreme  upper  end  of  the  boundary  layer  must 
certainly  be  criticized,  for  there  it  would  generate  the  geostrophic  wind  from  surface 
conditions.  The  literature  (Ro.s.  2-4  and  2-9)  has  overcome  this  objection  by  dimensional 
analysis  in  the  “overlap”  region,  the  region  that  is  influenced  by  both  the  surface  winds  and 
the  winds  near  the  upper  pare  of  the  boundary  layer.  By  equating  dimensionless  universal 
functions  for  the  mean  wind  above  and  below  the  overlap  region,  the  logarithmic  profile  >s 
again  found  to  be  valid  but.  additionally,  relationships  between  the  components  of  the 
geostrophic  wind  and  the  friction  velocity,  u*g.  are  found.  The  implication  is  that  the 
logarithmic  profile  extends  somewhat  beyond  the  region  of  constant  or  nearly  constant 
shear  stress,  particularly  if  the  constant  heading  restriction  is  not  maintained. 

An  additional  rationale  can  be  made  for  extending  the  logarithmic  profile  beyond  the 
constant  stress  region  very  near  the  surface  for  approach  and  landing  applications.  If  it  can 
be  accepted  that  aircraft  motion  performance  parameters  are  most  important  when 
measured  at  or  near  touchdown,  then  it  can  be  reasoned  that  the  most  important  wind 
characteristics  ire  for  altitudes  near  the  surface  and  that  errors  in  the  wind  description  are 
less  important  as  the  altitude  at  which  they  occur  increases.  This  is  particularly  true  since  at 
higher  altitudes  the  adiabatic  mean  wind  shear  diminishes.  Large  errors  in  the  description  of 
a small  shear  may  be  insignificant. 

Combining  the  arguments,  it  appears  reasonable  to  extend  the  logarithmic  mean  wind 
profile  to  1000  feet  altitude  for  approach  and  l.i  uling  applications. 

2.3.3  The  Power  Law 

An  empirical  relationship  for  the  wind  profile  over  the  entire  boundary  layer  that  is  widely 
used,  particularly  in  meteorology,  is  the  power  law.  It  simply  extrapolates  the  mean  wind 
measured  at  one  altitude  to  all  other  altitudes  by  altitude  raised  to  some  power: 


VW  = / h_\f 

'RbF  \hREF/ 


This  description  is  often  preferred  because  of  the  simplicity  of  its  form. 

For  adiabatic  conditions,  the  exponent  will  depend  strongly  on  the  surface  roughness  and, 
according  to  Reference  2-20,  slightly  on  the  magnitude  of  the  mean  wind.  Surface  roughness 
may  cause  the  exponent  to  vary  from  something  greater  than  zero  to  unity.  The  shear 
consequently  increases  less  strongly  with  decreasing  altitude  than  the  inverse  relationship  for 
the  logarithmic  profile. 

2.3.3. 1 Exponent  Value 

Average  values  of  the  exponent  are  often  quoted  for  three  classifications  of  surface 
roughness:  smooth,  moderate,  and  rough.  “Smooth”  applies  to  water,  open  country,  prairie 
grassland,  tundra,  and  the  like.  “Moderate”  is  used  with  respect  to  wooded  countryside, 
parkland,  towns,  and  the  outskirts  of  large  cities.  “Rough”  denotes  the  centers  of  large 
cities.  The  exponent  is  increased  lor  increased  surface  roughness. 

Panofsky,  who  has  contributed  greatly  to  the  development  of  the  logarithmic  profile,  is  said 
in  Reference  2-1  to  have  recommended  exponents  of  0.12,  0.25,  and  0.38  for  the  three 
classifications.  Davenport  (Ref.  2-20)  summarizes  his  more  complete  study  (shown  in  Table 
2 1)  with  exponents  1/3.5,  and  1/2.5.  Davenport’s  results  are  often  quoted  (Refs. 

2-3  and  2-9). 


The  1/7  exponent  is  the  familiar  value  used  for  aircraft  approach  and  landing,  perhaps 
because  it  is  the  aircraft  design  value  specified  in  Reference  2-21  for  civil  operations. 
Reference  2-22  also  affirms  that  1/7  is  a “typical”  value. 

The  influence  of  a magnitude  increase  of  “surface”  winds  on  the  exponents  is  described  in 
Reference  2-20  as  an  increase  of  0.02  for  each  10  miles  per  hour  of  wind.  Reference  2-14 
disagrees  and  prescribes  an  inverse  relationship  between  the  exponent  and  wind  speed  for 
the  extraoolation  of  winds  with  altitude  at  the  Kennedy  Space  Center  from  winds  at 
18  meters: 


P = 77“\3/4  (l,l8'~m/sec) 
\u  18/ 


(b  is  normally  distributed;  b = 0.52  ± 0.36) 

By  comparison,  the  wind  level  affects  the  logarithmic  profile  only  through  the  roughness 
length.  For  winds  over  land,  it  is  expected  that  increased  winds  reduce  roughness  (through 
the  bending  of  vegetation)  and  percentage  changes  of  wind  with  altitude,  analogous  to  a 
reduced  exponent.  The  difference  in  the  trends  of  exponents  will  wind  speed  may  be 
explained  by  differences  in  the  altitude  range  for  which  the  winds  are  being  curve  fitted. 
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2.3.3. 2 Relationship  with  Logarithmic  Profile:  Conditions  for  Validity 

Skelton  has  shown  (Ref.  2-1)  that  the  power  law  can  be  derived  from  the  logaHhmic 
profile.  From  the  equations  for  the  wind  at  any  altitude  and  at  a reference  altitude. 


%,  /h  + zU^ 


fa 


vw 


7 /hREF  + z0\ 

'REF'— ln\“  / 


A difference  equation  as  a fraction  of  the  wind  speed  at  the  reference  altitude  is  formed: 


VW~  VREF 


, / h zQ  \ 

n\hREF  + z0/ 


vw~vref1  h + z0 

exp  — f= — 1 = 7 r — 

VREF  LhREF  + z0J 


The  exponential  is  represented  by  the  first  two  terms  of  its  power  series: 


a2  a3 

ea-i+a+-^  + ^-+ 

- 1 + a foraCl 


Thus,  if 


VW  [ L + Zp 
REF”  + 
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or  if,  in  addition,  the  roughness  length  is  always  small  compared  to  the  reference  altitude 
and  the  altitude  in  question 


% 

VREF 


St 


where 


If  the  logarithmic  profile  is  accepted  as  valid  for  low  altitude,  then  the  above  derivation  | 

leads  to  the  following  conditions  for  the  validity  of  the  power  law:  j 

t 

• The  Wind  velocity  must  not  differ  excessively  from  that  at  the  reference  altitude. 

An  error  of  20%  of  the  wind  speed  would  correspond  to  a deviation  from  the 
wind  spei-d  at  the  reference  altitude  of  ±44.7%,  as  estimated  from  the  third  term 
in  the  exponential  power  series.  This  restriction  most  severely  restricts  the 
altitude  range  for  rough  terrain. 

• The  exponent  for  the  power  law  varies  approximately  with  the  ratio  of  reference 
altitude  to  roughness  length.  The  reference  wind  speed  must  be  evaluated  at  the 
same  altitude  as  the  exponent. 

• The  altitude  to  which  the  wind  speed  is  extrapolated  and  the  reference  altitude 
must  both  be  large  with  respect  to  the  roughness  length. 

• All  other  restrictions  applied  to  the  logarthmic  profile  apply  to  the  power  law. 

As  an  example,  if  the  wind  speed  is  known  at  20  feet  altitude  and  the  roughness  length  is 
0.15  feet,  the  value  used  in  Reference  2-14,  the  wind  speed  error  will  be  less  than  20%  for 
2 < h < 180  feet.  A 20%  error  in  the  shear  would  occur  above  490  feet  or  below  20  feet. 

Thus,  the  shear  provides  a more  restrictive  lower  altitude  limit.  An  accurate  altitude  range 
could  be  increased  by  selecting  a higher  reference  altitude,  but  the  penalty  would  be  a 
higher  minimum  altitude. 

The  derivation  provides  an  analytic  relationship  between  the  exponent  and  the  roughness 
length.  The  1/7  exponent  corresponds  to  a roughness  length  of  0.046  feet  when  calculated 
from  the  corresponding  reference  height  of  50  feet  specified  in  Reference  2-21.  Spotting 
this  value  in  Figure  2-7  indicates  that  this  corresponds  to  short  grass  in  level  land.  Thus, 
there  is  no  compromise  provided  for  the  influence  of  the  taller  growth  or  greater  roughness 
often  found  around  airports. 
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2.3.4  Influence  of  Nonadiabatic  Thermal  Conditions 

Up  to  this  point,  the  mean  wind  profiles  with  altitude  considered  have  been  those  for 
“adiabatic”  conditions,  or  for  conditions  of  no  vertical  heat  flux.  Many  authors  ignore  or 
dismiss  the  more  general  case  of  nonadiabatic  atmospheric  conditions,  arguing  that  the 
critical  design  case  occurs  for  high  mean  winds  and,  for  high  mean  winds,  conditions  of  near 
ne’ttral  sta'  ity  exist.  This  argument  cannot  bt  readily  accepted  at  this  point,  because  a 
tradeoff  b^.ween  turbulence  levels  and  mean  wind  levels  may  appear  with  atmospheric 
stability  as  a parameter.  Turbulence  and  mean  wind  influence  aircraft  response  in  different 
ways,  and  a generalization  as  to  which  is  more  important  for  all  aircraft  and  aircraft  systems 
cannot  be  made,  particularly  without  reference  to  the  exceedance  probabilities,  the  nearness 
of  “near  neutral  stability”,  and  the  associated  levels  of  mean  wind  and  turbulence. 
Consequently,  the  more  general  case  of  unconstrained  atmosphere  stability  will  be 
considered  for  the  mean  wind  profile. 

The  Ekman  spiral  is  strictly  an  adiabatic  profile.  However,  the  literature  provides  theory  and 
empirical  matching  for  an  extension  of  the  logarithmic  profile  to  nonadiabatic  conditions. 
The  power  law,  as  an  empirical  law,  is  provided  with  empirical  measures  of  its  exponent  for 
nonadiabatic  conditions.  First,  however,  it  is  appropriate  to  discuss  atmospheric  stability 
and  the  corresponding  atmospheric  conditions,  its  implications,  and  the  methods  for  its 
classification. 

2.3.4. 1 Atmospheric  Stability 


Atmospheric  stability  is  measured  by  the  temperature  profile  with  altitude  (the  temperature 
shear).  A decrease  in  temperature  with  altitude  is  referred  to  as  a lapse  rate  or  lapse 
condition.  An  increase  of  temperature  with  altitude  is  called  an  inversion. 


During  daytime  hours,  solar  radiation  heats  the  earth  more  than  it  does  the  atmosphere. 
Conduction  from  the  earth  causes  the  air  near  the  earth  to  be  warmer  than  that  above,  and  a 
k pse  rate  results.  At  night,  with  clear  skies,  the  earth  cools  by  giving  up  radiant  heat  and  the 
air  next  to  it  cools  by  conduction,  thus  leading  to  inversions. 

These  general  associations  of  temperature  gradients  with  time  of  day  are  noted  in  Reference 
2-7,  where  it  is  additionally  stated  that  near-adiabatic  conditions  occur  at  dawn  and  dusk  on 
clear  days  and  on  windy  and  overcast  days  and  nights. 

Atmospheric  stability  is  measured  by  the  tendency  of  air  displaced  vertically  from  its 
equilibrium  condition  to  return  to  its  original  position.  Stability  can  thus  be  measured  by 
the  sign  and  the  magnitude  of  the  “spring  constant”  of  air.  and  is  a dynamic  concept. 
Skelton,  in  Reference  2-1,  has  derived  the  expression  for  the  restoring  force,  implying  the 
spring  constant: 


F(hj  + dh)  = dli 
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The  derivatives  are  evaluated  at  the  equilibrium  altitude  hj  (F  (h|)  - 0)  where 


for  negligible  density  and  gravitational  acceleration  gradients. 

There  will  be  a restoring  force  (stable)  when  the  force  on  the  parcel  of  air  is  negative.  This 
leads  to  stability  conditions  based  on  the  absolute  temperature  gradient: 


dT  -k 

■jjjj-  stable  (weak  lapse  or  inversion) 


dT 

dh 


= neutral  (adiabatic  lapse) 


dT  -c 

•jjjj-  < unstable  (strong  lapse) 


A lapse  rate  of  about  0.00536*  R/ft  is  required  for  dynamic  stability.  However,  when  the 
equation  of  state. 


p = PRT 

is  used  in  th'  equation  for  the  pressure  gradient  at  equilibrium,  the  temperature  gradient 
required  for  hydrostatic  equilibrium  is  given  as 

jH  <Rrf-2-'> 


or  a lapse  rate  of  about  0.0188*  R/ft  In  Reference  2*1  it  is  argued  that  the  air  on  the 
average  will  be  in  hydrostatic  equilibrium:  A greater  lapse  rate  than  that  for  hydrostatic 
equilibrium  will  cause  the  air  to  rise  on  its  own  accord  and  be  added  to  cooler  air,  raising  the 
temperature  above,  reducing  the  lapse  rate,  and  reducing  the  forces  on  the  rising  parcels  of 
air.  Similar  results  are  obtained  for  a lesser  lapse  rate,  if  indeed  hydrostatic  equilibrium  is 
the  average  condition,  then  on  the  average  there  will  be  instability  as  the  lapse  rate  for 
hydrostatic  equilibrium  is  greater  than  that  for  dynamic  stability.  Alternately,  it  could  be 
said  that  instability  is  more  probable  than  stability. 

An  alternate  parameter,  potential  temperature,  is  commonly  defined  to  specify  stability. 
Potential  temperature,  6 , is  defined  from  the  equation  for  a change  of  entropy: 

thus,  6 = constant  x (T/p^^p). 


(Ref.  2-7) 


Constant  entropy  (isentropic)  coincides  with  adiabatic  conditions.  Thus,  adiabatic  condi- 
tions are  represented  by  constant  potential  temperature  with  altitude.  The  restoring  force 
may  be  written  in  terms  of  potential  temperature: 

F(h,  + dh)  = -dh|- |j|  (Ref.  2-1) 

The  term  (g/0)  (d0/dz)  is  a measure  of  the  restoring  force,  and  d0/dz  can  replace  the  com- 
parison of  lapse  rates  as  a measure  of  stability: 

0,  stable 


0,  neutral 
0,  unstable 

The  potential  temperature  derivative  by  itself  is  not  the  final  parameter  used  for  measuring 
stability.  Rather,  a nondimensional  ratio  of  the  buoyancy  force  (spring  constant)  to  inertia 
force,  called  the  gradient  Richardson  number,  is  formed: 


d0 

dz 
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(3Vw/3h)2 
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Alternately,  the  gradient  Richardson  number  may  be  thought  of  as  a relationship  between 
the  mechanical  shear  that  tends  to  displace  air  and  the  buoyancy  force  that  may  damp  (or 
amplify)  this  tendency.  Atmospheric  instability,  as  applied  to  mean  winds,  is  a measure  of 
the  efficiency  by  which  heat  and  momentum  may  be  transported  to  different  altitudes  by 
mechanical  means. 

2.3.4.2  Log-Linear  Profile 

The  most  widely  accepted  description  of  the  mean  wind  profile  at  low  altitudes  for  various 
stability  conditions  is  that  developed  from  similarity  arguments  (dimensional  analysis),  the 
original  development  of  which  is  attributed  to  Monir>  and  Obukhov. 

First,  the  conditions  leading  to  the  development  of  the  logarithmic  profile  are  applied 
except  for  the  requirement  of  adiabatic  lapse  rate.  Similar  to  the  assumption  of  constant 
shear  stress,  the  heat  flux  is  assumed  to  be  constant  with  altitude,  and  scaling  length 
analogous  to  the  friction  velocity,  u*g,  is  introduced: 


e = 


-u*03  CpT 
kgH 


(The  use  of  a script  “8”  is  a change  from  conventional  nomenclature.  The  upper  case  “L”  is 
reserved  to  represent  a turbulence  parameter,  used  later.) 

If  the  changes  of  absolute  temperature  are  small  for  the  altitude  region  of  application,  the 
scaling  length  is  essentially  constant  with  altitude.  For  unstable  conditions,  the  heat  flux,  H, 
is  positive  and  the  scaling  length,  8,  is  negative. 

The  introduction  of  the  scaling  length  provides  three  parameters  that  are  independent  of 
height,  the  other  two  being  friction  velocity  and  surface  roughness  length.  The  surface 
roughness  length  enters  only  through  integration  of  the  velocity  profile  from  the  surface 
boundary  condition,  and  need  not  be  included  for  postulating  the  form  of  the  mean  wind 
shear.  Then,  according  to  References  2-7  and  2-23,  a nondimensional  shear  can  be  described 
as  some  universal  function  of  only  the  nondimensional  altitude: 

kh  *W_./hv 


-*(f) 


For  adiabatic  conditions,  the  universal  function  must  reduce  to  unity  and  lead  to  the 
logarithmic  profile.  Using  this  knowledge,  the  universal  function  is  expanded  into  a Taylor 
series  about  adiabatic  thermal  conditions.  Retaining  only  the  linear  term  of  the  series  for 
small  h/8.  the  nondimensional  shear  becomes: 

— TT‘  >+4 

u*0  3h  8 

or.  after  integrating, 


Jh+/'° 

U«!i 

r“« 

where  the  origin  of  the  axis  system  has  been  shifted  to  coincide  with  the  surface  of  the 
earth.  The  characterist:  >f  this  equation  are  the  logarithmic  portion  of  the  mean  wind, 

representing  the  adiabatic  contribution,  and  the  nonadiabatic  (or  diabatic)  contribution  that 
provides  an  incremental  change  of  the  mean  wind  that  increases  lineaily  with  altitude.  These 
parts  are  well  described  in  the  name  of  the  profile,  the  "log-linear”  profile. 

This  description  is  provided  graphically  on  Figure  2-8.  The  nonadiabatic,  or  diabatic 
increment  to  the  wind  shear  is  invariant  with  altitude.  For  instability,  the  scaling  length  is 
negative  and  reduces  or  even  reverses  the  shear.  Stability  provides  for  an  increase  of  shear 
and  mean  wind.  Figure  2-8  provides  trends  that  agree  well  with  those  of  measured  profiles 
such  as  those  found  in  Reference  2-24. 

Application  of  this  profile  requires  knowledge  of  the  scaling  length,  8.  and  the 
proportionality  constant, a.  The  scaling  length  is  difficult  to  measure  as  it  depends  on  the 
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heat  flux.  Consequently,  the  literature  (Refs.  2-1,  -7,  -23,  and  -25)  introduces  an  alternate 
scaling  length,  i',  given  by 

u„o0(dVw/9h) 

6 = kg  (30/dh) 

The  alternate  scaling  length  differs  from  the  first  one  by  the  ratio  of  eddy  conductivity  to 
eddy  viscosity.  This  ratio  of  the  scaling  lengths  is  said  by  Reference  2-7  to  be  either  constant 
with  stability  near  unity  or  at  le:  A a function  only  of  Richardson’s  number.  Note  that  a 
constant  ratio  with  altitude,  which  Reference  2-7  argues  is  the  conclusion  of  most 
investigators,  implies  a ratio  between  the  mean  wind  and  potential  temperature  that  is 
invariant  with  altitude.  That  is,  the  normalized  mean  wind  and  temperature  profiles  are 
identical. 


The  nondimensional  altitude  may  be  written  in  terms  of  the  more  readily  measurable 
Richardson’s  number  using  the  log-linear  mean  wind  profile: 


' jlMTI  a\7 

JU  JC{1  R (1  4.q>h/g') 
6'  |avwj2  u*° dh 


where  «'  has  been  developed  by  multiplying  a by  the  ratio  of  eddy  conductivity  to  eddy 
viscosity  so  as  to  make  a'/i'  equal  toa/E. 

The  resulting  expressions  for  Richardson’s  number  and  nondimensional  altitude  are 


D - h/g’ 

Ki  1 + a'  h/E' 


1 - a'  Rj 


The  Richardson’s  number  equation  predicts  that  stability  or  instability  will  increase  with 
increasing  altitude.  For  very  small  Richardson’s  numbers  (or  small  h/£\  an  adequate 
approximation  is 

h/fi'  - Rj  | Rj  | very  small 

Using  this  approximation  further  restricts  the  region  of  validity.  The  resulting  wind  profile 
becomes 

^\v  [ln(i~) + Ri  J ’ I Ri  I vefy  smal> 
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Note  that  the  nonlinear  equations  restrict  Richardson’s  number  to 


Ri<a' 


The  constant  of  proportionality,^,  has  had  different  estimates  attributed  to  it.  For 
unstable  conditions.  Reference  2-7  argues  for  a value  of  4.5  but  notes  that  other 
investigators  have  estimated  4 and  6.  Reference  2-26  states  that  a'  = 4.5  within  a standard 
error  of  10%.  An  original  estimate  by  Monin  and  Obukhov  of  0.6  is  discounted  by 
References  2-7  and  2-9,  which  argue  that  it  was  measured  at  sufficiently  nonadiab'fic 
conditions  that  the  nonlinear  terms  in  the  Taylor  series  expansion  were  significant. 
Reference  2-9  quotes  values  of  3 and  4 obtained  from  different  investigators. 

For  stable  conditions,  Reference  2-23  recommends  a'=  7 but  notes  that  other  studies  have 
found  values  from  2 to  10,  although  the  ranges  for  application  were  not  qualified.  Reference 
2-26  has  found  a'  = 5.2  for  stable  conditions  but  notes  that  this  may  not  be  sufficiently 
different  from  the  unstable  estimate  of  4.5  to  warrant  differentiating  between  them. 

The  restrictions  for  applying  the  linear  part  of  the  log-linear  profile  are  measures  of  the 
linearity  of  the  universal  function,  0(h/£).  Restrictions  appiy  directly  to  h/£  and  indirectly 
to  Richardson’s  number.  There  is  a maximum  altitude  restriction  that  becomes  more  severe 
as  the  deviation  from  an  adiabatic  lapse  rate  increases  at  a fixed  altitude  (liTl  becomes 
smaller). 

Reference  2-7  restricts  the  log-linear  profile  to  unstable  Richardson’s  numbers  more  positive 
than  -0.03,  a number  agreed  with  in  References  2-9  and  2-26. 

For  stable  conditions.  Reference  2-7  restricts  positive  h/£'  to  0.3  or  Richardson’s  number  to 
0.1.  Reference  2-23  permits  extension  up  to  u Richardson’s  number  of  0.14,  only  slightly 
below  his  estimate  of  the  critical  Richardson’s  number  (1/a').  Reference  2-7  states  that 
there  is  no  simple  relationship  for  the  mean  wind  with  h/£'  for  conditions  more  stable  than 
h/£'  * 0.3.  A more  recent  study  (Ref.  2-26)  disagrees  and  finds  the  log-linear  profile 
accurate  up  to  h/fi'  = 1 for  a' a 5 (Rj  as  0.16). 

2.3.4.3  Extension  from  the  Log-Linear  Profile 

The  data  on  Figure  2-9  indicate  that  a linear  representation  of  the  universal  function  ^(h/2) 
is  not  a good  one  for  moderately  negative  (unstable)  h/£'  (h/£'  < 0.03).  Additional 
solutions  for  the  velocity  profile  at  larger  levels  of  instability  but  with  minimum  instability 
restrictions  are  presented  in  References  2-7  and  2-9.  Of  more  interest,  however,  is  a solution 
that  can  be  applied  within  a wide  range  of  stability  and  instability,  allowing  application  to 
relatively  high  altitudes. 

References  2-7,  -9,  -15,  and  -25  present  an  interpolation  formula  which  has  shown  good 
results  for  matching  characteristics  over  a very  large  range  of  instability.  The  interpolation 
equation,  called  the  “KEYPS”  equation,  is  given  by 


134 


* 

J 

l 

I 

! 

* 

i 

»■ 

! 

s 


where  s is  the  nondimensional  wind  shear, 

kh  ®VW 

S = rr— 

u*0  3h 

As  was  shown  for  the  logarithmic  profile,  the  definition  of  the  scaling  length.  fi\  permits  an 
identity  between  the  nondimensional  altitude  and  Richardson’s  number: 

h/f  = Rjs 

Substituting  this  identity  into  the  interpolation  formula  provides  the  following  equation 
for  shear: 


3Vyy  U#Q 

3h  kh(l -7'Rj)1/4 


Using  the  same  two  equations  but  eliminating  s instead  provides 

h Ri 
«'  (\  -7'Rj),/4 

Both  of  these  equations  reduce  to  the  log-linear  forms  for  very  small  levels  of  instability 
provided  7'  = 4a'.  Reference  2-7  also  indicates  good  agreement  with  the  form 


s = • 


(1  -y  Rj)1^2 


attributed  to  Holzman  (Refs.  2-7,  -9,  and  -25)  for  small  Richardson’s  number  and  the  law 


HXw^h-4/3 

3h 

attributed  to  Priestly  (Refs.  2-7,  -9.  and  -25),  for  strong  instability. 

In  keeping  with  its  recommenuation  for  a'  = 4.5,  Reference  2-7  recommends  7' 18. 

in  order  to  integrate  the  shear  to  obtain  the  mean  wind  profile,  Richardson’s  number  must 
be  expiessed  in  terms  of  altitude,  a relationship  that  requires  the  solution  of  a fourth  order 
equation.  The  mean  wind  profile  must  consequently  be  found  by  numerical  integration. 


The  form  of  the  resulting  mean  wind  profile  proposed  in  Reference  2-7  is  given  by: 


u*0 

k 
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where  the  universal  function  f(h/fi')  corresponds  to  the  non-constant  terms  of  the  Taylor 
series  expansion  of  the  universal  function  0(h/£')  and  can  be  found  from  the  shear  equation 
by  <t> 


f(h/£')  = / h/$!  -^V-l 
0 ' 


where 


_ kh  3VW 


u*q  d!i 


The  function  f(h/£')  is  shown  graphically  on  Figure  2-10  for  the  representation 


* (1  -TRj)1/4 


h/£'  = • 


(i  -rRj)1 


% m 


i $ 


and  is  taken  front  Reference  2-7.  This  curve  has  been  fitted  by  an  equation  in  Reference 
2-15  given  by 


#-{100!) 


hv  1.0674  - 0 678  In  (-100  jr) 


for  ^<-0.01. 


An  extension  to  strong  stability  is  provided  by  Webb  in  Reference  2-20.  Webb  first  argues 
that  the  log-linear  profile  holds  for  h/£'  up  to  unity.  For  h/fi'  greater  than  unity  up  to 
Rj  = I , Webb  finds  the  mean  wind  shear  to  be  given  by 

3VW  u*0 

IF  =T<li  (l  +ot')  ’ (I  + «*>  h/£'  >1) 
for  a'  = 5.  The  corresponding  expression  for  Richardson’s  number  is  given  by 


Ri=rfe  > (I +«'>h/«' >1). 


I-  I 


The  resulting  mean  wind  is  found  by  integrating  from  the  altitude  hj  where  h j/£'  = 1 : 
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Vw(h)-Vw(hi)="Yi(l +«’)  |ln(h)-ln(h,)j  ,h»z0 

U*n 

=-j^(l  +a')ln(h/n 


Thus,  the  change  of  velocity  from  h j is  a pure  logarithmic  function  of  altitude.  Substituting 
for  Vw(h  | ), 


f =<*>  A forR,  > 0,  h/8'<  1 
the  mean  wind  equation  becomes 

(1  +a')ln(h/£')  + ln(~~)+  a'j  . h/B'  > 1 
or 

Vw  = ^ |ln(h/z0)  + a'+a'ln(h/£')|  . h /S'  > 1,  h»zrj 

In  terms  of  the  universal  function  from  Reference  2-7, 

f(h/£')  = a'+a'ln(h/B')  ' 


2.3A.4  Deacon  Wind  Profile 


There  has  been  an  attempt  by  Deacon  to  model  the  mean  wind  shear  profile  for  all  stability 
conditions  with  a single  explicit  equation.  The  form  of  the  equation  is  given  by 


dvW 

dh 


= Ch*0  (Ref.  2-27) 


For  low  altitudes  where  C and  0 are  independent  of  height  and  depend  on  stability: 
0 > 1,  unstable  (Rj  < 0) 

0=1,  neutral  (Rj  = 0) 

0<  1,  stable  (Rj  >0) 
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The  mean  wind  profiles  are  given  by  (Ref.  2-2 7). 


V = 

» n/ 


u*0 


1-0 


%fe)  ']  • s#l 

vw=ir,n(4)  * p=l 


W k(l 
»*0 


for  V^y  = 0 at  h = zq. 


The  assumptions  of  this  profile,  specifically  the  independence  of  0 with  height  for 
nonadiabatic  conditions,  have  been  tested  in  Reference  2-27  and  have  been  found  to  be 
invalid. 

An  independent  check  on  the  dependence  of  0 with  height  is  provided  in  Reference  2-25. 
There  it  is  said  that  Deacon’s  0 is  given  by 


a2vw 


■ 0 = - 


dir 


w 


w 


Using  the  interpolation  formula. 


.4  til  3 _ 
S ' it’ 


[ J Ml  dVw 

[S  u*0 


a relationship  between  Richardson's  number  and  0 is  derived: 


Rj  = (l  -0)/(l  -50) 


Thus,  if  0 were  independent  of  height,  so  must  be  Richardson’s  number,  in  conflict  with  the 
results  of  the  interpolation  formula  and  the  log-linear  profile. 

2.3.4. 5 Extension  from  the  Power  Law 

The  empirical  power  law. 


P 


S 
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is  extended  to  nonadiabatic  conditions  by  altering  the  exponent  with  stability.  Qualita- 
tively, Reference  2-15  indicates  that  the  exponent  increases  with  increasing  stability  and 
may  approach  zero  fot  conditions  of  extreme  instability. 


• ^ffit:IWBW>li)WN»i'r.j  w » in* 


In  Reference  2-25,  the  logarithmic  of  the  power  law  equation  is  taken  and  derivatives  are 
performed  to  yield  the  expression: 


_ d(ln  Vw)  _ 9VW  _ »*0s 
d(lnh)  VW  ah  kVw 


where 


s = 


kh  3VW 


u*  9h 
0 


By  solving  the  interpolation  equation. 


s4-rp  = i 


for  the  nondimensional  shear  and  integrating  numerically  for  the  mean  wind,  the  exponent 
that  gives  the  same  shear-mean  wind  relationship  at  a given  altitude  can  be  found  for  various 
roughness  lengths  and  levels  of  stability.  Generally,  there  will  be  a different  exponent  for 
each  altitude,  but  for  a sufficiently  small  iltitude  range  the  error  from  considering  the 
exponent  invariant  with  altitude  will  be  small.  For  T-  18  and  altitudes  from  11  to  46 
meters,  the  exponents  are  shown  as  a function  of  the  scaling  length,  8',  and  the  roughness 
length,  zg,  on  Figure  2-11,  as  taken  from  Reference  2-25.  Contrary  to  that  qualitatively 
described  in  Reference  2-15,  increasing  instability  (decreasing  !/£')  corresponds  to  an 
increasing  exponent,  a difference  that  can  be  due  to  the  altitude  and  altitude  range 
considered  (see  Fig.  2-8).  The  altitude  and  altitude  range  restrictions  for  applying  the  power 
law  to  diabatic  thermal  conditions  can  generally  be  considered  to  be  more  severe  than  those 
for  applying  the  power  law  for  adiabatic  conditions. 

2.3.5  Extension  of  the  Mean  Wind  Profile  to  the  Boundary  Layer 

The  mean  wind  profiles  investigated  have  been  for  the  lower  levels  of  the  boundary  layer 
where  accurate  knowledge  is  most  important.  All  the  models  presented,  with  the  exception 
of  the  Ekman  spiral,  continue  to  increase  with  increasing  altitude,  although  at  a decreasing 
rate,  so  that  the  boundary  condition  of  a constant  wind  at  and  above  the  boundary  layer  is 
not  met.  If  some  estimate  of_the  boundary  layer  thickness,  d,  could  be  made,  then  an 
artificial  restriction,  V^(h)  <Vyy(d),  could  be  imposed.  The  artificial  restriction  would  not 
relieve  the  overprediction  just  below  the  boundary  layer. 

Overprediction  of  the  mean  wind  and  mean  wind  shear  near  the  boundary  layer  may  not 
present  any  problem  for  most  cases.  However,  sufficiently  severe  overestimates  could 
prevent  attainment  of  a glidesiope  in  tailwinds  due  to  inability  to  produce  enough  drag  or 
to  reduce  thrust  sufficiently  or  could  prevent  the  attainment  of  a positive  groundspeed  in  a 
headwind  at  an  airplane’s  nominal  approach  airspeed. 


More  importantly,  a significant  overprediction  of  the  mean  wind  at  the  boundary  layer 
implies  the  model  becomes  inaccurate  at  some  lower  altitude.  When  mean  wind  models  at 
nonneutral  atmospheric  conditions  become  inaccurate  for  large  deviations  from  neutral 
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FIGURE  2 11.-P0WER  LAW  EXPONENT,  EFFECT  OF  STABILITY , 11M<h<46M 

(FROM  REF.  2-25) 


stability  (large  h/£' ),  the  altitude  at  which  the  model  becomes  inaccurate  is  lowered.  When 
the  model  is  accurate  to  some  h/£',  large  deviations  from  neutral  stability  implies  small  £'; 
therefore,  the  limiting  altitude  becomes  small.  The  position  is  taken  that  a model  that 
accurately  describes  the  wind  at  low  altitudes  and  satisfies  the  boundary  conditions  without 
artificial  constraints  is  more  accurate  at  intermediate  altitudes  than  a model  that  fails  to 
meet  the  boundary  condition.- 

A mechanism  for  correcting  the  mean  wind  in  the  upper  part  of  the  bourdary  has  been 
found  for  the  profiles  developed  from  dimensional  analysis:  relaxation  of  the  constant  shear 
stress  assumption. 

2.3.5. 1 Boundary  Layer  Thickness  and  the  Altitude  Dependence  of  Friction  Velocity 

The  Monin-Obukhov  similarity  theory  starts  with  the  hypothesis  that  in  the  atmospheric 
boundary  layer  the  properties  of  the  turbulent  velocity  fluctuations  arc  uniquely 
determined  by  the  height  h and  the  following  three  scaling  parameters: 

Friction  velocity,  u* 

Scaling  temperature,  T* 

Scaling  length,  £ 

These  parameters  are  implicitly  independent  of  height,  r is  the  horizontal  surface  stress  in 
the  direction  of  the  surface  wind,  p is  the  air  density,  H is  the  upward  heat  flux,  Cp  is  the 
specific  heat  of  air  at  constant  pressure,  T is  the  average  air  absolute  temperature,  g is  the 
earth’s  gravitational  acceleration,  and  k = 0.4  is  Von  Karman’s  constant.  Additionally,  upon 
integration  of  the  equations  of  motion,  the  small  scale  roughness  length  zq  is  introduced. 
The  roughness  length  is  defined  as  the  height  at  which  the  mean  wind  speed  formally  goes 
to  zero. 

The  thickness  of  the  layer  in  which  the  Monin-Obukhov  similarity  theory  applies  is 
determined  by  the  height  over  which  the  fall  in  the  shear  stress  and  the  change  in  the  heat 
flux  remain  negligible.  This  part  of  the  atmospheric  boundary  layer  is  normally  referred  to 
as  the  constant-stress  layer.  Reference  2-28  gives  the  thickness  as  approximately  30  feet, 
while  Reference  2-7  infers  that  the  stress  changes  by  less  than  10%  within  a region  having  a 
thickness  varying  from  30  to  300  feet,  depending  on  the  magnitude  of  the  ground  shear 
stress.  It  was  concluded  that  the  heat  flux  is  essentially  constant  with  height  near  the  surface 
except  when  the  flux  is  small. 

Our  interest  extends  beyond  the  constant  stress  layer  up  to  about  1000  feet  above  the 
surface.  The  atmospheric  boundary  layer  may  be  regarded  as  the  layer  from  which 
momentum  is  extracted  to  overcome  aerodynamic  friction.  Contrary  to  classical  ideas,  the 
thickness  of  the  boundary  layer  is  not  constant.  The  effective  range  of  the  turbulent 
momentum  transport  is  controlled  by  the  thermal  stratification  of  the  atmosphere. 


H 

* ku*CpP 
u*3CpPT 
= - kgtf 
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Reference  2-4  states  that  during  daytime  over  land,  the  top  of  the  boundary  layer  is  i.sually 
defined  by  the  existence  of  a stable  layer  beginning  in  the  range  between  1 500  and  6000 
feet  above  ground.  Further,  at  night  the  stable  air  generated  by  ground  cooling  may  suppress 
the  turbulent  motion  except  immediately  above  the  ground,  the  boundary  layer  then  being 
very  shallow. 

In  the  boundary  layer  above  the  constant-stress  layer,  the  semiempirical  analysis  becomes 
extremely  complex.  The  simplifying  assumptions  of  the  similarity  theory  are  no  longer 
valid,  partly  due  to  the  decrease  in  the  stress  with  height  and  the  increasing  effect  of  Coriolis 
force.  Additional  complications  are  introduced  by  the  effect  of  variable  terrain  roughness 
and  large-scale  horizontal  variations  of  temperature. 

For  heights  over  which  the  decrease  of  u*  may  not  be  neglected,  it  is  suggested  that  the 
mean  wind  speed  and  shear  remain  proportional  to  the  local  value  of  friction  velocity, 
u*(h),  which  may  be  estimated  by  considering  a simplified  form  of  the  Navier-Stokes 
equations  of  motion. 

If  r(h)  is  the  shear  stress  at  the  height  h then  let 

[u*(b)]2  = ^ 

Assuming  that  the  velocity  vector  and  the  shear  stress  vector  are  parallel  at  the  elevation  h, 
then  from  Reference  2-9 


3(u*(h)J2 

jjj  =-fGsina 

where  u,(h)  is  the  value  of  the  friction  velocity  at  the  height  h,  f is  Coriolis  parameter,  G 
is  the  geostrophic  wind  speed,  and  a is  the  angle  between  the  geostrophic  wind  vector  and 
the  wind  vector  at  the  height  h.  When  the  surface  wind  blows  to  the  left  of  the  geostrophic 
wind,  a is  positive.  At  the  surface  a = otQ  and  at  the  top  of  the  boundary  layer  a = 0.  Near 
the  surface  [u*(h)]2  may  be  expanded  in  a Taylor  series  about  h = 0 and  a=ag. 

2 

(u*(h)]2  = (u*(0)]2  - hfG  sin  a0  * fG  cosa0  ^ 


+ higher  order  terms. 

According  to  References  2-4,  -7,  -9,  and  -29,  the  term  Ida/dhj  is  small  in  the  lower  part  of 
the  boundary  layer,  therefore  neglecting  second  and  higher  order  terms  in  the  expansion 


u*(h)  a u*(0) 


1 - 


G sin  otr 
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This  expression  is  identical  to  those  derived  in  References  2-4  and  2-29  and  similar  to  the 
one  derived  in  Reference  2-9.  The  cross-isobar  angle  <*q  varies  between  1 5*  for  very  unstable 
conditions  to  35°  for  very  stable  conditions.  Reference  2-4  lists 

sin  <*q  = 0.3 

as  a typical  value  and  reports  that  observations  give 

[G/u„(0)|2  a 103 

Selecting  G = 60  feet/sec  and  assuming  45°  latitude,  then 

f alO4 
and 

u*(h)  = u*(0)  |l  -0.5*  10'3h]/2 

where  h is  measured  in  feet.  Given  the  specified  conditions,  this  formula  predicts  the 
following  decrease  in  u*  with  height  valid  for  the  lower  part  of  the  boundary  layer: 


Height,  ft 

I00[u*(0)-u,(h)j/u„(0) 

50 

1.0% 

100 

2.5% 

300 

8.0% 

1000 

29.0% 

2000 

100.0% 

The  variation  of  the  cross-isobar  angle  a with  height  is  assumed  to  be  negligible  in  the  layer 
under  consideration.  However,  as  the  height  increases  the  formula  will  tend  to  overestimate 
the  decrease  in  the  friction  velocity,  because  the  effect  of  the  variation  of  a in  decreasing 
the  shear  correction  is  not  considered  in  the  formula. 

A second  derivation  of  the  altitude  dependence  of  friction  velocity  is  obtained  by  a Taylor 
series  expansion  about  conditions  at  the  edge  of  the  boundary  layer. 

At  the  edge  of  the  boundary  layer  the  distributions  of  velocity  and  shear  stress  smoothly 
join  the  flow  aloft,  where  r = 0,  Vyj  - G,  and  a = 0,  everywhere  independent  of  height.  This 
requires  the  first  derivative  of  the  shear  stress  to  be  zero.  Thus,  a simplified  expression  for 
u,  (h)  may  be  obtained  by  expanding  lu*  (h)]2  in  Taylor  series  about  h = d and  a = 0 
where  d is  the  thickness  of  the  boundary  layer. 

2 

lu*(h))2=  (u,(d)l2-(h-d)fG  sin  fC 
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+ higher  order  terms.  Thus 

l“.<1012*-fff|d(h-<l>2 

Also 

sln"*-3n|(l  (d'1:) 

Reference  2-9  reports  that  the  quadratic  dependency  of  the  shear  stress  on  height  and  the 
linear  distribution  of  sin  a with  height  have  been  confirmed  by  observations.  The  quantities 
ld<n/dh|j]  and  d must  be  determined  to  complete  the  solution.  Refeience  2-9  postulates 
that  the  expressions  may  be  obtained  by  assuming  that  the  upper  profile  is  everywhere 
determined  by  the  asymptotic  form  and  thus  in  the  overlap  region  of  the  lower  and  higher 
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then 


and 


Substituting  for  d 


Assuming 


then 
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d 5.35f 
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u*(h) 

MOj 


I - 5.35 


fh 

u*(0) 


sin  ag  = 0.3 
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r 
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which  is  in  good  agreement  witli  the  value 

G 

MO) 


•) 

“ *103 


quoted  earlier 

Selecting  G = 60  fee t/scc  and  assuming  45° latitude  as  before, 

f * 10*4 
and 


u#(h)  = u*(0) fl  - 0.286  • I O'3  hi 

where  h is  measured  in  feet.  Given  the  specified  conditions,  this  formula  predicts  the 
following  decrease  in  u*  with  height  valid  for  tiie  upper  boundary  layer: 

Height,  ft  100{u*(0)  - u*(h))/u*(0) 


50 

1 .57, 

1 00 

2.9% 

300 

8.6% 

1000 

28.6% 

2000 

57.2% 

3500 

100.0% 
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The  expressions  for  the  asymptotic  behavior  of  the  shear  stress  near  the  ground  and  at  the 
upper  edge  of  the  boundary  layer  agree  very  well  when  both  are  extrapolated  to  the  lower 
midrange  level:;  in  the  boundary  layer.  It  appears  that  the  high  level  asymptotic  expansion 
will  give  good  results  over  most  of  the  boundary  layer,  except  for  perhaps  at  the  extreme 
lower  part  where  the  low  level  asymptotic  expansion  will  give  better  results.  The  indications 
are  that  the  latter  method  will  overestimate  the  decrease  in  u*  by  a considerable  amount  at 
levels  higher  than  one-third  the  boundary  layer  thickness,  it  should  be  noted  that  for  the 
given  geostrophic  wind  and  relationship  between  the  latter  and  the  surface  stress,  this  theory 
predicts  a boundary  layer  thickness  of  3500  feet.  This  is  in  good  agreement  with 
atmospheric  measurements  performed  under  similar  conditions  (Ref.  2-9). 


2.3. 5. 2 Modification  of  the  Mean  Wind  Profile  From  Similarity  Theory 
Mean  wind  profiles  from  dimensional  analysis  are  obtained  from 


3Vw 

dh 


=Fh*(h/n 


Formerly,  it  was  assumed  that 


u*  * u*(h  = 0)  = u„0 

A zero  wind  shear  at  the  boundary  layer  is  obtained  by  recognizing  the  altitude  dependence 
of  friction  velocity  that  provides  for  zero  friction  velocity  at  the  edge  of  the  boundary  layer. 
Using  the  expression  developed  from  the  Taylor  series  expansion  about  conditions  at  the 
edge  of  the  boundary  layer. 


“♦““•oO  *ij) 


the  expression  for  the  mean  wind  shear  becomes 


dh 


u«0 

kh 


*<h/£') 


The  corresponding  equation  for  boundary  layer  depth,  d,  is 

d " 5.35f 

For  a 40°  latitude,  the  Coriolis  parameter,  f,  is  such  that 

d = 2000  u*q  — ft 

Accounting  for  the  variation  of  shear  stress  with  altitude  ensures  that  the  wind  shear  goes  to 
zero  at  the  edge  of  the  boundary  layer,  as  it  should  to  be  compatible  with  the  idealized 
description.  At  low  altitudes,  where  h/d  is  small,  the  previous  equation  for  the 
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nondimensional  shear  is  unaltered.  Reducing  the  shear  at  altitudes  where  it  is  already  small 
is  inconsequential,  but  reflecting  the  reduction  of  the  shear  on  the  wind  speed  can  lead  to  a 
substantial  reduction  in  the  high  altitude  wind  speed.  g 

No  justification  for  incorporating  the  shear  stress  reduction  in  the  shear  profile  has  been  | 

found  in  the  literature,  ft  is  merely  presumed  that  matching  requirements  at  low  altitudes  4 

and  at  the  boundary  layer  will  provide  better  results  at  the  intermediate  altitudes  than  just  j 

matching  requirements  at  low  altitudes  and  extrapolating  to  high  altitudes.  5 

*5 

The  integration  of  the  shear  to  provide  the  wind  profile  is  performed  in  Appendix  2A  and  | 

provides:  f 


The  two  parameters  of  the  function  f(h/fi\  h/d).  which  represents  the  contribution  of  l 

nonneutral  atmospheric  stability  to  the  profile,  are  separable  and  the  function  may  be  ; 

describable  in  terms  of  the  constant  shear  stress  functions: 


dh 


= f 
= f 


or 


. . ...  -h/K' 

('-|)+rw/  «£)<!£.  l/«'<0 

, IV  I / 1 Ji/8' 

('-d")+WF0/  ttt)d£.  l/fi’  > 0 


For  stable  conditions,  explicit  functions  are  derived  in  Appendix  2A.  For  unstable 
conditions,  the  functions  are  derived  by  numerical  integration. 

The  mean  wind  equations  may  be  alternately  defined  as 
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The  function  f(h/fi')  is  identical  to  that  used  for  the  constant  friction  velocity  profile. 

The  function  g(h/£')  describes  the  reduction  of  the  wind  due  to  the  decrease  of  shear  stress 
with  increasing  altitude.  For  neutral  stability,  g(0)  = 1.  For  lew  altitudes,  where  h/d  is  very 
small,  the  mean  wind  description  reduces  to  that  for  constant  shear  stress. 

Derivations  providing  modified  expressions  for  the  particular  conditions  of  neutral  stability 
(0(h/£')  = 1)  and  near  neutral  stability  (0(h/£')  = 1 + a'h/£),  art  performed  in  Appendix  2A 
and  provide  the  following  expressions: 

Neutral  stability:  h/£' = 0.^(h/fi')  = 1 


For  low  altitudes,  h/d  a 0 and  the  logarithmic  profile  is  obtained. 
Near  neutral  stability:  0(h/£')  = 1 + a'h/6' 


For  low  altitudes,  h/d  a 0 and  the  log-linear  profile  is  obtained. 


Appendix  2 A also  provides  a derivation  for  the  stable  profile  represented  by  0(h/£')  = 1 + a' 
for  h/£'  > 1 : 


To  prevent  negative  friction  velocities  from  occurring  for  h > d,  an  additional  constraint  is 
imposec : 


3V 


W 


3h 


> 0 


Vty(h)  = Vty(d)  forh^d 

The  effect  of  the  altitude  variation  of  shear  stress  is  negligible  lot  unstable  conditions  but 
can  be  appreciable  for  stable  conditions,  as  shown  on.  Figure  2-1 2. 
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2.3.6  Selection  of  Mean  Wind  Description 

The  major  analytic  descriptions  for  low  altitude  have  been  provided;  from  these,  a 
description  for  specific  application  to  the  approach  and  landing  maneuver  is  to  be  selected. 

The  critical  area  for  the  evaluation  of  aircraft  motion  during  approach  and  landing  is  at  and 
near  touchdown,  where  success  or  failure  of  the  maneuver  is  determined.  Here,  accurate 
correlation  of  airspeed  with  ground  speed  must  be  made  to  avoid  large  touchdown 
dispersions.  This  region  requires  very  accurate  control  of  rate  of  sink,  airplane  attitude,  and 
angular  velocities  to  avoid  structural  damage.  At  higher  altitudes,  greater  tolerances  on 
aircraft  motion  can  be  accepted  as  the  consequences  are  less. 


Aircraft  motion  at  or  near  touchdown  is  not  solely  dependent  on  the  conditions  in  that 
region,  but  is  also  a consequence  of  conditions  experienced  before  that  region  is  reached. 
Howevei,  it  may  be  reasoned  that  the  effect  of  conditions  at  a given  altitude  on  the 
touchdown  performance  are  inversely  proportional  to  altitude;  what  happens  high  above  the 
ground  has  less  effect  on  the  touchdown  than  what  happens  at  some  altitude  nearer  the 
ground.  Thus,  the  first  requirement  for  the  description  selected  is  accurate  representation  at 
the  altitude  corresponding  to  that  at  touchdown  (height  of  the  aerodynamic  center  above 
ground  at  touchdown).  Then  the  descriptions  are  weighted  according  to  their  accuracies  at 
increasing  altitudes.  This  effectively  rules  out  the  Hunan  spiral,  whose  validity  at  any 
altitude  is  questionable  but  which  is  most  deseriptiv  t\  wind  conditions  at  the  top  of  the 
atmospheric  boundary  layer. 


If  thermal  conditions  were  restricted  to  adiabatic  conditions,  the  choice  would  be  between 
the  logarithmic  profile  and  the  power  law.  The  literature  argues  that  the  power  law  has  the 
simpler  form,  but  this  cannot  be  accepted  for  simulation  applications.  Either  requires  a 
series  approximation  or  a table  lookup  for  digital  simulation  and  a table  lookup  for  analog 
simulation.  The  power  law  has  been  seen  to  be  an  approximation  to  the  logarithmic  profile 
and  deviates  from  the  logarithmic  profile  significantly  at  higher  altitudes.  However,  the 
logarithmic  profile  may  be  suspect  at  these  altitudes,  and  the  difference  at  higher  altitudes 
may  have  little  impact. 

A decision  on  whether  or  not  to  restrict  thermal  conditions  to  adiabatic  conditions  shall  not 
be  made  at  this  point.  Rather,  a description  is  sought  which  accounts  for  nonadiabatic 
conditions  so  that  their  significance  may  be  evaluated.  Descriptions  accounting  for  such 
effec'*  provide  for  an  increase  in  the  magnitude  of  stability  or  instability  with  increasing 
altitude  (but  not  a transition  between  stability  and  instability  with  changing  altitude). 
Consequently,  a restriction  on  the  range  of  stable  or  unstable  conditions  results  in 
restrictions  on  the  maximum  and  minimum  altitudes  to  which  the  description  may  be 
applied.  An  approach  and  landing  from  1000  feet  in  virtually  any  condition  except  for 
adiabatic  conditions  will  result  in  passing  from  strong  stability  to  slight  stability  or  sttong 
instability  to  slight  instability  Hence,  the  description  must  be  continuous  over  a wide  range 
of  ‘‘.ability  and  instability.  This  eliminates  the  log-linear  profile  for  instability,  as  well  as 
perhaps  for  stability  and  other  models  restricted  to  small  ranges  of  stability  conditions,  such 
as  the  law  attributed  to  Priestly.  However,  it  does  not  eliminate  combinations  of 
descriptions,  provided  such  combinations  provide  a total  description  that  is  continuous  with 
stability. 
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The  Deacon  profile  satisfies  these  requirements  mathematically,  but  it  implies  constant 
stability  with  altitude,  a condition  found  empirically  to  be  invalid.  The  power  law  by  itstlf 
does  not  have  a well-defined  description  of  the  exponent  for  various  stability  conditions  and 
surface  roughness.  Such  an  exponent  description  can  be  obtained  by  comparison  with  other 
wind  descriptions,  such  as  was  done  on  Figure  2-11,  but  the  altitude  range  for  accurate 
application  is  too  restrictive. 

A description  that  best  satisfies  the  requirement  for  neutral  and  unstable  conditions  is  the 
KEYPS  equation,  which  apparently  agrees  well  with  restrictive  models  for  regions  of 
instability.  For  stability,  the  log-linear  profile  is  well  accepted  for  limited  Richardson's 
number.  The  only  model  available  for  strong  stability  is  that  from  Reference  2-26.  which, 
although  admittedly  fitted  to  data  with  considerable  scatter,  provides  continuity  with  the 
log-linear  profile.  The  data  scatter  about  the  strong  stability  description  is  not  a particular 
concern  as  probable  occurrences  of  strong  stability  are  at  higher  altitudes. 

The  combination  of  descriptions  just  selected  is  summarized  as  follows,  using  the  universal 
function  f(h/8')  for  each  of  the  descriptions: 


u*o 

VW  = 1T 


+ 


f(h/C') 


For  Rj  < 0: 


h/C'  = 


Ri 


(1  -7'Ri>1/4 
f(h/C')  is  given  by  Figure  2-10 


For  Rj  > 0,  h/C'  < I: 


h/C' 


Ri 


I - a'  R; 


f(h/C')  = a'  h/C' 


For  Rj  >1/1+ af.  h/C'  > I: 


h/C'  = (1  + a')  Rj 
f(h/C')  = o'  + a'ln(h/C') 


For  continuity,  7'  = 4«' 


Hit*  combined  relationships  for  R,  and  h/8'  and  for  defining  (h/8')  are  presented  graphically 
on  Figures  2-13  and  2-14,  respectively. 

Low  altitude  winds  are  probably  generated  from  the  geostrophic  winds,  but  the  relationship 
is  not  clear  the  geostrophic  wind  data  are  not  well  documented,  and  the  geostrophic  wind 
has  little  physical  significance.  A more  meaningful  height  from  which  to  extrapolate  winds, 
and  a height  for  which  more  wind  data  are  available,  is  the  tower  height.  There  is  a present 
effort  to  standardize  the  tower  height  at  20  feet  and  this  is  the  height  that  will  be  used.  Not 
only  shall  the  mean  wind  be  specified  at  20  feet,  but  also  the  Richardson’s  number,  needed 
to  determine  the  scaling  length,  g',  and,  in  conjunction  with  the  mean  wind  at  20  feet,  the 
constant  u*^/k. 

Given  the  Richardson’s  number  and  the  mean  wind  at  20  feet,  the  constants  are  found  by: 


(Fig.  2-15) 
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(Fig.  2-16) 


Note  that  the  constants  are  calculated  before,  not  during,  the  simulation. 


Still  remaining  are  the  specifications  for  roughness  length  and  a'.  The  roughness  length 
could  be  specified  for  each  particular  airport  and  would  perhaps  be  a function  of  wind 
direction,  distance,  height,  season,  and  wind  speed.  Howevei.  the  problem  at  hand  involves 
“average”  conditions  for  all  ail  ports,  and  a number  representative  for  all  the  above  factors 
for  the  “average”  airport  is  needed. 

The  roughness  length  selected  is  0.15  feet,  partly  because  that  number  appears  to 
qualitatively  represent  surface  conditions  in  the  vicinity  of  the  “average”  airport,  as  seen  by 
Figure  2-7,  and  partly  because  that  number  is  used  in  an  existing  British  Aeronautical 
Review  Board  (ARB)  autoland  certification  specification. 

It  is  likely  that  tire  “open  airport”  roughness  length  of  0.0 1 feet  from  Reference  2-14  is  too 
small,  since  few  airports  qualify  completely  as  being  “open”  due  to  the  presence  of  many 
aircraft  and  structures  on  and  around  the  airport.  On  the  other  hand,  it  is  unlikely  that  the 
average  roughness  will  correspond  to  that  for  the  surrounding  structures.  Airports  tend  to  be 
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FIGURE  2 13.  —LOW  ALT!  TUDE  RICH  A RDSON'S  NUMBER  PROFILE 
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aligned  to  the  prevailing  wind  and,  due  to  operation  procedures,  large  down-runway 
components  will  be  headwinds.  From  a conversation  with  Dr.  Panofsky  (coauthor  of  Ref. 
2-7),  the  internal  boundary  layer  dissipates  after  about  a mile.  Since  most  runways  tend  to 
open  for  more  than  a mile,  and  using  a one-in-ten  slope  for  the  downwind  rise  of  the 
internal  boundary  layer  from  the  terrain  discontinuity,  it  may  be  concluded  that  pure 
headwind  approaches  will  have  a roughness  dominated  by  the  airfield.  Tailwinds,  at  lower 
wind  speeds,  will  have  a greater  roughness  associated  with  the  terrain  along  the  approach 
path.  The  greatest  roughness  affecting  the  wind  is  likely  to  be  for  pure  crosswinds:  The 
lateral  displacements  of  obstacles  are  likely  to  be  within  the  1 mile  specified.  Roughness 
lengths  for  pure  crosswinds  are  altitude  dependent,  with  lower  altitudes  providing  smaller 
roughness  lengths  approaching  that  associated  with  the  runway.  Since,  for  aircraft  operation 
the  lowest  altitudes  are  generally  the  most  important,  there  should  be  a weighting  in  favor 
of  the  smaller  lengths. 

A qualitative  averaging  of  the  various  considerations  does  not  indicate  that  a roughness 
length  of  0.15  feet  is  out  of  line.  For  airports  where  the  surrounding  terrain  is  very  rough, 
the  same  arguments  can  be  extended  to  support  an  effective  roughness  length  substantially 
less  than  that  associated  with  the  surrounding  terrain. 

The  constant  a'  is  selected  as  4.5  for  both  stable  and  unstable  conditions  (to  provide 
continuity  of  the  slope  of  f(h/fi')  at  adiabatic  conditions),  resulting  in  7'=  18.  The  main 
reason  for  selecting  4.5  is  the  substantiation  given  by  Reference  2-7.  This  number  appears  to 
agree  reasonably  well  with  estimates  by  other  investigators. 

The  mean  wind  profiles  that  result  from  this  description  are  show  i on  Figure  2-17.  Stable 
conditions  are  seen  to  result  in  more  severe  shears  and  higher  winds  above  20  feet,  for  the 
same  reference  mean  wind.  However,  since  the  wind  is  propagated  from  the  geostrophic 
wind,  it  might  be  expected  that  greater  stability  at  the  reference  height  will  be  associated 
with  lower  mean  winds  at  the  same  height,  and  consequently,  the  differences  in  the  shears 
between  stable  and  unstable  conditions  may  not  be  so  great. 

In  order  to  provide  for  a mean  wind  shear  that  disappears  at  the  edge  of  the  boundary  layer 
and  an  increase  of  the  maximum  altitude  to  which  the  model  is  accurate,  a modification  of 
the  wind  and  wind  shear  models  incorporating  friction  velocity  variation  with  altitude  is 
adopted. 

Two  models  for  the  variation  of  friction  velocity  with  altitude  have  been  provided,  both 
derived  using  Taylor  series  expansions.  One,  providing  a quadratic  relationship,  is  most 
accurate  near  the  surface.  The  other,  a linear  relationship,  is  most  accurate  near  the 
boundary  layer.  Either  is  sufficiently  accurate  near  the  surface  of  the  earth  where  the  effect 
is  insignificant.  Thus,  the  linear  relationship  is  selected  as  it  provides  a more  accurate 
description  at  higher  altitudes  where  the  decrease  in  friction  velocity  is  more  significant. 
That  is 


159 


. ». 


where  d is  depth  of  the  boundary  layer. 


Tlie  depth  of  the  boundary  layer  has  been  given  by 


This  equation  is  undoubtedly  incorrect  at  the  equator  where  the  boundary  layer  is  predicted 
to  be  infinite.  Since  u*  can  be  related  to  the  surface  wind,  it  provides  for  less  decay  of 
friction  velocity  for  higher  surface  wind  conditions.  Above  the  boundary  layer,  turbulence 
due  to  the  propagation  of  the  geostrophic  wind  to  the  surface  is  zero.  This  does  not  account 
for  turbulence  generated  by  convectional  clouds,  inversion  layers,  low  level  jetstreams,  and 
oilier  phenomena  that  produce  mean  wind  shears  and  heat  convection  at  high  altitudes. 

The  equation  for  the  boundaiy  layer  thickness  is  more  acceptable  for  larger  latitudes.  Most 
of  the  United  States  and  the  majority  of  world  airport  activity  lies  between  30°  and  50° 
latitude.  A latitude  of  40°  shall  be  assumed  to  be  representative  of  United  States  operations. 
Recognizing  that  tog  = 7.2685  x 10'^  rad/sec, 

d = 2000  u*0  ~ ft 

u*Q  - ft/sec 

Richardson’s  numbers  at  20  feet  is  expected  to  fall  within  a small  range  and  hence  the  effect 
of  stability  on  boundary  layer  thickness  is  small.  However,  the  boundary  layer  is  linearly 
related  to  the  mean  wind  at  20  feet.  For  a 10-knot  wind  at  20  feet,  the  boundary  layer 
thickness  is  computed  to  be  2750  feet  for  adiabatic  conditions. 

The  final  form  for  the  mean  wind  and  mean  wind  shear  models  becomes: 


f h,  h < d 
hw  = 1 

( d,  h > d 


-.5 


and  is  shown  on  Figure  2-19. 
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FIGURE  2-19.— VARIABLE  SHEAR  STRESS  CORRECTION  TO  WIND  PROFILE 


'it 

v 


. III  I , 


.36 


2.4  TURBULENCE 


Wind  shears  will  act  to  displace  air  particles  vertically.  If  unstable  atmospheric  conditions 
exist,  buoyancy  forces  will  tend  to  amplify  the  displacement.  For  physical  systems,  unstable 
divergences  cannot  increase  without  bound.  Produced  by  the  wind  shear  and  buoyancy 
forces,  turbulence  is  a mechanism  by  which  increasing  atmospheric  instability  is  constrained. 
According  to  Reference  2-!:  “In  turbulent  air  the  mixing  of  hotter  and  colder  air  parcels 
will  tend  to  produce  thermal  equilibrium  locally.”  This  does  not  mean  that  turbulent  air 
occurs  only  for  negative  Richardson’s  numbers,  but  rather  that  the  buoyancy  forces  must  be 
large  enough  to  remove  energy  as  fast  as  they  are  introduced  by  the  shear  forces  for 
turbulence  not  to  exist  on  a self-sustaining  basis.  The  ratio  of  buoyancy  forces  removing 
energy  (for  stable  atmospheric  conditions)  to  the  inertia  (wind  shear)  energy  production  is 
the  Richardson’s  number,  and  a value  of  one  might  be  expected  to  specify  the  existence  of 
turbulence.  However,  as  stated  in  Reference  2-7,  “This  does  not  mean  that  a Richardson’s 
number  of  unity  gives  the  criterion  for  the  onset  or  disappearance  of  turbulence;  an 
instability  or  some  other  source  must  first  generate  large  disturbances;  the  value  of 
(Richardson’s  number)  then  determines  when  they  can  be  self-supporting.” 


There  apparently  is  a Richardson’s  number  hysteresis  effect  determining  the  existence  of 
turbulence.  This  is  explained  in  Reference  2-7;  “Existing  turbulence  would  not  ordinarily  be 
expected  to  vanish  at  the  same  value  (of  Richardson’s  number  associated  with  the 
generation  of  turbulence  from  laminar  motion.!  since  disturbances  present  are  already  large, 


The  production  of  turbulence  from  laminar  How  has  been  predicted  by  linear  analysis  to 
occur  at  Rj  = 0.25,  as  reported  in  Reference  2-7.  The  same  reference  also  notes  that 
turbulence  is  seldom  found  above  Rj  = 0.2  in  the  atmosphere,  and  the  existence  of 
turbulence  is  related  to  the  “critical”  Richardson’s  number,  equal  to  1 /a*  where  a is  the 
constant  appearing  in  the  log-linear  mean  wind  profile.  Reference  2-7  provides  estimates  of 
oitical  Richardson’s  number  of  from  0.14  to  0.22. 


Since  turbulence  can  only  exist  under  conditions  of  atmospheric  stability,  its  discussion  is 
not  separable  from  stability  considerations;  limiting  consideration  of  turbulence  to  adiabatic 
conditions  cannot  be  justified  at  this  point.  The  classifications  “stable”  and  “unstable”  as 
applied  to  turbulence  (i.e.,  its  absence  or  presence)  are  not  the  same  as  for  mean  wind.  In 
this  connection,  “stable”  and  “unstable”  are  related  to  a positive  critical  Richardson’s 
number  rather  than  to  0.  The  discussion  of  turbulence  applies  only  for  Richardson’s 
numbers  less  tahn  the  critical  Richardson's  number. 


The  equations  of  motion  for  turbulence  have  been  developed  from  the  Navicr-Stokes 
equations  and  are  presented  in  References  2-7,  -9,  and  -30,  among  others.  From  observations 
relating  to  these  equations,  some  physical  characteristics  of  turbulence  have  been 
determined  (Ref.  2-7). 

• Turbulence  provides  a transport  of  energy  from  the  generation  of  energy 
mechanically  and  convectively  to  mtcrnal  energy.  The  energy  transport  process 
occurs  through  a cascade  of  eddies  of  d minishing  size,  which  finally  ends  in 
viscous  dissipation. 
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rurbulencc  is  tlirce-diniensional  and  nonlinear;  the  transfer  of  energy  from  one 
size  eddy  to  another  can  only  take  place  nonlinearly  in  three  dimensions. 


Turbulence  is  diffusive,  much  as  the  molecules  in  a gas.  That  is,  a tagged  point  in  a 
turbulence  field  will  wander  farther  and  farther  away  from  its  original  location, 
accounting  for  the  transport  of  mass,  moment,  and  heat  properties.  Turbulence 
transport  of  physical  properties  “is  usually  far  more  effective  than  the  transport 
due  to  molecular  motion.” 


Turbulence  is  a continuum  phenomenon  with  a smallest  dynamically  significant 
scale  being  much  larger  than  intcrmolecular  distances  or  molecular  dimensions. 


Turbulence  is  approximately  an  equilibrium  phenomenon  for  homogeneous 
terrain.  “Hxeept  for  transitional  periods,  the  local  rate  of  change  of  kinetic  energy 
is  of  the  order  of  a few  (m/see)“  in  several  hours  while  the  largest  terms  in  the 
energy  equation  are  of  |two  orders  of  magnitude  larger)  in  the  boundary  layer.” 


f 
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The  diffusive,  continuous,  and  equilibrium  characteristics  of  turbulence  lead  to  the  property 
of  homogeneity  of  turbulence  in  the  horizontal  plane  over  homogeneous  terrain,  the 
condition  that  has  been  previously  specified.  That  is.  the  average  properties  of  turbulent 
motion  are  independent  of  horizontal  position,  so  long  as  we  constrain  ourselves  to 
consideration  of  a region  smaller  than  the  entire  turbulence  field. 

The  concept  for  the  horizontal  homogeneity  of  turbulence  is  not  universally  accepted,  and 
there  has  been  considerable  recent  work  based  on  turbulence  consisting  of  local 
concentrations  of  energy  (Refs.  2-31,  -32,  and  -33).  However,  the  description  of 
inhomogeneous  turbulence  can  be  understood  by  relating  it  to  homogeneous  turbulence. 

The  nonlinearity  of  the  equations  of  motion  for  turbulence  has  prevented  unique  solutions 
for  given  sets  of  conditions.  As  stated  in  Reference  2-7.  “the  uniqueness  of  the  solution 
seems  likely:  however,  the  solution  appears  (in  the  unstable  regime)  to  be  so  sensitive  to 
minute  changes  in  the  conditions  that  we  never  know  these  finely  enough  to  predict  the 
detailed  structure  of  the  flow.”  As  a consequence,  the  too!  of  ignorance,  the  statistical 
description,  must  be  used. 

The  starting  point  for  describing  turbulence  is  the  specification  of  the  statistical  tools  and 
description  of  their  application.  Kven  using  statistics,  a great  number  of  assumptions  must 
be  made  !o  achieve  a description  that  can  be  applied  to  practical  problems. 

Upon  identifying  the  statistical  characteristics,  their  variations  and  the  parameters  causing 
the  variations  need  to  be  found,  for  example,  it  is  intuitive  that  there  is  a magnitude  of 
turbulence  and  a scale  relating  to  the  size  of  the  turbulence  eddies.  The  question  arises  as  to 
whether  the  statistical  characteristics  can  be  described  deterministically  or  whether  they,  in 
turn,  must  be  described  statistically. 
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2.4.1  Statistic.''!  Functions  for  Tuibulence  Description 

Turbulence  has  been  defined  as  the  difference  between  the  instantaneous  wind  velocity  and 
the  mean  wind  velocity.  We  wish  to  deal  with  this  difference  only,  which  has  thus  far  been 
assumed  to  be  a random  process  and  to  be  homogeneous  (the  statistical  properties  are 
invariant  with  the  location  at  which  they  are  measured). 

The  most  fundamental  statistical  property  is  the  arithmetic  mean  or  average.  However,  the 
mean  may  be  taken  with  respect  to  many  parameters.  As  stated  in  Reference  2-7,  “. . . in 
measuring  wind  velocity,  we  can  speak  of  the  average  of  wind  velocity  at  a number  of 
different  times  at  the  particular  measuring  station,  or  of  the  average  of  the  wind  velocity  at 
a number  of  different  places  at  a particular  instant,  or  of  the  average  of  the  wind  velocity  at 
a particular  place,  at  a particular  time  of  day  during  a number  of  occurrences  of  the  same 
weather  conditions.  This  last  is  probably  the  most  fundamental  idea,  the  concept  of  an 
‘ensemble’  of  experiments.” 

For  example,  assume  that  for  atmospheric  conditions  constrained  to  be  the  same,  a 
turbulence  component,  u,  is  a function  of  time  and  location,  and  that  N samples  have  been 
obtained  for  the  same  conditions.  Then,  using  < > to  denote  an  ensemble  average, 

<u  (r?t,  N)>=  (1/N)  ju  (ft  t,  1 ) + u(rt  t,  2) +-- -+ ufrt  t,  N)j 

To  determine  the  ensemble  average  for  the  entire  population  of  samples,  the  limit  as  N-*-  «» 
is  considered : 


<u(rt  t)>=  lim  <u(rt  t,  N)  > 

N 

Two  assumptions  about  the  character  of  turbulence  are  introduced  at  this  point.  First,  it 
shall  be  assumed  that  the  ensemble  average  is  independent  of  the  absolute  time  so  that 

<u(7!>  t)>  = <u(T)> 

Satisfaction  of  this  assumption  is  called  “stationarity.”  Stationarity  is  said  to  exist  when  the 
mean  and  higher  order  averages  (averages  of  products  of  turbulence  components)  are 
independent  of  the  absolute  value  of  time,  but  not  necessarily  independent  of  time 
differences.  The  second  assumption  is  that  time  and  ensemble  averages  ate  the  same.  A 
piocess  exhibiting  this  property  is  said  to  be  “ergodic.”  Reference  2-3  states  that  the  ergcdic 
property  follows  when  turbulence  is  both  homogeneous  and  stationary.  From  the  ergodic 
property,  we  have 


<u  (r)  > = u (r)  = lim 
T -*> « 


T/2 

t u(?.t)dt 
-T/2 


where  the  ove'bar  implies  a time  average. 
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By  definition  of  turbulence, 


0(7)  = 0 

This  can  be  automatically  assured  if  turbulence  is  considered  to  be  the  total  wind  measured 
with  respect  to  an  axis  system  attached  to  the  mean  wind. 

The  mean  value  of  turbulence  is  trivial,  but  it  is  only  one  of  nuny  averages  that  may  be 
taken.  In  general,  averages  may  be  taken  of  products  of  turbulence  components  and  their 
derivatives  which  may  be  displaced  in  time  and  space  from  each  other.  The  averages  of  these 
products  are  used  to  evaluate  interrelationships  or  correlations,  and  results  of  the  averaging 
process  are  called  “correlation”  functions. 

The  mean  is  also  but  one  description  defining  the  probability  density  function,  a second 
statistical  function.  Finally,  the  last  statistical  function  of  concern  is  the  spectrum  function, 
which  is  simply  the  description  of  the  correlation  function  in  the  frequency  domain. 

2.4. 1.1  Correlation  Functions 

In  general,  a turbulence  correlation  function  R|j(r*j , r*>,  1 1 , t->)  may  be  defined  as: 

Rjj(r^ . rV  t|,  t2)  = <Uj(r^ , t , ) . Ujtr^.  t->)> 

That  is,  the  correlation  function  is  the  ensemble  average  of  the  product  of  the  i and  j 
components  of  turbulence  measured  at  positions  7j  and  and  at  times  t|  and  t->, 
respectively.  The  correlation  function  may  more  generally  involve  a product  jf  any  number 
of  turbulence  components  but,  for  the  purposes  of  this  report,  only  the  pi  jduct  of  two 
components  will  be  considered.  “Turbulence  components”  is  used  in  a very  general  sense 
and  includes  space  and  time  derivatives  of  turbulent  velocities. 

The  correlation  function  describes  the  average  relationship  between  two  components.  If  two 
components  are  “uncorrelated”  for  all  time  and  space  relationships,  their  correlation 
function  will  be  zero.  If  the  two  components  are  the  same  and  are  measured  at  the  same 
time  and  position,  the  correlation  function  becomes  the  “variance”: 

Rjjtrj,  t, ) = <Uj^(rp  t,)>=  0jj2(r*j.  t,) 

Note  that  the  attachment  of  the  turbulence  axis  system  to  the  mean  wind  alleviates  the  need 
to  subtract  the  mean  from  the  total  velocity  to  achieve  the  variance. 

More  generally,  the  correlation  function  of  two  different  components  evaluated  at  the  same 
time  and  point  in  space  leads  to  the  covariance: 

Rjj(i^ , t j ) = < Uj(r^ , t j ) Uj(r*j , 1 1 )>  = ^"(i^ . t j ) 
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Tlie  correlation  function  can  be  simplified  considerably  by  invoking  the  assumptions 
previously  made: 

• Homogeneity:  The  statistical  properties  of  turbulence  are  independent  of 
position.  Thus,  if  = r^  + where  ^ is  the  displacement  vector  between  the 
components, 

Rjj(f|,  r^.  t ] , t^)  ~ Rjj(^,  t i * M 

• Stationaritv:  The  statistical  properties  are  independent  of  the  absolute  time. 
Thus,  if  t->  = tj  + r.  where  r is  the  time  displacement  between  two  components, 

Rjj(£t,.t2)=Rjj(f  r) 

• Ergodicity:  Ensemble  and  time  averages  are  identical;  therefore. 


T/2 


Rj.(£.r)=  lim  f Ujfi\  t)  Uj(T  + £ t + r)dt 

J T -►  oo  J 
1 -T/2 


This  equation  is  equivalent  to  saying  that  for  specific  combinations  of  relative  time  and 
space  displacements  of  the  two  components,  the  correlation  function  is  found  by  averaging 
over  all  time.  When  time  averages  for  all  combinations  of  relative  displacement  and  time 
have  been  found,  the  composite  of  all  the  averages  provides  a correlation  function  as  a 
function  of  relative  space  and  time  displacement. 

If  the  two  components  for  whose  product  the  average  is  taken  are  the  same,  the  correlation 
function  ir  known  as  the  “autocorrelation.”  Otherwise,  it  is  referred  to  as  the  “cross 
correlation.”  The  expressions  for  the  variance  and  covariance  reduce  to: 

Oy2  = Rjj(0,  0) 

and  provide  a means  for  normalizing  the  correlation  function: 


Note  that  Rjj(0,  0)  = 1 . 

For  the  application  of  turbulence  to  aircraft,  an  additional  simplification  may  be  made, 
referred  to  as  “Tayior’s  hypothesis.”  The  essence  of  this  hypothesis,  as  described  in 
Reference  2-3,  is  us  follows:  “Airplanes  fly  for  the  most  part  at  speeds  large  compared  to 
the  turbulence  velocities  and  to  their  rates  of  change.  Thus  the  vehHe  can  traverse  a 
relatively  large  patch  of  turbulence  in  a time  so  short  that  the  turbulence  velocities  have  not 
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had  time  to  change  very  much.  This  amounts  to  neglecting  i in  the  argument  If(rt  r ),  i.e.,  to 
treating  the  turbulence  as  a frozen  pattern  in  space.  This  assumption  is  known  as  ‘Taylor’s 
hypothesis’.  Its  consequence  is  that 


Rij<rr)=Rij(?)” 

The  application  of  Taylor’s  hypothesis  is  of  inr  ense  importance  for  the  ability  to  simulate 
turbulence. 

The  correlation  function  has  been  presented  perhaps  abstractly  without  indicating  its 
relationship  to  the  simulation  of  turbulence.  Unfortunately,  this  relationship  cannot  be 
described  without  completion  of  the  turbulence  description. 

A considerable  number  of  assumptions  have  been  introduced  to  enable  the  correlation 
function  to  be  defined  in  terms  of  only  the  spacial  separation  between  the  two  turbulence 
components  involved.  These  assumptions  are  not  universally  accepted  and  can  be  applied 
only  with  restrictions. 

Certainly,  homogeneity  at  low  altitudes  is  dependent  upon  homogeneous  terrain.  Homoge- 
neity and  stationarity  require  equilibrium  of  turbulence  energy,  which  in  turn  is  dependent 
on  the  slow  rate  of  change  of  atmospheric  conditions. 

Perhaps  most  restrictive  is  the  application  of  Taylor’s  hypothesis,  which  at  least  restricts  the 
minimum  airspeed  of  aircraft  to  which  it  may  be  applied.  Most  certainly,  it  cannot  apply  at 
zero  airspeeds  such  as  for  near  hover  conditions.  Reference  2-1  has  concluded  that  the 
Taylor  hypothesis  is  valid  for  airspeeds  greater  than  one-third  the  mean  wind  velocity  in  the 
direction  of  flight,  based  on  permitting  a vertical  turbulence  standard  deviation  error  of  20% 
and  a presumed  “true”  space-time  relationship. 

Reference  2-7  indicates  qualitatively  that  the  Taylor  hypothesis  must  fail  to  some  extent  for 
large  eddy  turbulence  contributions,  associated  with  large  scale  vertical  motion  during 
unstable  conditions,  as  these  eddy  motions  must  remain  fixed  with  respect  to  the  ground  to 
some  extent.  Taylor’s  hypothesis  implies  that  turbulence  eddies  must  move  with  respect  to 
the  ground  at  the  mean  wind  speed. 

It  shall  be  assumed  that  the  conditions  required  to  satisfy  the  assumptions  made  are  met,  for 
the  applications  required,  and  that  the  correlation  function  is  dependent  on  spacial 
separations  only. 

2.4. 1.2  Probability  Functions 

Such  quantities  as  the  variance  obtained  from  the  autocorrelation  function  provide  a 
measure  of  the  average  level  of  turbulence,  but  do  not  quantify  the  distribution  of  the 
magnitude  of  turbulence  velocities  nor  the  likelihood  of  encountering  a particular 
turbulence  level.  The  functions  that  provide  such  information  shal'  be  referred  to  as 
probability  functions. 
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Probability  is  simply  the  number  of  specific  occurrences  divided  by  the  total  number  of 
observations.  For  example,  the  probability  that  a function  g lies  between  the  values  gy  and 
gy  is  given  by: 


pjgL^g<gyj  = 


No.  of  observations  where  g lies  in  the  region 

gL<g<gy 


Total  number  of  observations 


When  the  lower  limit  gy  is  allowed  to  approach -oo,  the  probability  function  is  the 
“cumulative  probability.”  or  the  probability  that  g will  not  exceed  gy.  When  the  upper 
limit,  gy.  is  allowed  to  approach  +«•  the  probability  function  is  the  “exceedance 
probability,”  or  the  probability  that  g will  not  be  less  than  gy.  Note  that  a probability  car, 
never  be  less  than  zero  nor  greater  than  one.  The  exceedance  probability  is  equal  to  one 
minus  the  cumulative  probability  and  vice  versa. 

When  gy  is  allowed  to  approach  gy,  the  probability  function  is  the  probability  that  g will 
equal  gy,  or  the  "probability  of  occurrence.”  When  g is  a discrete  function  that  takes  on 
only  specific  values  in  the  region,  the  probability  of  occurrence  may  take  on  non-zero 
values.  If,  however,  g is  a continuous  function  that  may  assume  any  of  the  values  in  the 
region  gy<  g < gy  the  probability  of  occurrence  is  zero  as  there  are  an  infinite  number  of 
values  that  g may  assume. 

For  a continuous  analytic  function,  the  above  definitions  are  somewhat  cumbersome.  An 
alternate  approach  is  provided  by  Reference  2-7,  in  which  an  indicator  function,  0(gy,  g),  is 
first  defined. 


0(gL-  g)  = 


(l.g^gL 

0,  g>gy 


That  is,  the  indicator  function  is  unity  when  the  function  g is  less  than  or  equal  to  g,  and 
zero  otherwise.  This  is  illustrated  on  Figure  2-20.  Now,  the  average  of  the  indicator  function 
provides  the  relative  portion  of  time  that  g is  less  than  gy,  which  is  precisely  the  cumulative 
probability: 


T/2 

r ]g<gy|  =0|gL-g(t>!  = iim  Y f 0|8L'S(t)| 

T -*■  °°  ^ ' 


dt 


-T/2 


The  probability  that  g lies  in  the  region  gy<  g<  gy  can  be  found  from  the  c umulative 
probability: 


pjgL<g<gu|  = J’je <eu}  -pjt; < sl| 
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RANDOM  VARIABLE  AND  ITS  INDICATOR  FUNCTION 


FIGURE  2-20.  -PROBABILITY  FUNCTIONS  AND  CHARACTERISTICS 


As  previously  stated,  shrinking  the  region  to  zero  (letting  gy  approach  gy)  will  only  provide 
a probability  of  occurrence  equal  to  zero  for  a continuous  function.  Rather,  the  ratio  of  the 
probability  to  the  width  of  the  region,  (gy-gy)  is  considered  as  gy  approaches  gy.  This 
amounts  to  taking  the  derivative  of  the  cumulative  distribution,  and  the  result  is  called  the 
“probability  density”  function,  /3(g): 


/3(g  = gy)  = lim 

SU  - »L 


pjg^suj -p;k<el; 


Su-SL 


--T—  pig  < g.  I 
dgy  lfc  *L| 


Conversely,  the  cumulative  probability  is  found  by  integrating  the  probability  density 
function: 


P]g<gL,j  = / /3(g)  dg 


Typically,  the  probability  density  function  approaches  zero  for  increasing  large  positive  and 
negative  g.  as  illustrated  in  Figure  2-20. 

The  probability  density  function  can  be  used  to  determine  ensemble  averages  for  single 
parameter  functions,  as  shown  in  Reference  2-3,  by: 


<g  > = / g^mm 


This  equation  is  referred  to  as  the  “theorem  of  the  mtan,”  and  can  be  used  to  quantify 
many  characteristics  of  the  probability  density  function.  By  letting  g({)  take  on  various 
powers  of  the  parameter  £. 

g(£)=  £n,  n = 1,2,  3, 

the  “moiwt.ts”  ot  the  distribution  are  obtained: 
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oo 


<*>  = / mi) & 

-oo 

, 1st  moment 

oo 

<i2>=  f i2m  d{ 

- oo 

, 2nd  moment 

oo 

<i3>=  / z2m<n 

, 3rd  moment 

- oo 


and  so  on.  The  first  moment  is  identified  as  the  mean,  which  locates  the  distribution.  The 
second  moment  is  the  variance,  which  defines  the  breadth  of  the  distribution.  All 
odd-number  moments  refer  to  the  symmetry  or  lack  of  symmetry  of  the  probability  density 
distribution  about  its  mean,  with  zero  values  corresponding  to  symmetry.  Specifically,  tne 
third  moment  is  used  to  measure  skewness,  a normalized  measure  of  the  separation  between 
the  mean  and  the  mode.  The  fourth  moment  is  used  to  measure  the  “kurtosis”  or  flatness 
factor.  Higher  moments  measure  other  characteristics  and  generally  have  diminishing 
importance.  Some  of  the  characteristics  of  the  probability  density  function  arc  illustrated 
on  Figure  2-20. 

The  concepts  of  probability  functions  can  be  extended  to  joint  probability  functions. 
Consider  two  components  of  a vector,  gj  and  g2-  The  indicator  function  is  defined  by: 


J*’Bi  ^glL 

01  (gj  ,Bl)02(S2. ’g2)-{  , 

1 * L L (o  otherwise 


l,gj  <gj  and  g2^82j 


The  joint  cumulative  distribution  and  the  joint  probability  density  functions  are  given  by 


Pjg]  <SiL.  82  ^ g2jJ  ~^\  (Sil>6i)02  (g2^’g2^ 


0(ei  * 8,  L.  82  - 82L)  * 3g,°  382LP|sl  4 8!  l 82  < 82L| 


or 


- oo 
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Now,  invoking  the  theorem  of  the  mean,  the  correlation  functions  may  be  determined  from 
the  joint  distribution: 


M2 


00  09 

= <gj-&2>=  J J g]  &20(gl'82)dgl  dg2 


For  the  special  case  when  gj  and  g2  are  independent  functions  such  that  the  probability 
density  distribution  of  one  of  them  is  not  dependent  upon  the  value  of  the  other,  the  joint 
probability  density  distribution  is  equal  to  the  product  of  the  individual  probability  density 
distributions  and  the  correlation  function  is  equal  to  the  product  of  the  individual  means: 


0(gj,g2)  = 0(g|)0(g2) 

R}2=<gi><g2> 

For  two  uncorrelated  turbulence  components,  the  correlation  function  is  zero. 


The  most  widely  used  description  of  the  probability  density  distribution  is  the  “Gaussian” 
or  “normal”  distribution.  This  distribution  has  great  theoretical  importance.  Many  other 
distributions  will  asymptotically  approach  the  normal  distribution  as  sample  sizes  increase. 
The  distribution  of  sample  means,  no  matter  what  the  distribution  of  the  population,  is 
normal,  a characteristic  provided  by  the  “central  limit  theorem.” 


Assumption  of  a Gaussian  probability  density  distribution  is  convenient  for  developing 
simple  expressions  for  other  types  of  probability  functions,  such  as  for  the  number  of 
exceedances  per  mile  (number  of  times  a given  turbulence  level  is  exceeded  in  1 mile  of 
flight),  and  joint  distributions  between  many  possible  combinations  of  turbulence 
components  and  their  derivatives. 


For  the  simulation  of  turbulence,  assumption  of  a Gaussian  distribution  ptrmits  the  use  of 
relatively  simple  techniques  of  generating  random  or  pseudo-random  noise  needed  for  the 
production  of  turbulence.  Analog  simulation  is  heavily  dependent  upon  turbulence  having  a 
distribution  that  is  either  Gaussian  or  can  be  generated  from  a Gaussian  distribution, 
particularly  when  time  must  be  scaled  by  large  factors.  Techniques  are  available  for 
real-time  digital  simulation  of  tuibulence  having  virtually  any  distributions. 


There  is  some  evidence  that  turbulence  probability  density  distributions  are  not  Gaussian, 
particularly  for  very  low  and  very  high  turbulence  levels.  Reference  2-34  states  that 
Reference  2-35  contains  an  analysis  of  all  three  gust  components  at  both  high  and  low 
altitude  showing  that  atmospheric  turbulence  is  definitely  non-Gaussian.  The  results  indicate 
that  low  altitude  turbulence  is  more  nearly  Gaussian  than  that  at  high  altitudes,  but  at  all 
altitudes  the  probability  density  exceeds  that  of  a Gaussian  distribution  for  both  small  and 
large  values  of  gust  vlocities.  Figure  2-21,  from  Reference  2-35,  is  presented  ir  Reference 
2-34  in  support  of  these  arguments.  The  line  labeled  “modified  Bessel”  is  the  distribution 
presumed  in  Reference  2-34  and  is  obtained  by  multiplying  two  random  samples  of  a 
Gaussian  distribution. 
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Reference  2-35  states  that  although  a probability  distribution  of  all  turbulence  is 
non-Gaussian,  . . the  observational  results  are  in  accord  with  a hypothesis  that  the 
turbulence  is  patchy  and  that  the  velocities  are  distributed  locally  in  a Gaussian  manner.”  As 
a consequence,  a Gaussian  representation  of  turbulence  is  justified  if  a patch  of  turbulence  is 
large  in  relation  to  the  aircraft  and  the  region  covered  during  a simulation.  The  patch  would 
have  a constant  variance,  all  other  factors  remaining  constant.  The  variance  of  turbulence 
for  all  patches  would  be  described  by  a separate  probability  density  function.  That  is,  a 
Gaussian  distribution  of  turbulence  is  justified  for  the  simulation  of  a patch  of  turbulence 
having  a variance  with  a constant  probability  of  exceedance.  This  is  the  standard  procedure. 


Even  if  turbulence  patches  are  not  sufficiently  large,  Figure  2-21  would  appear  to  indicate 
that  a Gaussian  distribution  of  turbulence  is  representative  at  low  altitudes  for  all  but  the 
very  extreme  levels.  This,  however,  would  require  a variance  for  all  of  turbulence. 


Modified 
Bessel 


High  altitude 


Gaussian 


ow  altitude 


FIGURE  7-2 1. - TURB UL ENCE  PROBABILITY  DENSITIES 
(cROM  REF.  2-34) 
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It  can  be  shown  that  a distribution  of  several  patches  of  turbulence  that  is  non-Gaussian,  as 
shown  on  Figure  2-21,  actually  supports  the  hypothesis  that  a patch  of  turbulence  is 
Gaussian.  For  simplicity,  it  is  assumed  that  all  the  world’s  turbulence  is  divided  into  two 
patches,  one  with  a standard  deviation  of  one  and  the  other  with  a standard  deviation  of 
two.  The  normal  distributions  for  the  two  individual  patches  are  P)  and  P2  on  Figure  2-22. 
Also,  assume  that  there  is  equal  probability  of  being  in  either  patch  so  that  the  probability 
of  being  in  one  patch  is  0.5.  The  two  patches  are  mutually  exclusive.  That  is.  it  is  r.ot 
possible  to  be  in  both  patches  at  the  same  time.  For  mutually  exclusive  events,  tne 
combined  probability  density  function  is  given  by 


P = P,Pl+P2P2 


where 

pl  = 

P2  = 


probability  of  being  in  patch  1 
probability  of  being  in  patch  2 
The  combined  probability  density  function  is  shown  as  (Pj  + P2>/2  on  Figure  2-22. 
The  variance,  for  discrete  samples,  is  given  by 


2*i 


o2=-,=^ 


n-  1 


n 

£ Xj‘ 

M 

n 


where  Xj  = i1*1  sample  deviation  from  the  mean.  This  may  be  expanded  into  the  standard 
deviation  of  patch  1 having  nj  samples  and  the  standard  deviation  of  patch  2 having  n2 
samples: 


"1  2 . "2  2 
£ xj>  + £ X2jz 

_2_i=l  j=l 
0 

"1  +n2 


2 1 

nlal  + n2a2 
n.  +n“" 


The  term  n j /( n j + 112)  represents  the  probability  of  being  in  patch  1 and  the  term  n2/{nj  + 
n)  represents  the  probability  of  being  in  patch  2. 

o2  = P|  0|2  + P2<?2^ 


FIGURE  2-22.-C0MPARIS0N:  NORMAL  DISTRIBUTION  AND  SUM  OF  TWO  NORMAL 

DISTRIBUTIONS 
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For  the  example,  the  combined  standard  deviation  is  a 5/2.  Substituting  the  combined 
standard  deviation  into  the  equation  for  the  probability  density  function  for  a normal 
distribution, 


P = 


gives  the  distribution  on  Figure  2-22  labeled  P3. 

If  the  actual  combined  distribution  ((Pj  + P2>/2i  is  compared  to  the  Gaussian  dist-ioution 
having  the  same  standard  deviation  (P3),  it  is  seen  that  the  Gaussian  fit  underestimates  the 
actual  distribution  at  both  small  and  large  amplitudes  and  overestimates  the  aaual 
distribution  at  intermediate  amplitudes,  exactly  the  observation  on  Figure  2-2 1 made  by 
Reference  2-34, 

The  non-Gaussian  nature  of  Figure  2-21  actually  supports  the  hypothesis  that  the  velocity 
distribution  of  a single  patch  of  turbulence  is  Gaussian  as  do  the  assumptions  of 
homogeneity,  stationarity,  and  diffusiveness,  characteristics  of  turbulence  vigorously 
supported  by  References  2-7  and  2-30.  Perhaps  a non-Gaussian  description  of  a single  patch 
of  turbulence  is  best  suited  for  the  conditions  where  these  characteristics  do  not  hold. 

2.4. 1.3  Spectrum  Functions 

The  spectrum  function  is  by  definition  the  Fourier  integral  of  the  correlation  function.  If 
the  correlation  function  is  described  in  terms  of  a time  displacement,  the  spectrum  function 
is  described  in  terms  of  radians/time.  If  the  correlation  function  is  described  in  terms  of  a 
spacial  displacement,  the  spectrum  function  is  in  terms  of  radians/distance. 

Consider  a one-dimensional  correlation  function,  Rjj(£ ).  The  spectrum  function  is  given  by: 


where  Ci  = radians/distance.  The  existence  of  the  spectrum  function  is  assured  provided  the 
correlation  function  vanishes  as  $ -*■  ±00. 

By  the  inversion  formula  for  Fourier  integrals, 


OO 

Rjj(*)=  / We'^dr. 

-OO 
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When  i = j,  the  spectrum  function  is  called  the  “power  spectral  density,”  or  the  “power 
spectrum.”  When  i^tj  the  spectrum  function  is  called  the  “cross-power  spectral  density”  or 
the  “cospectrum.” 

When  the  correlation  function  is  for  two  turbulence  components  measured  at  the  same 
location,  the  integral  of  the  cospectrum  yields  the  covariances. 


oo 

aij2=Rij(0)=  / <l>ij(n)dft 


or,  for  i = j 


oo 

oij2=Rii(0)=  / 4>ii(fi)d« 


i ! 


Now,  the  physical  significance  of  the  power  spectrum  and  cospectrum  function  is  seen.  The 
power  spectrum  and  cospectruin  function  provide  the  distribution  of  the  variance  (or 
turbulence  power)  and  covariance  with  frequency.  The  units  of  the  one-dimensional 
spectrum  function  is  (velocity )*7rad/sec).  The  (velocity)-  term  is  analogous  to  power  for  a 
unit  mass. 

The  spectrum  function  is  defined  for  both  positive  and  negative  frequencies,  is  positive 
everywhere,  and  is  an  even  function  so  that  4>(-12)  = 4>(£2>.  These  properties  are  often  used 
in  loads  and  ride  qualities  analyses  to  enable  the  definition  of  the  “one-sided  power 
spectrum.” 


°ii2  = / <l>jj(fi)dn 

-OO 

oo 

= 2 / 4^*2)  d ft 


£ 4^(0)  dft;  4^(0)  = 24>ii(«) 


That  is,  rather  than  integrating  from  -oo  to  oo  to  obtain  the  variance,  the  integral  is 
performed  from  0 to  oo  and  doubled.  Definition  of  the  spectrum  function  in  terms  of  the 
one-sided  spectrum  for  the  purposes  of  simulation  should  be  avoided  since  an  erroneous 
model  may  result,  as  is  discussed  later. 


Reference  2-3  and  others  show  that  the  application  of  the  Fourier  integral  to  a random 
function  results  from  representing  the  function  with  a Fourier  series  over  a finite  region,  say 
from  -X  to  X(the  function  is  zero  outside  this  region),  and  then  taking  the  limit  as  the  region 
the  function  is  defined  for  becomes  infinite  (X  -♦<»).  The  need  to  consider  an  infinite 
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region  arises  because  representation  over  a finite  region  from  -X  to  X will  result  in  a periodic 
Fourier  series  with  period  2X,  while  the  random  function  to  be  represented  is  not  periodic. 

Representation  over  i finite  region  results  in  a “line  spectrum”  where  the  spectrum  function 
has  non-zero  values  only  tt  discrete  frequencies  with  the  separation  between  the  discrete 
frequencies  being  inversely  proportional  to  the  size  of  the  region.  Use  of  the  Fourier  integral 
will  in  general  attribute  a non-zero  contribution  to  the  variance  at  wavelengths  approaching 
infinity.  Although  this  is  not  physically  appealing,  a finite  patch  of  turbulence  sufficiently 
large  will  cause  the  contributions  due  to  the  larger  wavelengths  to  be  insignificant  and  the 
frequencies  at  which  the  disparity  exists  to  be  far  below  the  lowest  frequencies  of  interest. 

The  spectrum  function  could  alternately  be  represented  by  the  Fourier  transform  rather 
than  the  Fourier  integral.  The  power  spectrum  function  and  the  corresponding  inversion 
formula  would  be: 


- / Rij({)c-in£ 

-OO 


d£ 


dft 


The  Fourier  transform  and  the  Fourier  integral  spectrum  functions  are  just  related  by  2it: 


4>ij  = 2rr<hFT.. 

The  Fourier  transform  is  an  acceptable  means  for  producing  a power  spectrum,  but  the 
Fourier  integral  is  used  by  convention.  To  avoid  possible  misinterpretation,  any  form 
specified  for  a spectrum  function  should  be  accompanied  by  the  equation  for  the 
correlation  function  or  the  variance/covariance. 

Reference  2-7  discusses  alternate  techniques  for  the  presentation  of  the  one-dimensional 
spectrum  function.  The  most  direct  method  is  a linear  plot  of  <t»(f2)  vs  ft.  This  plot  also  has 
the  advantage  of  graphically  presenting  the  contribution  of  each  frequency  to  the  variance 
or  covariance.  However,  several  decades  of  frequency  and  a corresponding  range  of  power 
may  be  of  interest,  thus  dictating  the  form  of  log  (<J>)  vs  log  (ft).  The  log-log  plot  has  the 
advantage  of  permitting  straight-line  asymptotic  approximations  but  also  the  disadvantage 
of  distorting  the  contribution  of  each  frequency  to  the  total  variance  or  covariance.  The 
form  used  on  Figure  2-1,  ft<|>(ft)  vs  log  (ft),  combines  most  of  the  advantages  of  the  other 
two  forms.  Both  axes  are  collapsed  (assuming  4>(ft)  decreases  as  |H|  increases)  and  since 
ft4>(ft)d  (log  ft ) = <t>(ft)dft.  the  contribution  of  each  frequency  range  to  the  total 
variance/covariance  is  represented.  It  may  also  be  noted  tuat  a change  in  the  units  of 
frequency  (spacial  frequency,  ordinary  frequency,  circular  frequency)  leaves  the  quantity 
ft4»(ft)  unchanged. 
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This  far,  only  a one-dimensional  spectrum  has  been  considered,  where  the  number  of 
dimensions  lefers  to  the  number  of  parameters  for  which  the  conelation  function  and  the 
spectrum  function  are  defined.  The  number  of  dimensions  does  not  refer  to  the  number  of 
turbulence  components  assumed  to  exist-there  are  always  three  turbulence  components. 
The  mom  general  case  is  when  the  spacial  displacement  defining  the  correlation  functions  is 
a vector  and  that  has  three  dimensions.  The  Fourier  transform  defining  the  three- 
dimensional  spectrum  function  is: 


1 


= , 

U (2tt)3  .00 


or 


RU<l,.  f2.  {3)^i(n|f|+n2{2+n3£3)«,df2df3 


The  inversion  formula  gives 


Rijif.  ■ h-  «3>  - ///  »ij<«t . «2.  %>  {|  + "2  f2  + % f3’dS2,  IS!,  dn. 


This  formulation  is  compatible  with  the  results  of  the  assumptions  made,  but  is  not  suitable 
for  simulation.  Simulation  requires  that  turbulence  be  generated  as  a function  of  time. 
Taylor’s  hypothesis  provides  a tool  for  converting  only  one  spacial  coordinate,  that  in  the 
direction  of  flight,  into  time.  The  disparity  between  the  three-dimensional  spectrum  and 
simulation  requirement:  and  the  corresponding  solution  have  been  observed  in  Reference 
2-30:  “Although  three-dimensional  Fourier  transforms  are  appropriate  to  a function  of  a 
vector  argument,  the  experimenter  can  make  a Fourier  analysis  (by  passing  an  electronic 
signal  proportional  to  the  velocity  through  a filter  circuit,  or  wave  analyses)  with  respect  to 
one  space  coordinate  only.  The  resulting  spectrum  is  a one-dimensional  Fourier  transform  of 
the  velocity  correlation  sensor,  and  is  obtained  from  the  spectrum  tensor  djj(il)  by 
integrating  overall  values  of  the  lateral  components  of  S? .”  That  is,  first  the  axis  system  of 
the  turbulence  is  oriented  so  that  $]  and  f2j  are  measured  in  the  direction  of  flight,  or  the 
“relative  wind  axis  system.”  Then  the  three-dimensional  spectrum  function  is  integrated 
successively  over  the  other  two  components  of  spacial  frequency  and  ft-j)  to  reduce  the 
three-dimensional  spectrum  to  a one-directional  spectrum: 

V !•  *j>-  //  +8<ni  • n2>  clW' f 1 + {J)  dft,  dn2 


Sty  = two-dimensional  spectrum 
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Tims,  the  three-dimensional  spectrum  is  reduced  to  the  one-dimensional  spectrum. 

An  additional  spectrum  of  impo,  tance  is  the  “energy  spectrum  function”  which  distributes 
kinetic  energy  with  spacial  frequency  (also  called  “wave  number”)  magnitude,  SI  =lul 


Vi 


2.4.2  Isotropic  Turbulence 


u 1 1 “ + u22~  + U3H~  j ~ J'  E(0)dI2 

-OO 


The  condition  of  isotropy  means  that  the  average  fund  ions  describing  the  Held  of 
turbulence  are  independent  of  direction  of  the  axis  system.  As  a consequence,  in  the  words 
of  Reference  2-7,  . . the  spectrum  function  homogeneous  in  three  spacial  directions, 

which  is  also  isotropic,  cannot  be  a function  of  the  scr-arate  components  of  the  wave 
number  vector,  for  a rotation  to  the  new  coordinate  system  would  change  those.  It  can  be  a 
function  only  of  the  length  of  the  vector,  for  that  is  the  only  quantity  characterizing  SI 
which  does  not  remain  unchanged  under  a rotation.”  Isotropic  turbulence  exhibits  spherical 
symmetry,  and  the  root  mean  square  intensities  for  all  velocity  components  must  be  equal. 

It  is  generally  agreed  that  turbulence  at  high  altitudes  is  well  represented  by  isotropy.  It  is 
also  generally  agreed  that  low  altitude  turbulence  is  not  isotropic.  For  example,  in  view  of 
the  changes  of  wind  shears  and  atmospheric  stability  with  altitude  at  low  altitudes,  which 
produce  turbulence,  it  may  be  reasoned  that  averages  taken  normal  to  the  earth  will  not  be 
the  same  as  averages  taken  in  a direction  parallel  to  the  earth.  A justified  question  is:  why, 
when  the  concern  is  with  low  altitude  turbulence  only,  is  isotropic  turbulence  considered? 
The  answer  is  simply  that  theory  for  the  general  case  of  nonisotropic  turbulence  leading  to 
explicit  forms  of  spectrum  functions  does  not  exist.  Rather,  low  altitude  turbulence  spectra 
are  treated  as  extensions  of  isotropic  turbulence. 

2.4.2. 1 Fundamental  Correlation  Functions 

The  fundamental  concept  for  isotropic  turbulence  is  the  form  of  the  correlation  function. 
Reference  2-30  shows  that  an  isotropic  second-order  two-point  tensor,  Rjj(f),  must  have 
the  form: 

Ry(f)  “ F($)$i(;j  + GfDftjj 
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where 


F(£),  G(£)  = scalar  functions. 

A second  condition  for  the  correlation  function  is  continuity,  or  conservation  of  mass.  For 
incompressible  conditions,  continuity  is  assured  if  the  divergence  of  velocity  vanishes.  In 
terms  of  the  correlation  functions,  satisfaction  of  continuity  requires: 


3 3ku  - 
X (£)  = 0 
M d*i 


3 3Rh 

X -j  = 0 (Reis.  2-7.  2-30) 
M 8?J 


or,  simply 


Thus,  the  continuity  equation  relates  the  two  scalar  functions  so  that  only  one  of  them  can 
be  independent. 

The  scalar  functions  F(£)  and  G(£)  have  been  arbitrary,  and  as  such  have  had  little  physical 
significance.  In  an  important  step,  two  nondimensional  correlation  functions  are  introduced. 
They  are  the  nondimensional  correlation  functions  for  parallel  turbulence  components 
separated  by  the  displacement  vector,  £,  along  and  normal  to  the  direction  of  the 
displacement  vector.  The  geometry  of  these  correlation  functions  is  shown  on  Figure  2-23. 
The  functions  are  defined  by: 


no  . Rpp(o 


RNN($)_<l,N(r)uN{r'f  *>> 

g(£)  - Rnn^) o => 

°NN“  WNN" 


The  functions  f(£)  and  g(£)  are  referred  to  as  the  “longitudinal”  and  “transverse” 
correlation  functions,  respectively.  It  is  important  to  note  that  f($)  and  g(|)  do  not  depend 
on  the  orientation  of  the  displace:,  ent  vector;  it  is  only  required  that  they  be  measured  for 
turbulence  components  parallel  and  normal  to  the  displacement  vector.  The  general  shape  of 
the  fundamental  correlation  function  is  shown  on  Figure  2-23,  as  taken  from 
Reference  2-30. 
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Solving  for  the  relationship  of  the  fundamental  correlation  functions  with  the  scalar 
functions  using  the  general  form  of  the  correlation  function  yields: 


f(£) 


Rjj($)_  F($)£2  + G($) 


_ Rji(*>_  G(|) 


g(f)  = 


Fcj)  _ m-Gtt)/o2  _ m-M) 

Q 2 ~ £>  ~p 

I dG({)_  dg(f) 

02  d*  " d* 

Substituting  these  relationsliips  into  the  continuity  equation  and  solving  for  g(£)  gives: 
Substituting  for  the  scalar  function  into  the  equation  for  the  correlation  function  gives 


Rij(*)  = o2 


¥ 


£jlj  + S(£)  fyj 


where 


5ij  = 


{ Ki  = j 

0,  i^j 


Note  that  this  equation  specifics  that  cross  correlations  (Rjj,  i#j)  are  zero  for  isotropic 
turbulence. 

Now,  once  the  longitudinal  correlation  function  has  been  determined,  the  correlation 
function  for  two  turbulence  velocities  at  any  relative  displacement  in  an  isotropic 
turbulence  field  can  be  determined. 

2.4.2. 2 Interrelationships  of  Spectrum  Functions 

Arguments  similar  to  those  used  to  develop  the  interrelationships  between  tne  fundamental 
correlation  functions  can  be  used  to  develop  interrelationships  between  spectrum  functions. 
The  following  development  is  taken  from  Reference  2-30. 
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As  the  three-dimensional  spectrum  functions  are  a second-order  two-point  tensor,  they  inay 
be  described  in  terms  of  scalar  functions  for  isotropy: 


where 


n = ini 


5 = J 1.  i = j 0,  intj 

U I 0.  i j 


Using  the  relationship  between  the  three-dimensional  spectrum  and  the  correlation  function. 


the  continuity  equation 


Rjj(£)=  J 0jj(H)  ein  £dH 


3 0R..-  3 9 Rji  _► 

Ea|f(«)  = E-5|f«,=0 


i=l 


can  be  expressed  in  terms  of  the  three-dimensional  spectrum  function  as 

3 - 3 

£ «i^o)-E  = o 


i=i 


i=l 


This  form  of  the  continuity  equation  provides  the  relationship  between  the  scalar  functions: 

B(S2)  = -fi2  A(ft) 

Using  expression  for  the  three-dimensional  power  spectrum  in  terms  of  the  scalar 
functions 

Vie jj  («)  = Vi  |n2A(fi)  + 3Btn)  ] = B(ft)  = -n2A(n). 

and  the  relationship  between  the  energy  spectrum  and  the  three-dimensional  power 
spectrum  provided  in  Reference  2-30, 

E(H)  = 4jrft20iS(H> 
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a description  for  the  three-dimensional  spectrum  function  is  found  in  terms  of  the  energy 
spectrum: 

£fii(n)=^,(n26ii-fliftj) 

3 4jt£2"  3 3 

This  equation  now  permits  defining  ail  the  isotropic  spectrum  functions  in  terms  of  a single 
scalar  function,  the  energy  spectrum,  and  is  analogous  to  defining  all  correlation  functions 
in  terms  of  a single  fundamental  correlation  function.  In  particular,  the  one-dimensional 
longitudinal  and  transverse  power  spectra  are  given  by  (Ref.  2-30): 


<l>pP02  ,)  = j/ 

^2 1 

*NN<8|)={  / (l+^)lPdf‘ 


Subscripts  P and  N refer  to  directions  parallel  and  normal  to  the  separation  vector,  £ . The 
one-dimensional  power  spectra  may  also  be  written  in  terms  of  each  other: 

1 i d4>pp(ftj) 

*NN(ftl ) = ^PP^P  - 2ft1  dnP 

All  cross  spectra  for  velocity  components  parallel  and  norma!  to  the  separation  vector  are 
zero  in  isotropic  turbulence. 

2.4. 2. 3 Integral  Scale 

As  stated  in  Reference  2-3:  “There  is  an  intuitive  notion  of  the  scale  of  turbulence.  Clearly 
there  are  significant  differences  of  ‘size’  between  the  turbulence  in  the  wing  boundary  layer, 
in  the  wake  of  the  airplane,  and  the  atmosphere  itself.” 

The  parameters  used  to  define  the  scale  of  turbulence  are  the  “integral  scales,”  of  which 
there  are  two  for  isotropic  turbulence.  The  integral  scales  are  the  areas  under  the 
fundamental  correlation  functions' 


LP  = /f(i)d£ 

0 


LN  = / g<*)d* 
0 
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The  implication  of  ihe  integral  scales  is  that  when  the  separation  distance  is  norinali2ed  by 
the  integral  scale,  the  fundamental  correlation  functions  become  universal  functions  for  all 
scales  of  turbulence.  That  is,  the  functions  f(£/Lp)  and  gft/Lj^)  are  not  functions  of  £,  Lp, 
or  L^  alone. 

The  integral  scales  can  also  be  seen  to  represent  the  average  correlation  distance  as  the  lines 
Lp  and  ^ = Lj^j  divide  the  areas  under  the  longitudinal  and  transverse  correlation 
functions  into  equal  parts. 

As  seen  on  Figure  2-23,  the  transverse  correlation  function  crosses  zero.  This  crossover  point 
will  be  proportional  to  the  transverse  integral  scale,  and  the  transverse  integral  scale  can  be 
thought  of  as  a measure  of  the  distance  between  transverse  components  for  zero  correlation. 

If  the  fundamental  correlation  functions  are  expressable  in  terms  of  integral  scales,  then  so 
are  the  spectrum  functions.  The  frequency-dependent  characteristics  of  the  power  speorum 
functions  will  be  inversely  proportional  to  the  integral  scales,  in  particular,  the  peak  to  the 
right  on  Figu.'e  2-1  occurs  at  a frequency  inversely  proportional  to  the  integral  scale,  and  the 
integral  scale  can  be  thought  of  as  a measure  of  the  dominant  eddy  size. 

Just  as  the  fundamental  correlation  functions  are  not  independent,  neither  are  the 
longitudinal  and  transverse  integral  scales.  Integrating  the  relationship  between  the 
correlation  functions. 


from  0 to  oo  yields  the  relationship  between  integral  scales: 


OO 


Lp 

2 


lim  $ f(£)  = 0 

£ -»  oo 


By  convention,  all  isotropic  turbulence  functions  are  defined  in  terms  of  the  longitudinal 
integral  scale.  Although  the  integral  scale  is  a parameter  defined  in  terms  of  isotropic 
functions,  its  use  has  been  extended  to  nonisotropy. 

2.4.2.4  Isotropic  Turbulence  Spectra  Forms 

Specification  of  components  of  turbulence  requires  knowledge  of  the  one-dimensional 
spectra,  as  previously  discussed.  Specification  of  two-  or  three-dimensional  spectra,  the 
energy  spectrum,  or  the  correlation  functions  will  lead  to  the  description  of  the 
one-dimensional  spectra. 


As  the  integral  of  the  one-dimensional  spectra  provides  the  turbulence  variance,  which  is  the 
same  foi  ill  three  components  of  isotropic  turbulence,  the  one-dimensional  .vectra  can  be 
written  as: 


4>(ftj)  = 0“  G(n,) 


where 


oo 

/ G^jdft,  = 1 

— OO 

This  form  separates  out  the  magnitude  of  turbulence,  allowing  it  to  be  independently 
specifiable. 

!f  the  fundamental  correlation  functions  are  universal  when  expressed  in  terms  of  the  ratio 
of  separation  distance  to  the  integral  scale,  a universal  description  of  the  isotropic 
one-dimensional  spectra  can  be  found  to  be 

$02!)  = o2  G(L,  Lftj) 

where  by  convention  the  longitudinal  integral  scale  is  used  in  all  the  one-dimensional 
spectra. 

The  objective  is  to  establish  an  analytic  form  forG(L,  LS2|  ),  the  one-dimensional  :pccira  of 
turbulence  with  unity  root  mean  square  amplitude.  Theory  has  been  able  tc  establish 
asymptotic  forms  for  different  spacial  frequency  ranges. 

At  the  lowest  spacial  freque-'.  >“s,  where  energy  is  being  added  »o  turbulence,  the 
three-dimensional  spectrum  must  be  analytic  and  finite.  Refeienee  2 -3b  states  that  it  has 
been  shown  with  a power  series  expansion  that  these  restrictions  lead  to  a 
proportionality  of  the  energy  spectrum  at  low  frequencies.  That  is. 

lim  E(52)  ~ KS2^  (K  = constant) 

J2  ]-»0 


This  relationship  leads  to  the  one-diniensional  spectra  being  invariant  with  frequency  at  low 
frequencies: 


hm  4>(S2| ) - C (C  = constant) 

n,-o 

For  one-dimensional  power  spectra  equal  to  a constant,  the  ratio  between  the  longitudinal 
and  transverse  power  spectra  must  be  2 as  seen  by  the  relationship  between  these  two 
spectra: 
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♦nN'^PP-!*2! 


d4*pp 

a£2j 


wliere 


*PP=  c*<I,NN=7 

The  constant  variation  of  the  one-dimensional  power  spectra  is  generally  well  accepted. 
References  2-7  and  2-37  reject  proposed  analytic  f_,rms  which  do  not  contain  this  feature. 

In  the  “inertia  subrange”  where  turbulent  energy  is  being  transported  to  higher  frequencies 
without  energy  additions  or  losses,  a variation  of  one-dimensional  spectral  energy  with 
£2*5/3  ilas  5een  derived  by  Kolmogoroff  from  similarity  theory.  This  variation  of  the  energy 
spectrum  also  leads  to  the  same  variation  of  the  one-dimensional  power  spectra.  The  £2*5/3 
variation  has  been  verified  by  numerous  authors.  Perhaps  one  of  the  most  extensive 
verifications  has  been  performed  in  the  LO-LOCAT  study  presented  in  Reference  2-37  from 
which  Figure  2-24  is  taken. 

A £25/3  variation  of  the  one-dimensional  spectra  requires  the  longitudinal  and  transverse 
components  to  be  related  asymptotically  by  the  ratio  of  3/4: 


a - ‘ a 1 o d4>pp 

^NN  " 2^pp‘2“l~d£27 


= C£2 _5/3 


_ *??  . 5 n rn  -8/3  _ ^PP  . 5 A _ 4 A 

"~2~'r6nlCri  -T+6*PP_3*] 


3*pp 


At  very  high  spacial  frequencies,  where  viscous  dissipation  takes  place,  References  2-7  and 
2-36  report  a £2*^  variation  of  the  energy  spectrum  predicted  by  Heisenberg.  Reference  2-7 
states  that  available  data  provide  an  exponential  variation.  The  discrepancy  is  of  no  concern, 
as  the  frequency  of  onset  is  far  beyond  the  highest  of  interest  for  simulation  (Ref.  2-37 
assigns  this  region  to  wavelengths  of  less  than  0.01  foot).  Few  power  spectrum  models  have 
attempted  to  model  t»>is  :cgion. 

In  addition  to  the  low  and  high  frequency  asymptotes,  a frequency  of  transition  from  one 
asymptotic  character  to  the  other  is  needed.  One  technique  is  to  observe  the  value  of  L£2j , 
at  which  the  peak  of  £2|  4>(£2j ) occurs. 

As  an  example,  the  unity  rn.s  one-dimensional  power  spectrum 

G(L,  L£2i)  = 

1 (1  +aL£?.j)5/3 


.\*rfms*v*&*#m/*t*ex*™^*,*i* 


% 

t 

|: 


where  a and  A(L)  are  constants,  satisfies  the  asymptotic  characteristics.  The  constant  A(L) 
is  found  by  requiring  the  rms  to  be  unity: 


'■  / 


ACL) 

(1  + aLft,)$/3 


dftj  = 2 A(L) 


+ dft 

J (1  + aLftj) 


3A 

TJ1  aL 


where 


A 


aL 

3 


Thus, 


, i aL 
<P  = 0~rz- 


3 (1  + aLftj) 


5/3 


The  greatest  density  of  variance  with  frequency  occurs  waen  d(J2j  4>)/dftj  = 0,  or  ftmax 
3/2aL.  The  above  power  spectrum  form  could  then  be  written  in  terms  of  ftmax- 


<t>  = a3 


2 Wmax 


1 + 


ft  i 


15/3 


2ft 


max 


If  this  form  were  accepted  as  that  for  the  longitudinal  spectrum,  the  transverse  spectrum  is 
found  from  the  previously  discussed  relationship, 


4>NN(ft|)  = 


i 

i 


4>pp(ft)  - Sij 


d4>pp(flj) 

dft| 


01 


*NN(nl>  = 


l+^aLftj)  \ 
(1  + aL  ft,)8/3/ 


The  transverse  power  spectrum  also  satisfies  the  asymptotic  requirements,  but  the  maximum 
of  occurs  at  different  frequenc  es  (ft  = -0.244/aL,  2.3/aL).  Hence,  if  the  spectra  are 
written  in  terms  of  the  frequency  where  the  greatest  variance  density  occurs,  two 
parameters  (at  least)  must  be  used  to  replace  the  longitudinal  integral  scale. 

The  form  postulated  must  be  rejected  on  the  basis  that  it  does  not  provide  power  spectra 
that  are  even  functions,  <fr(ft)  £<fr(*ft). 
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A much  more  satisfying  form  has  been  developed  by  Von  Karman,  who  fitted  the  energy 
spectrum  with  the  equation: 


E(Jl)  = 


A02(fi/no)4 


[l  + (SI/SIq)2 


17/6 


The  one-dimensional  power  spectra  and  the  corresponding  fundamental  correlation 
functions  that  result  are  shown  on  Figure  2-25.  That  the  Von  Karman  spectra  satisfy  the 
asymptotic  requirement  for  the  one-dimensional  spectra  is  shown  on  Figure  2-26.  The 
relationship  between  the  longitudinal  integral  scale  and  the  dominant  frequencies  is  shown 
on  Figure  2-27,  where  dominant  frequencies  refer  to  those  having  the  greatest  contributions 
to  total  kinetic  energy  or  variance.  Finahy,  the  fundamental  correlation  functions,  found 
from  the  inverse  Fourier  integrals  of  the  one-dimensional  power  spectra,  are  plotted  on 
Figure  2-28. 

Reference  2-37  attributes  an  alternate  form  for  the  longitudinal  spectrum  to  Luinisy  and 
Panofsky: 

*PP  ° I + (B ft)5/3 

This  form,  although  meeting  asymptotic  requirements,  does  not  provide  symmetry  about 
12  = 0 and  should  at  least  be  modified  as  follows: 


*pp  = 


= a~ 


! + [(Bfi)2|5/6 


The  primary  difference  between  ihis  form  and  the  Von  Karman  form  are  found  in  the 
intermediate  frequencies,  but  these  differences  are  small.  The  same  form  has  been  attributed 
to  Busch  and  Panofsky  for  the  transverse  spectrum  by  Reference  2-38.  However,  using  the 
same  form  does  not  satisfy  the  interrelationships  between  the  longitudinal  and  the 
transverse  isotropic  spectra. 

Another  form  presented  in  References  2-7  and  2-38  and  attributed  to  Inoue  is  given  by: 

*PP 


-U2\(  <n/no>  \ 
^(|1+m,V]4,7 


Although  the  fl'5/3  asymptotic  is  satisfied,  the  spectrum  goes  to  zero  at  zero  spacial 
frequency  and  has  a maximum  at  J2q  - (4/7)f2g.  Due  to  the  last  characteristic,  this  form  has 
been  discounted  by  both  References  2-7  and  2-38. 

A different  approach  to  spectra  modeling  begins  with  fitting  a fundamental  correlation 
function  with  an  equation,  then  by  deriving  all  the  spectra  from  that  equation.  The  most 
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Von  Karmen 
(From  ref.  2-3) 

Longitudinal  correlation  function: 

•*  - &fe),/3  a) 

Transverse  correlaticn  functions: 


Dryden 

(From  ref.  2-7) 
f (£)  - e "*/L 


al{1..-&L[,4] 


Longitudinal  one-dimensional  power  spectrum: 


f n.Ln',1^ 


Transverse  one-dimensional  power  spectrum: 

a „o2L  1 + 8/3{aLni)2 
*NN  JT 


Energy  spectrum: 


E(£l) 


.55  02L 
9/r 


(aLfl)4 

[l  ♦ (aLfl)2]  17'6 


4>bp  = °?k  , 1 

[T+(|..Q1)2] 
°2l  1 +3(L^21>2 

K~sr  [TTTLnft-? 
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widely  used  spectrum  models  that  result  from  this  approach  are  the  Dryden  spectra.  The 
longitudinal  correlation  function  is  assumed  to  have  an  exponential  form  given  by: 

«t)  = e-tfL 

Reference  2-7  argues  that  this  form  “is  physically  seriously  unrealistic  in  tha.  the  curvature 
at  the  origin  is  infinite,  and  it  almost  surely  decreases  too  rapidly  at  infinity;  however,  it 
crudely  resembles  at  least  some  data, . . . 

The  one-dimensional  power  spectra  and  the  energy  spectrum  equations  for  the  Dryden 
formulation  are  presented  on  Figure  2-25.  As  can  be  seen,  they  provide  a considerable 
simplification  in  form  over  the  Von  Karman  forms. 

The  Dryden  one-dimensional  power  spectra  are  seen  to  satisfy  the  low  frequency  asymptotic 
on  Figure  2-26  with  the  same  aptitude  as  the  Von  Karman  spectra.  The  Dryden  spectra  have 
a greater  bandwidth  than  the  Von  Karman  spectra,  exceed  the  Von  Karman  spectra  at 
intermediate  values,  and  are  progressively  lower  at  increasing  high  frequencies.  As  is  seen  on 
Figure  2-27,  the  dominant  frequencies  for  the  Dryden  spectra  are  greater  than  those  for  the 
Von  Karman  spectra. 

Although  the  Von  Karman  and  Dryden  spectra  are  defined  in  terms  of  the  longitudinal 
integral  scale,  the  longitudinal  integral  scales  do  not  have  the  same  values  as  the  fundamental 
correlation  functions  because  .lie  two  forms  are  not  identical,  as  shown  on  Figure  2-28.  The 
Dryden  u;odel  provides  higher  correlations  at  small  spacial  separations  and  lower 
correlations  at  high  separations.  The  Dryden  model  provides  uncorrelated  parallel  transverse 
turbulence  components  at  a separation  d:  ‘ance  equal  to  four  times  the  transverse  integral 
scale  (twice  the  longitudinal  integral  scale).  The  corresponding  separation  distance  for  the 
Von  Karman  model  is  about  five  times  the  transverse  integral  scale. 

O'her  authors  have  also  postulated  models  having  the  same  asymptotic  characteristics  as  the 
Dryden  model.  A longitudinal  spectrum  presented  in  Reference  2-38  attributed  to  Zbrozek 
has  a form  identical  to  the  Dryden  model.  Reference  2-38  also  presents  an  early  longitudinal 
spectrum  attributed  to  Panofsky  and  a transverse  spectrum  attributed  to  Pritchard  having 
identical  forms: 


( l + Bft)2 

This  form  lacks  symmetry  about  SI  = 0.  The  same  form  in  Reference  2-37  is  said  to  be 
recommended  by  Lappe  for  both  the  longitudinal  and  transverse  spectra,  although  using  the 
same  form  for  both  spectra  does  not  satisfy  the  interrelationship  between  isotropic  spectra. 

An  empirical  form  presented  in  Reference  2-39  for  low  altitude  horizontal  spectra  is: 


u*0Ai8ih 

r.,5/3rj 

1 + 1.5(Bjhn,  > ^ 
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This  form  generalizes  several  other  forms,  including  the  Von  Karman  for  the  longitudinal 
spectrum  (ru  = 2).  Reference  2-40  used  this  form  with  ru  = ry  = 1 , rw  = 5/3.  Although  the 
resulting  spectra  lack  symmetry  about  ft  = 0 and  fail  to  provide  complete  isotropy  at  high 
altitudes,  the  differences  between  the  spectra  shapes  in  Reference  2-39  and  those  of  the  Von 
Karman  forms  appear  at  low  frequencies  when  data  scatter  is  large. 

A comparison  between  the  ft*^  asymptote  as  represented  by  the  Dryden  model  and  the 
ft* 5/3  asymptote  as  measured  by  the  Von  Karman  model  was  made,  using  measured  data,  in 
Reference  2-37  and  is  shown  on  Figure  2-29.  The  Von  Karman  model  is  seen  to  be  clearly 
superior.  Additional  comparisons  between  specific  models  were  performed  in  the  same 
reference  and  are  shown  on  Figure  2-30.  Comparisons  are  between  the  Von  Karman  and 
Lumley-Panofsky  forms,  having  ft‘^/3  asymptotes,  and  the  Dryden  and  Lappe  forms,  having 
ft*2  asymptotes.  Again,  it  must  be  concluded  that  the  ft*$/3  asymptote  is  superior. 

2.4.3  Low  Altitude  Turbulence 

Thus  far,  the  development  of  turbulence  description  has  been  oriented  to  the  definition  of 
isotropic  turbulence.  However,  there  is  overwhelming  evidence  that  low  altitude  turbulence 
is  nonisotropic.  Specifically: 

1)  The  average  functions  describing  the  field  of  turbulence  are  not  invariant  with 
rotations  of  the  turbulence  axis  system.  That  is,  the  variances  of  turbulence 
components  are  not  necessarily  equal,  and  the  longitudinal  and  transverse  integral 
scales  may  vary  with  orientation. 

2)  Low  altitude  turbulence  exhibits  a lack  of  homogeneity  wuh  altitude.  That  is,  the 
turbulence  components  and  the  integral  scales  tend  to  vary  with  altitude. 

3)  A non-zero  correlation  has  been  found  to  exist  between  turbulence  in  tiie 
direction  of  the  mean  wind  and  turbulence  in  the  vertical  direction.  Isotropic 
turbulence  requires  zero  con  elation  between  orthogonal  components. 

The  evidence  of  a nonisonopic  character  of  low  altitude  turbulence  at  first  suggests  that  the 
theory  developed  for  the  special  case  of  isotropy  be  abandoned  and  more  general  theory 
developed  instead.  Reference  2-30  provides  some  of  the  required  fundamental  relationships. 
For  the  next  most  levtrictive  case,  that  for  invariance  for  rotation  about  an  axis 
(axisymmetry),  the  correlation  functions  are  defined  in  terms  of  five  scalar  functions  as 
opposed  to  two  for  isotropy.  TV  most  general  case  of  no  symmetry  requires  that  the 
correlation  functions  be  define  1 ir.  terms  of  31  scalar  functions.  The  different  scalar 
functions  must  still  be  interrelated  by  th?  continuity  equations,  which  are  much  more 
numerous  and  complex  for  nonisotropic  conditions. 

For  nonisotropic  conditions,  a concept  as  simple  as  the  fundamental  correlation  functions  is 
probably  not  possible,  and  the  isotropic  one-dimensional  power  spectra  derived  from  this 
concept  are  not  applicable. 

The  great  complexity  of  the  nonisotropic  case  has  prevented  solutions  comparable  to  those 
for  the  isotropic  case.  There  is,  however,  considerable  evidence  that  limited  conditions  of 
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isotropy  exist  for  low  altitudes.  This  evidence  has  been  used  to  rationalize  adaptations  of 
isotropic  models  for  low  altitude  turbulence.  This  is  fortunate,  for  as  stated  in  Reference 
2-41:  . . there  would  seem  to  be  no  recourse,  in  the  present  state  of  the  subject,  but  to 

use  the  isotropic  model  of  the  one-dimensional  power  spectra  for  the  low  level  case  as  well 
as  for  high  altitudes.  The  complexity  of  the  problem  is  even  then  quite  sufficient.” 

The  majority  of  statistical  data  available  for  low  altitude  turbulence  are  for  a turbulence  axis 
system  aligned  to  the  mean  wind.  Rather  than  having  longitudinal  and  transverse  turbulence 
components,  with  no  preferred  orientation  of  the  transverse  components,  a specific 
orientation  of  the  low  altitude  turbulence  axis  system  is  employed,  as  shown  on 
Figure  2-3 ! . 


r r + f 


u,  v,  and  w are  components  of  turbulence  along  x,  y,  and  z axes. 

x axis;  spacial  separation  vector,  £,and  mean  wind  vector,  Vyy  are  aligned  on  x-y  plane  parallel  to  earth. 
. downward  normal  to  earth. 


FIGURE  2-31. -AXIS  SYSTEM  FOR  LOW  ALTITUDE  TURBULENCE 


2.4.3. 1 Conditions  of  Limited  Isotropy 

The  form  of  the  correlation  function  for  axisymmetric  turbulence  (invariance  of  turbulence 
for  rotations  in  the  plane  parallel  to  the  earth,  also  called  “horizontal  isotropy”)  from 
Reference  2-30  leads  to  a single  non-zero  correlation  function  between  the  u and  w 
turbulence  components  measured  at  the  same  point  for  the  system  shown  on  Figure  2-31. 


202 


Reference  2-7  reports  that:  “Attempts  to  find  non-zero  cospectra  between  different  velocity 
components  recorded  at  the  same  points  on  the  surface  layers  have  been  successful  only  for 
the  longitudinal  and  vertical  components.”  Disagreement  with  this  statement  has  not  been 
found  in  any  of  the  other  literature. 


Isotropy  in  the  horizontal  plane  is  not  assured  by  the  existence  of  only  the  single 
cross-correlation  function;  the  variance  of  turbulence  components  in  the  plane  must  be 
found  to  be  equal  (ou^  --  ov^)  and  the  integral  scales  must  obey  the  isotropic  relationship 
(Lu=  2LV).  Reference  2-41  implies  that  these  conditions  are  met:  “If  the  terrain  is 
homogeneous  and  isotropic,  then  the-  turbulence  will  be  closely  uxisymmetric  . . . 
Acceptance  of  this  conclusion  shall  not  be  immediately  made,  but  shall  be  dependent  upon 
examination  of  the  data  for  variances  and  integral  scales. 


Reference  2-7  argues  that  at  sufficiently  high  spacial  frequencies,  the  turbulence  is 
completely  irotiopic.  The  implication  is  that  the  cross  spectrum  exists  only  at  the  low 
spacial  frequencies  and  falls  off  more  rapidly  with  increasing  frequency  than  do  the  power 
spectra.  Isotropy  at  high  spacial  frequencies  leads  to  the  “hypothesis  of  local  isotropy” 
presented  in  Reference  2-7:  “Small  eddies  may  have  considerable  ei  ergy  but  do  not 
contribute  to  the  correlation  between  u and  w.”  Specifically,  the  region  ot  .’  vca!  ir.otropy  is 
given  to  be  in  the  inertial  subrange. 


2.4.3. 2 Low  Altitude  Power  Spectra 


The  constant  low  frequency  asymptote  of  the  power  spectra  is  not  dependent  upon 
isotropy.  Even  if  the  fi‘5/3  asymptote  in  the  inertial  subrange  were  dependent  upon 
isotropy,  there  would  be  no  change  of  that  asymptote  if  isotropy  exists  3t  high  spacial 
frequencies.  Hence,  low  altitude  turbulence  could  be  expected  to  have  the  same  asymptotic 
character.  Whether  or  not  the  curve-fitting  equation  that  results  in  the  isotropic  spectra 
shape  is  the  same  for  low  altitudes  is  a matter  of  conjecture,  for  even  the  spectra  shapes  for 
isotropy  are  not  known  with  vertainty.  The  assumption  that  the  shapes  of  the  spectra  for 
low  and  high  altitudes  are  the  same  (with  frequency  suitably  normalized)  is  probably  as 
good  as  any  other. 


With  the  orientations  of  axis  defined  on  Figurv  2-31.  the  longitudinal  power  spectrum 
becomes  the  u power  spectrum  (<l>u),  and  the  transverse  power  spectrum  becomes  the  v and 


spectra,  respectively. 

Adaptation  of  the  concept  of  integral  scales  for  low  altitude  turbulence  is  much  more 
troublesome  as  the  concept  is  defined  in  terms  of  the  fundamental  correlation  functions, 
which  no  longer  apply  at  low  altitudes,  at  least  not  forai;  ',‘iree  turbulence  components.  A 
reference  spacial  frequency  could  be  used  to  noimalize  spaeia'i  frequency  (i.e.,ftj/fi]  RPp) 
instead  and  is  recommended  by  some  authors.  Alternately,  the  integral  scales  could  oe 
redefined  to  mean  the  art  -»  under  the  normalized  autocorrelation  functions,  even  though  the 
autocorrelation  functions  may  not  all  be  uncorrelated.  The  integral  scales  are  perhaps 


preferred,  as  they  provide  better  physical  interpretation  of  the  eddy  sizes  and  a means  for 
normalizing  the  autocorrelation  arguments.  Integral  scales  determined  from  the  autocorrela- 
tion are  determined  independent  of  the  spectra  forms. 

There  is  an  alternate  procedure  used  for  defining  integral  scales  when  specific  spectra  forms 
are  presumed.  The  scale  lengths  are  defined  to  be  simpiy  those  which  enable  the  presumed 
spectra  to  fit  the  data.  In  isotropic  turbulence,  if  the  spectra  forms  are  valid,  determining 
integral  scales  from  correlation  functions  and  from  the  spectra  forms  should  provide  the 
same  answers,  except  that  the  practice  for  the  latter  technique  is  to  simply  replace  the 
longitudinal  integral  scale  in  the  transverse  spectrum  with  Ly  and  Lw.  In  isotropic 
turbulence,  Ly  and  Lw  would  be  twice  the  area  under  the  transverse  correlation  function. 
That  is,  transverse  integral  scales  are  substituted  for  the  isotropic  longitudinal  integral  scale. 


As  an  example,  the  Von  Karman  isotropic  spectra  from  Figure  2-25  would  be  adapted  for 
low  altitudes  as  follows: 
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When  applying  isotropic  spectra  to  low  altitudes,  the  significant  matters  are  *o  use  integral 
scales  in  the  manner  for  which  their  values  are  defined  and  to  remember  ti.ai  the  variances 
and  integral  scales  are  generally  defined  for  the  spectra  oriented  to  the  mean  wind. 

Th«*  condition  of  local  isotropy  leads  to  an  interrelationship  of  the  variances  and  integral  scales. 
Reference  2-7  argues  that  the  nonisotropy  of  low  altitude  turbulence  occurs  only  for  large 
eddies.  Then,  the  flj*5'3  asymptote  holds  for  low  altitude  turbulence,  and  turbulence  is 
isotropic  at  lea^t  above  some  frequency  in  the  inertial  subrange,  requiring  that  the  v and 
w spectra  be  greater  than  the  u spectrum  by  the  ratio  of  4/3.  Equal  variances  and  the  two- 
to-one  integral  scale  relationships  that  hold  for  isotropic  turbulence  cannot  be  expected  to 
hold  as  isotropy  at  all  frequencies  is  required.  However,  using  the  interrelationship  between 
isotropic  one-dimensional  spectra,  the  following  asymptotic  ratios  between  spectra  should 
hold: 
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where  the  isotropic  form  for  the  transverse  spectra  has  been  adapted  for  low  altitude  <LV  and 
4»w  by  replacing  Lpp  with  Lv  and  Lw,  respectively.  These  relationships  are  the  same  as 
those  provided  for  the  low  altitude  turbulence  model  in  Reference  2-42. 

2.4.3.3  Low  Altitude  Cross  Spectrum 

A non-zero  cross  spectrum  has  been  said  to  exist  at  low  altitudes  only  between  the  u and  w 
components  at  low  frequencies.  Reference  2-7  defines  an  “isotropic  limit”  which  defines  the 
maximum  spacial  frequency  at  which  the  cross  spectrum  is  significant,  although  the  level  of 
significance  is  not  specified. 

The  frequency  for  the  isotropic  limit  is  said  to  be  inversely  proportional  to  altitude,  based 
on  studies  by  Corsin  and  Priestly.  In  fact.  Priestly  is  said  to  define  a wavelength  of  1 .7  times 
the  height  as  the  maximum  where  the  cross  spectrum  is  significant. 

Reference  2-7  argues  that  empirical  data  and  similarity  theory  suggest  a form  for  the  real 
part  (amplitude  relationship)  of  the  u-w  cross  spectrum  given  by: 

9 hco  , h\ 

°^uw<w>  = u*  F\V^,  8/ 

Where  F is  a universal  function  and  w is  frequency  in  rad/sec.  The  square  of  friction  velocity 
(equal  to  the  ratio  of  shear  stress  to  density)  is  identically  the  covariance.  Hence,  the 
universal  function  F must  satisfy  the  relationship 
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Reference  2-7  also  combines  the  two  parameters  of  F to  provide  an  alternate  form : 
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where  G is  an  alternate  universal  function.  Expanding  G about  zero  argument  (infinite 
frequency,  where  G must  be  zero)  with  a first  order  Taylor  series  gives: 


^uw^) ' 
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where  A is  a positive  constant. 


At  infinite  frequency,  the  cospectrum  is  zero,  agreeing  with  local  isotropy.  The  positive 
correlation  (for  the  axis  system  defined),  or  the  correlation  of  downwind  turbulence  with 
turbulence  moving  vertically  downward,  is  explained  in  Reference  2-7  as  follows:  . the 

wind  in  the  surface  layer  increases  upward  so  that  downward  moving  air  tends  to  have  large 
velocity  components  in  the  direction  of  the  mean  wind,  no  matter  how  large  the  eddies  that 
produce  the  vertical  exchange.” 

The  first  order  Taylor  series  can  be  expected  to  be  accurate  only  at  high  frequencies.  At 
these  irequencies,  the  u and  w power  spectra  differ  only  by  a constant,  and  the  high 
frequency  cospcctrum  equation  can  be  written  as: 

*uw(u)  = A'+wi  ^ 

Generally  speaking,  it  would  be  expected  that  this  would  hold  only  for 

i l!w«, 

<*>  dh  ’ 

but  Reference  2-7  provides  data  presented  in  Figure  2-32  showing  good  agreement  up  to 
(1/cj)  tdVyy/dh)  = 2,  with  the  constant  A'  = 1/2. 
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FIGURE  2-32.  - CROSS  SPECTRUM  TO  VERTICAL  POWER  SPECTRUM  RATIO, 
EFFECT  OF  WIND  SHEAR  (FROM  REF.  2-7) 


simply  an  error.  The  term  L is  not  defined.  A representative  value  of  the  constant  7q  is  given 
as  0.5.  The  formulation  is  interesting  in  that  it  does  provide  a constant  low  frequency 
asymptote  and  a break  frequency  dependent  on  spacial  frequency,  in  line  with  the 
“isotropic  limit”  concept. 

A third  formulation  of  the  cospectrum  is  found  in  Reference  2-34: 


where  a is  a constant. 

This  formulation  provides  the  same  high  frequency  varia'ion  as  for  the  power  spectra 
recommended  in  the  same  reference,  in  contrast  with  the  preceding  formulations.  If  the 
constant  a were  equal  to  2LW/V^y,  the  expression  in  terms  of  the  w power  spectra  would  be: 

<*>uw^w)  ~ y *w 
W 

where  B is  a constant. 

That  is,  the  cospectrum  would  differ  from  the  w power  spectrum  only  by  a constant  at  a 
given  speed. 

In  general,  the  cross  spectrum  should  also  contain  phase  information  as  well  as  amplitude 
information.  That  is,  it  should  have  an  imaginary  part,  called  the  “quadrature  spectrum.” 
Even  less  is  known  about  the  quadrature  spectrum,  but  its  magnitude  and  effects  are 
generally  considered  to  be  negligible. 


207 


' fcMfer**"  - ~ ~~  - 


I 


2.4.4  Magnitude  of  Turbulence 

In  the  evaluation  of  the  stability  and  control  requirements  of  an  aircraft  flying  through  a 
turbulent  atmosphere,  the  magnitude  of  the  random  wind  fluctuations  and  the  associated 
spectral  compositions  are  of  foremost  concern.  The  mean  square  values  of  the  three  wind 
components  are  a measure  of  the  magnitude  of  the  wind  fluctuations  and  represent  the 
kinetic  energy  in  the  turbulence.  The  corresponding  three  power  spectra  describe  the 
frequency  distributions  of  this  energy,  but  these  will  not  be  discussed  in  this  section. 
However,  Reference  2-7  states  in  the  discussion  of  the  magnitude  of  turbulent  fluctuations 
that  in  order  to  conduct  experimental  observations  and  the  associated  analysis  in  a 
meaningful  manner,  it  was  necessary  to  assume  at  least  a qualitative  description  of  the 
spectra. 

In  the  formulation  of  a turbulence  model,  it  is  necessary  to  establish  the  mean  square  value 
of  each  of  the  three  wind  components  in  a statistical  sense,  and  to  relate  these  statistics  to 
easily  measured  parameters  such  as: 

• Atmospheric  stability 

• Wind  shear  (or  wind  speed  at  a given  height) 

• Ground  roughness 

• Height  above  ground 

Although  the  three  fluctuating  velocity  components  have  different  characteristics,  it  is 
convenient  to  begin  the  study  of  the  magnitude  of  turbulent  fluctuations  by  considering  the 
properties  of  the  total  kinetic  energy  in  turbulence. 

2.4.4. 1 Kinetic  Energy  in  Turbulence  Near  the  Ground 

The  following  discussion  relies  heavily  on  the  work  reported  in  Reference  2-7.  The  balance 
of  the  kinetic  energy  for  horizontally  homogeneous  turbulence  in  equilibrium  is  best 
described  by  the  energy  equation,  which  is  given  by  Reference  2-7  as 


„ 7 dVW  , gH  _ dew  dwP lf>0  . . 

U*  dh  CpPT  3h  + dh 

where  the  bars  denote  averages  and 

jj—  production  of  mechanical  energy  through  wind  shear 


, »VW 


cj& 

dew 

dh 


production  of  convective  energy  through  heating 
loss  of  energy  through  kinetic  energy  transport 
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3wP Ipq 

— “ — loss  of  energy  through  pressure  transport 

6 local  dissipation  of  energy 

According  to  Reference  2-7,  the  local  rate  of  change  of  kinetic  energy  and  the  advection  of 
energy  over  reasonably  homogeneous  terrain  in  several  hours  is  two  orders  of  magnitude  less 
than  the  larger  terms  in  the  energy  equation,  except  during  periods  of  transition  of  the 
turbulent  regime.  In  view  of  this,  the  assumption  of  equilibrium  is  justified. 

In  the  neutrally  stable  atmosphere,  the  term 

2 avw  u*3 
u*“  3h  ~ kh 


and  since 


the  production  of  mechanical  energy  is  given  by 


u* 


2 


avw 

ah 


where  is  the  mean  wind  velocity  at  the  height  h,  k is  the  Von  Karman  constant 
approximately  equal  to  0.4,  and  zq  is  the  small  scale  ground  roughness  length,  which  is  small 
compared  to  h so  that  h ■»  Zq  * h.  Thus,  in  neutral  air  the  production  of  mechanical  energy 
is  proportional  to  the  cube  of  the  wind  speed,  inversely  proportional  to  height,  and  increases 
with  increasing  surface  roughness. 

In  an  unstable  atmosphere  the  term  producing  mechanical  energy  is  given  by 

2 Ww  u,3 

u*  an  “s  kh 


where  s is  found  from 


Since  S'  is  negative  in  unstable  air  it  can  be  shown  that  s will  decrease  from  its  value  of . nity 
at  low  levels  toward  smaller  values  with  increasing  height.  Thus,  the  production  of 
mechanical  energy  will  decrease  even  more  rapidly  with  height  in  unstable  air  than  in 
neutral  air. 
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Reference  2-7  assumes  that  the  heat  flux,  H,  varies  little  with  height  near  the  ground  except 
when  the  heat  flux  is  small.  However,  in  the  latter  case,  the  convective  energy  may  be 
neglected  provided  that  the  wind  is  sufficiently  strong.  Therefore,  an  assumption  of 
invariance  of  the  term  gH/CpPT  with  height  near  the  ground,  producing  convective  energy, 
is  essentially  valid,  except  for  conditions  of  near  neutral  atmospheric  stability  combined 
with  light  wind.  The  determination  of  this  term  directly,  which  involves  the  measurement  of 
the  heat  flux,  H,  is  not  very  practical.  Reference  2-7  describes  a method  where  an 
approximate  vjjlue_  may  be  obtained  by  multiplying  the  term  for  mechanical  energy 
production,  u<t“(3V^/8h),  by  Richardson’s  number,  Rj.  From  the  definition  of  Rj  it  is 
possible  to  write  the  following  expression 


p- 


gH/CpPT  = -(kH/kM,RjU*2  (dVw/dh) 

where  (kj^/k^)  is  the  ratio  between  the  turbulent  transport  coefficients  for  heat  and 
mechanical  energy,  respectively. 

Close  to  the  ground  the  mechanical  energy  term  is  usually  much  larger  than  the  convective 
energy  term.  Higher  up  the  two  contributions  can  become  of  the  same  order  of  magnitude, 
particularly  in  light  wind  conditions. 

Reference  2-7  lists  four  methods  used  to  estimate  the  energy  dissipation  term  e.  Close  to  the 
ground  all  the  terms  in  the  energy  equation  can  be  neglected  except  tile  term  representing 
the  production  of  mechanical  energy  and  the  energy  dissipation  term,  giving  the  following 
relationship 


e *u 


-> 

* 


dVW 

dh 


The  energy  dissipation  may  be  determined  by  integrating  the  turbulence  spectrum  over  the 
dissipation  range.  By  determining  the  correlation  function  of  a turbulence  component  for 
small  separations  corresponding  to  the  inertial  subrange,  the  energy  dissipation  may  be 
determined  from  the  following  relation 

Rxx(x)  = Ac2/3x2/3 


In  the  same  manner,  the  spectrum  in  the  inertial  subrange  may  also  be  used  to  determine 
6 from 


0xx(k)  = ae2/3K’5/3 


where  K is  the  wave  number. 

Finally,  the  energy  dissipation  may  be  obtained  by  measuring  the  time  after  which  the  size 
of  a diffusing  cluster  becomes  proportional  to  the  cube  of  the  elapsed  time.  The  following 
expression  for  the  time  at  which  the  diffusion  law  changes  from  a square  law  to  a cube  law 
has  been  suggested 

t * y02/V2/3 
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where  yQ  is  the  initial  size  of  the  cluster.  Combined  estimates  using  various  methods  show 
that  the  energy  dissipation  decreases  rapidly  with  height  except  for  large  values  in 
convective  clouds  (Fig.  2-33). 


Height,  m 


‘For  details,  see  original  paper.  Large  cross  in  lower 
right  gives  dissipation  calculated  for  strong  convection. 

FIGURE 2-33-  VARIA TION  OF  ENERGY  DISSIPA TION  WITH  HEIGHT, 
ACCORDING  TO  BALL  (1961)*  (FROM  REF.  2-7 ) 


According  to  Reference  2-7,  the  measurements  of  the  pressure  spectra  show  little  energy  in 
the  small  scale  meteorological  range.  Thus,  the  tetni  3(wP/Pq)/3Ii  is  normally  neglected  near 
the  ground. 

Reference  2-7  reports  that  early  attempts  at  estimating  the  various  terms  in  the  energy 
equation  close  to  the  ground  indicated  that  the  divergence  of  energy  flux.  3ew/3h,  was 
small.  However,  at  higher  levels  this  divergence  may  be  significant.  Several  investigators,  as 
reported  in  Reference  2-7,  presume  that  more  energy  is  produced  at  low  levels  than  is  being 
dissipated  locally  and  thus  there  is  a net  energy  flux  upwards,  this  energy  being  dissipated  at 
higher  levels.  Cross-spectral  analysis  has  revealed  that  only  the  low-frequency  components  of 
the  vertical  wind  fluctuations  contributed  to  the  energy  flux.  This  indicates  that  the  flux  is 
produced  by  the  larger  eddies  which  are  prevalent  in  ihermal  turbulence.  Thus,  it  may  be 
concluded  that  the  energy  flux  divergence  is  only  significant  unde;  unstable  atmospheric 
conditions.  Table  2-2,  reproduced  from  Reference  2-7,  shows  that  the  flux  divergence  ma> 
be  a significant  part  of  the  energy  balance.  The  table  also  suggests  that  the  rate  of  energy 
production  by  heating  is  approximately  balanced  by  the  energy  flux  divergence,  and 
therefore  the  production  of  mechanical  energy  is  balanced  by  the  local  dissipation,  even  in 
unstable  atmospheric  conditions. 

!t  is  reasonable  to  assume  that  turbulence  will  be  strong  where  the  rate  of  production  of 
kinetic  energy  is  large.  Thus,  horizontal  and  vertical  wind  shears  and  atmospheric  instability 
will  contribute  significantly  to  the  level  of  turbulence.  Restricting  considerations  to  the 
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TABLE  2-2.-ENERGY3  BUDGET  BETWEEN  11 M AND  125  M AT  BROOKHAVEN,  NEW  YORK 


Richardson's 

number 

..  2dv 

gH 

C^Pi 

Net 

oroduction 

Flux 

divergence 

Dissipation 

Net  loss 

-.03 

211 

14 

225 

-24 

360 

336 

-.12 

291 

3 

294 

50 

188 

238 

-.60 

123 

62 

185 

79 

102 

181 

-.33 

177 

62 

239 

119 

185 

304 

-.52 

145 

96 

241 

106 

147 

253 

-.53 

43 

26 

69 

29 

87 

116 

-.46 

280 

129 

409 

108 

.03 

612 

-IS 

593 

37 

.04 

290 

-12 

278 

15 

aAII  entries  in  ergs  gm'1  sec-^  (from  Ref.  7) 


atmospheric  la.yer  extending  from  the  surface  to  1000  feet  above  the  ground,  it  may  be 
concluded  that  strong  turbulence  is  likely  to  occur  in  the  following  areas: 

• Over  rough  terrain  and  in  the  lee  of  large  physical  obstructions,  i.e.,  mountains, 
hills,  buildings,  trees,  etc.,  where  large  wind  shears  may  be  present. 

• In  and  near  convective  clouds  and  dry  thermals  where  buoyancy  effects 
predominate. 

The  energy  production  by  wind  shear  mainly  adds  directly  to  the  longitudinal  turbulence 
component,  which  through  redistributing  action  feeds  energy  into  the  lateral  and  vertical 
turbulence  components.  In  an  unstable  and  a neutrally  stable  atmosphere,  the  turbulence 
level  increases  until  the  mechanical  energy  production  is  balanced  by  dissipation.  In  a stable 
atmosphere  the  mechanical  energy  production  is  balanced  by  the  combined  actions  of 
dissipation  and  negative  buoyancy.  Thus,  for  a giver,  wind  level  increasing  atmospheric 
stability  will  tend  to  reduce  the  turbulence  level. 

With  increasing  atmospheric  instability  and  increasing  height  from  the  ground,  turbulence 
due  to  wind  shear  decreases  untii  at  some  height  the  turbulence  will  become  driven  entirely 
by  free  convection.  However,  even  under  strongly  unstable  atmospheric  conditions,  there 
will  always  exist  in  shear  flow  a layer  close  to  the  ground  where  the  mechanical  energy 
production  predominates. 

The  total  kinetic  energy  in  turbulence  is  a function  of  wind  shear,  temperature  lapse  rate, 
height  above  ground,  and  large  and  small  scale  terrain  roughness.  Similarly,  theory  predicts 
that  the  total  kinetic  energy  of  turbulence  near  the  ground  has  the  following  func- 
tional form 


where  f(h/£')  is  a universal  function.  Under  neutral  atmospheric  conditions,  the  preceding 
equation  reduces  to 


where  V^y  is  the  mean  wind  speed  at  the  height  h.  Therefore,  for  a given  location  the  kinetic 
energy  will  be  proportional  to  the  square  of  the  wind  speed  at  a given  height.  Figures  2-34 
and  2-35,  from  Reference  2-7,  show  that  this  conclusion  is  confirmed  by  observations. 
Figure  2-34  contains  observations  in  unstable  air  and  indicates  that  any  effect  of 
atmospheric  stability  is  indiscernible  over  relatively  rough  terrain.  However,  Figure  2-35 
clearly  shows  that  over  smooth  terrain  there  is  a marked  increase  in  the  turbulence  level 
with  decreasing  atmospheric  stability.  The  effect  of  increasing  atmospheric  instability  is  to 
increase  the  production  of  convective  energy,  which  decreases  the  wind  shear  and  therewith 
the  production  of  mechanical  energy.  Over  relatively  rough  terrain,  the  turbulence  due  to 
wind  shear  predominates,  and  the  convective  energy  is  not  a significant  part  of  the  energy 
balance;  an  increase  in  the  convective  energy  may  be  offset  by  the  resulting  decrease  in  the 
energy  produced  by  wind  shear.  Over  smooth  terrain  the  convective  energy  is  a more 
significant  part  of  the  energy  balance,  and  the  level  of  turbulence  is  therefore  more  sensitive 
to  changes  in  atmospheric  stability. 

Reference  2-7  concludes  that  the  variation  of  kinetic  energy  with  small  scale  roughness,  as 
suggested  by  the  preceding  equation,  is  in  disagreement  with  experimental  observations.  It 
has  been  shown  that  for  a given  wind  level  there  is  stronger  turbulence  over  rough  terrain 
(Fig.  2-34)  than  over  smooth  terrain  (Fig.  2-35),  but  the  difference  is  not  as  great  as  would 
be  expected  trom  the  respective  small  scale  roughness  lengths.  This  is  demonstrated  by  the 
best-fit  expressions  for  the  energy  under  neutral  atmospheric  conditions  for  two  roughness 
lengths,  as  reproduced  from  Reference  2-7: 

Forzg  = 100  cm: 

e = 0.78Vw2/(,„(-|)]2 

For  zq  = 0.7  cm: 

e=  1.36Vw2/fln(A-)]2 

where  V^y  is  the  mean  wind  speed  at  the  height  h.  The  roughness  length,  zq,  is  primarily  a 
measure  of  the  vertical  dimensions  of  the  small  scale  surface  features,  However,  the  surface 
is  characterized  by  irregularities  of  all  sizes,  and  it  is  reasonable  to  assume  that  the  total 
kinetic  energy  is  a function  of  all  of  these.  Reference  2-7  suggests  that  the  properties  of  the 
vertical  component  of  the  turbulent  velocity  fluctuations  are  primarily  related  to  the 
vertical  small  scale  roughness  characteristics,  while  the  longitudinal  and  lateral  components 
are  also  influenced  by  the  presence  of  large  obstructions,  i.e„  mountains,  hills,  buildings, 


8 


Kinetic  energy, 

2 -2 
m sec 


1 1 

Radiation  classes 
▼0-0.2  ly/min 
xO.3-0.9  ly/min 

▼ 

• 1.1 

3-1 .5  iy/r 

nin 

• * 

• 

x .x 

• X 

• 

•x 

X 

▼ 

• 

X 

X 

0 10  20  30  40  50 


Data  taken  at  91  m as  function  of 
the  square  of  the  wind  speed  at  1 1 m. 
Radiation  is  short-wave  radiation 
measured  by  Eppley  pyrheliometer 


2 -2 
m sec 


FIGURE  2-34.  - THREE-DIMENSIONAL  TURBULENT  KINETIC  ENERGY 
AT  BROOKHAVEN,  N.Y.-  ROUGH  TERRAIN  (FROM  REF.  2-7) 


Total  energy, 

2 -2 
m sec 


Data  taken  at  2m  as  function 
of  wind  speed  at  0.5m  Dots 
represent  night  observations 
and  crosses  daytime  observations 


V0.52'  m2  sec"2 

FIGURE  2-35.  - THREE  DIMENSION  A L TURBULENT  KINETIC  ENERG  Y AT 
O'NEILL,  NEBR.— SMOOTH  TERRAIN  (FROM  REF.  2-7) 
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trees,  etc.  Thus,  the  turbulence  level  will  be  less  in  generally  flat  terrain  than  in  hilly  tc.  rain 
for  the  same  small  scale  roughness  factor  Zg. 

The  preceding  discussion  suggests  that  in  neutral  air  the  kinetic  energy  is  independent  of 
height.  Based  on  observations,  Reference  2-7  concludes  that  this  appears  to  be  true.  Within 
the  experimental  accuracy,  Table  2-3  suggests  a remarkable  invariance  of  the  kinetic  energy 
with  height. 

TABLE  2-3.— KINETIC  ENERGY,  M2  SEC2 


Height  (m) 

O'Neill 

Brookhaven 

Night 

Day 

Night 

Day 

1.5 

0.58 

1.41 

3.0 

0.58 

1.51 

6.0 

0.56 

1.62 

12.0 

0.64 

1.82 

23 

0.20 

4.0 

46 

0.18 

4.3 

91 

0.20 



3.4 

A good  analytic  description  of  the  variations  of  the  total  kinetic  energy  with  wind  speed  and 
height  has  been  given.  However,  a constant  must  be  determined  by  experiment  to  account 
for  the  influence  of  the  large  scale  surface  features  at  each  particular  location  being 
considered.  Due  to  relatively  few  available  observations  and  tiie  complexity  of  the  problem, 
there  are  few  qualitative  estimates  of  the  effect  of  atmospheric  stability  on  the  total  kinetic 
energy  in  turbulence.  As  pointed  out  earlier,  the  effect  of  temperature  lapse  rate  is 
considerable  over  smooth  terrain,  while  over  rough  terrain  mechanical  turbulence 
predominates  and  very  little  dependence  on  atmospheric  stability  can  be  observed. 
According  to  Reference  2-7,  since 


then 


e = 


2 


where  Vy  is  the  wind  level  at  the  height  h,  and  if  ih/£'l  is  significant  the  function  f(h/£'). 
which  is  negative  in  unstable  air,  is  not  negligible.  This  equation  suggests  the  dependence  of 
the  total  kinetic  energy  in  turbulence  on  atmospheric  stability. 
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2.4.4.2  Magnitude  of  the  Turbulence  Components 


Many  experimental  investigations,  notably  References  2-37,  243,  and  several  reported  in 
Reference  2-7,  have  performed  measurements  of  the  mean  square  values  of  the  three 
turbulence  velocity  components.  These  observations  have  covered  a wide  range  of 
atmospheric  conditions,  heights  and  topographies.  Due  to  the  complexity  of  the 
experimental  conditions  and  measurement  inaccuracies,  any  functional  relationships 
between  the  turbulence  intensities  and  parameters  such  as  season,  time  of  day,  altitude, 
terrain,  and  the  small  and  large  scale  meteorological  conditions  are  difficult  .'o  extract.  The 
data  from  these  observations  are  generally  presented  as  statistics  and  are  used  to  establish 
trends  rather  than  direct  functional  dependence.  However,  the  analyses  of  experimental  data 
have  revealed  that  the  following  categories  of  parameters  exert  the  primary  influence  on  die 
mean  square  values  of  the  gust  velocities. 


• Terrain  characteristics  ! 

• Height  above  ground  } 

• Wind  speed  at  a given  height  | 

• Atmospheric  stability  j 

f 

The  degree. of  correlation  between  the  turbulence  intensities  and  any  one  of  these  j 

parameters  is  a function  of  the  state  of  the  other  parameters.  j 

Turbulence  is  more  severe  over  rough  terrain  than  over  smooth  terrain.  The  vertical  gust  j 

component  is  primarily  a function  of  the  small  scale  roughness  features  of  the  ground.  j 

whereas  the  lateral  and  longitudinal  component  is  also  influenced  by  large  scale  surface 
le-. lures.  The  variations  of  the  gust  intensities  with  height  depend  upon  surface  roughness  I 

and  atmospheric  stability.  Over  smooth  terrain  and  under  unstable  conditions,  the  | 

turbulence  level  tends  to  increase  with  height  due  to  an  increasing  effect  of  convective  i 

turbulence.  Under  stable  atmospheric  conditions,  the  turbulence  level  decreases  with  height. 

Over  rough  terrain  where  mechanical  turbulence  predominates,  the  variation  of  turbulence  , 

with  height  shows  the  least  correlation  with  atmospheric  stability.  1 

Increasing  wind  increases  the  intensity  of  turbulence,  more  severely  over  rough  terrain  than  j 

over  smooth  terrain.  The  correlation  between  the  magnitule  of  turbulence  and  the  wind  j 

speed  increases  with  decreasing  height.  The  vertical  gust  velocity  component  shows  less  t 

correlation  with  wind  speed,  as  do  the  longitudinal  and  lateral  components.  i 


low  turbulence  levels  are  generally  associated  with  stable  atmospheric  conditions.  The 
intensity  of  the  gusts  normally  increases  with  decreasing  atmospheric  stability.  This  effect  is 
more  predominant  at  the  higher  altitudes  and  over  smooth  terrain.  There  is  a high 
probability  of  encountering  turbulence  at  Richardson’s  numbers  less  than  1.0,  and  the 
probability  of  increased  turbulence  becomes  significantly  higher  when  the  Richardson’s 
number  is  less  than  the  critical  Richardson’s  number,  about  0.2. 


To  determine  the  appropriate  turbulence  level  for  a given  wind  shear,  atmospheric  stability, 
and  terrain  roughness,  it  is  necessary  to  define  a relationship  between  these  variables  and  the 
standaid  deviation  of  each  of  the  turbulence  components. 


2.4.4. 2.1  Variance  of  the  Vertical  Component- An  analytical  description  of  the  characteris- 
tics of  the  standard  deviation  of  the  /erMcal  velocity  fluctuations  has  been  developed  and 
substantiated  by  Reference  2-7.  The  following  analysis  largely  follows  this  work  except  for  a 
few  changes  in  notation. 

The  standard  deviation  of  the  vertical  turbulence  component  ow  is  a function  of 
atmospheric  stability  and  wind  shear  near  the  ground,  height,  and  ground  roughness. 
Monin-Obukhov  similarity  theory  predicts  that  the  standard  deviation  is  defined  by  an 
expression  of  the  form 


7w  = u*f  (g) 


where  u*  is  the  friction  velocity,  f(h/£)  is  a universal  function  of  h/K , h is  height  above 
ground,  and  £ is  a scaling  length  defined  by  similarity  theory  as 

u*3CpPT 


The  standard  deviation  can  also  be  .^pressed  as  a function  of  the  height  h,  the  rate  of 
production  of  mechanical  energy  by  w nd  shear  u*23Vyy/3h,  and  the  rate  of  supply  at 
convective  energy  by  heating  gH/CpPT.  Dimensional  analysis  predicts  the  foiiowing  general 
equations, 


“w  - ir  )'/3  F|  [wcpPT)/u„2 


In  the  particular  case  of  free  convection 


aw  = A(gHh/CpPT)1/3 


where  A is  a constant.  Hence  the  general  function  must  have  the  form 


_ f.  / 2 a7w  * M 
= B[h(u*  TiT  + q> 


where  B and  6 are  constants. 


The  nondimensional  wind  shear,  s,  is  defined  as 


Hence 


_ kh  avw 

s=Tuiir 


>w  = Cu.(s-4)' 


where 


C=B/(k)l,/3 

Since  in  practice  only  the  quantity  8'  is  available,  the  transformation 

«-fi'(kM/kH) 

must  be  used,  k^j/k^  is  the  ratio  between  the  turbulent  transport  coefficients  foi 
mechanical  and  heat  energy,  respectively. 

Substituting  for  8 gives 


w 


= r\ 


.^H  h 
■6kM? 


1/3 


For  neutral  and  unstable  atmospheric  conditions,  this  equation  defines  the  relationship 
between  the  standard  deviation  of  the  vertical  velocity  fluctuations  and  wind  shear,  small 
scale  surface  roughness,  atmospheric  stability  near  the  ground,  and  height.  Reference  2-7 
shows  that  with  the  proper  selection  of  tilt  constants  C and  6,  this  theoretical  relation 
agrees  well  with  observations.  It  is  argued  that  two  of  the  reasons  for  this  agreement  are  that 
the  presence  of  the  ground  surface  preven.s  low  frequency  components  from  forming,  and 
the  small  scale  surface  roughness  length  Zq  serves  sufficiently  well  to  account  for  the  terrain 
effect. 

Since  s is  a unique  function  of  h/8\  a general  function  G(h/8')  may  be  defined  as 


G(h/g') 


h. 

- ,S’kM £' 


1/3 


Hence 


aj  u*  = CG(h/8') 

In  the  case  of  a neutral  atmosphere,  G(h/B')  is  a constant  equal  to  one,  and 

%/»*  = C 

Therefore,  under  adiabatic  conditions  the  standard  deviation  of  the  vertical  velocity 
fluctuations  is  proportional  to  the  friction  velocity.  This  implies  that  it  is  proportional  to 
the  mean  wind  speed  at  a given  height,  increases  /ith  increasing  small  scale  roughness,  and  is 
invariant  with  height.  The  standard  deviation  may  be  expressed  in  terms  of  the  mean  wind 
speed  Vyj  at  a height  h,  and  the  roughness  length  zq: 

0.4  CVW 
°w  = In(h/z0) 
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The  literature  lists  several  values  for  the  constant  C.  Atmospheric  observations  have 
produced  values  ranging  from  0.7  to  1 .37,  as  shown  on  Table  2-4.  There  is  evidence  that  the 
value  of  0.7  is  loo  low  for  a factor  of  1.5  (Ref.  2-7).  On  the  other  hand,  the  value  of  1.33 
also  reported  in  Reference  2-7  may  be  an  overestimate  since  this  value  was  obtained  by 
equating  the  standard  deviation  of  the  vertical  velocity  fluctuations  to  the  product  of  the 
standard  deviation  of  the  vertical  angle  fluctuations  and  the  mean  wind.  This  is  known  to 
produce  an  overestimate  due  to  the  correlation  between  the  vertical  angle  and  mean  wind 
speed.  Wind  tunnel  measurements  have  consistently  produced  values  close  to  approximately 
1.05,  which  Reference  2-7  assumes  to  be  a good  compromise  between  the  divergent 
atmospheric  observations,  the  reasoning  being  that  C must  be  a universal  constant. 


TABLE  2-4.-VALUES  OF  THE  CONSTANT  OF 
PROPORTIONALITY  C BETWEEN  ow  AND  u* 


°w/u.  = c 

Source 

Comments 

1.37 

Reference  44 

Based  on  u*  at  30  m,  from  TOLCaT  data 

1.33 

Reference  7 

Based  on  measurements  of  standard  deviation  of  the 
vertical  angle  fluctuations 

1.30 

References  1,  29, 
and  34 

i 

1.29 

Reference  38 

Assumed  valid  within  50  ft  of  the  ground  for  a 
wide  range  of  atmospheric  stability 

1.25 

References  7,  4 

Based  on  fitting  of  observations  in  neutral  and  unstable 
conditions 

1.2 

Reference  40 

1.05 

Reference  7 

Based  on  measurements  in  pipe  flow 

1.05 

Reference  7 

Based  on  wind  tunnel  measurements  in  boundary  layer 

0.99 

Reference  45 

0.87 

Reference  7 

0.70 

Reference  7 

Tfiere  is  evidence  that  C was  underestimated  by  a factor 
of  1.5  10.70  x 1.5  = 1.05) 

An  additional  argument  presented  in  Reference  2-7  I'orC  = 1.05  is  provided  on  Figure  2-36: 
For  C > 1.05.  ow/ u*  initially  decreases  for  small  decreases  of  stability  from  neutral,  a 
characteristic  regarded  as  physically  unlikely. 

Dr.  Panofsky  (coauthor  with  Lumicy  of  Ref.  2-7)  has  indicated  in  a conversation  that  he  no 
longer  supports  C = 1.05  because  of  substantial  recent  evidence,  such  as  the  survey  on  Table 
2-5  taken  from  Reference  2-46,  but  that  he  now  accepts  C = 1.3. 

Selecting  crw/u*  for  adiabatic  conditions,  straight  lines  representing  the  theoretical 
relationship  between  o„,  and  the  mean  wind  speed  at  a given  height  were  added  to  Figures 
2-37,  -38,  and  -39,  which  are  reproduced  from  Reference  2-7.  Considering  the  data  scatter 
normally  associated  with  atmospheric  observations,  there  seems  to  be  good  agreement 
between  the  theoretical  estimations  am'  the  observed  values.  This  supports  the  supposition 


TABLE  2-5.-SUMMA9Y  OF  ESTIMATES  OF  VERTICAL  TURBULENCE  IN  NEUTRAL  CONDITIONS 


Site 

Height  of 
measurement 
(m) 

Instruments 
used  for  ow 

Source  of  uf 

°w/u. 

Reference 
for  estimates 
of  aj u. 

Brookhaven,  U.S. 

91 

Vane 

(a)] 

O'Neill,  U.S. 

12 

Sonic  anemometer 

(a) 

1.25 

Panofsky  and 

Edithvale, 

Hot-wire 

McCormick  (I960) 

Australia 

2, 12,  29 

inclinometer 

(a)  J 

Porton 

1/2-16 

Hot-wire 

inclinometer 

(a) 

1 • 332 

Pasquill  (1962) 

O'Neill,  U.S. 

1 • 5-12 

Vane 

lb) 

1 2 

Koug  (1965) 

Various  in  U.S. 

1-55 

Various 

(a)  and  (b) 

1 2 

Panofsky  and 

Prasad  (1965) 

Rostov,  USSR 

4 

Sonic 

anemometer 

(b) 

1 ‘2 

Mordukhovich 

and  Tsvang  (1966) 

Hay,  Australia 

4 

Sonic 

anemometer 

(a) 

1 -3J 

Rusinger  et  al.  (1967) 

Hanford,  U.S. 

3 & 6 • 1 

Heated  thermo- 

(b) 

couple  wires 

Busch  and  Panofsky  (1968) 

Kansas 

5 ■ 7,  22 ' 6 

Sonic 

anemometer 

(b) 

1 35 

Haugen  et  al.  (1971) 

British  Columbia 

2 

Sonic 

anemometer 

lb) 

1 4 

McBean  (1971) 

Notes: 

1.  (a)  Wind  profile  (b)  eddy  correlation. 

2.  An  estimate  of  the  correction  required  for  the  approximate  use  of  angular  inclination  in  deriving  ow 
reduces  this  to  1*  25. 

3.  This  value  is  stated  by  the  authors  to  be  low,  possibly  by  as  much  as  15%,  on  account  of  omission 
of  high-frequancy  contributions  to  ow< 

4.  Information  from  Reference  46. 


that  the  theoretical  expression  represents  the  variation  of  ow,  with  the  small  scale  roughness 
length  and  the  mean  wind  speed  at  a given  level.  Further,  it  is  borne  out  that  for  neutral 
atmospheric  conditions  ow  is  invariant  with  height,  which  is  consistent  with  the  theory. 

Selecting  the  roughness  length 


zq  = 0. 1 5 feet 

as  typical  for  airports,  the  vertical  component  of  turbulence  may  be  expressed  in  terms  of 
the  mean  wind  speed  at  20  and  33  feet,  respectively,  for  neutral  atmospheric  conditions. 

For  C = 1.3 

ow  = 0.0964  V33 

ow  = 0.106  V2q 
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Smooth  terrain 
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Lines  indicate  theoretical  relationships  for  various  atmospheric 
stability  conditions. 


FIGURE  2-,V.~ STANDARD  DEVIATION  OF  VERTICAL  VELOCITY  AT  23  M OR  29  M OVER 
SMOOTH  TERRAIN  AS  A FUNCTION  OF  WIND  SPEED  AT3M  (FROM  REF.  2-7) 


For  comparison,  the  proposed  ARB  model  (Ref.  2*14)  specifies  for  neutral  atmospheric 
conditions 


ow  = 0.09  V33 

where  zq  = 0.15  feet  has  been  selected.  This  is  based  on  the  assumption  that 


where 


ou  = Oy-O.l8  V33 

which  is  specified  as  typical  for  airports  under  neutral  atmospheric  conditions.  The  ARB 
model  further  assumes  that  these  relationships  are  valid  for  heights  between  10  and 
300  feet. 

In  free  convection,  equivalent  to  very  unstable  conditions  where  the  nondimensional  shear  is 
negligible,  aw  is  given  by: 

ow  = AfgHh/Cp/JT)1/3 


Therefore,  the  vertical  turbulence  componeht  varies  as  (h)*/3  under  conditions  of  free 
convection.  Independent  observations  reported  in  Reference  2-7  establish  a value  of  D equal 
to  1.7.  Assuming  that  the  ratio  (h^/kj^)  is  close  to  unity  the  equation  forow/u*  becomes 


That  is,  8 = (D/C)3 


1/3 


or,  for  C = 1.3  and  D = 1.7, 


s - 2.236 


1/3 


The  fact  that  8 is  larger  than  unity  implies  that  the  convective  forces  are  more  efficient  in 
producing  vertical  velocity  fluctuations  than  the  wind  shear  forces.  Reference  2*7  lists  two 
possible  explanations.  Convection  directly  causes  vertical  motions,  while  wind  shear  first 
produces  horizontal  motions.  The  vertical  velocity  fluctuations  due  to  wind  shear  are  caused 
by  redistribution  of  the  energy  contained  in  the  horizontal  fluctuations.  The  second 
hypothesis  postulates  that  the  convective  portion  of  the  vertical  velocity  fluctuations  is 
characterized  by  larger  eddy  sizes  than  the  mechanical  portion.  For  this  reason,  the  effect  of 
convection  is  relatively  more  efficient. 
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Tlie  preceding  discussions  have  shown  that  for  a given  wind  level  at  a fixed  height  the 
standard  deviation  of  the  vertical  velocity  fluctuations  is  invariant  with  height  in  neutral  a>r 
and  increases  with  height  in  unstable  air.  This  is  in  general  agreement  with  most 
observations.  Experimental  observations  reported  in  the  literature  show  that  in  a stable 
atmosphere  ow  decreases  with  increasing  altitude.  However,  Reference  2-7  maintains  that 
the  function  G(h/'£')  is  not  valid  for  positive  values  of  h/8\  Figure  2-40  indicates  the 
variation  of  ow/u*  with  h/C'  in  stable  air.  For  a given  level  of  stability  the  figure  implies  a 
reduction  in  ow  with  height.  The  decrease  in  the  value  of  u*  through  the  function  f(h/8') 
accounts  for  a general  decrease  in  ow  at  all  levels  with  increasing  atmospheric  stability. 


-1.0  -0.5  0 0.5  1.0 


h/£' 

FIGURE  2-40.-OBSER  VED  oju  # ASA  FUNCTION  OF  h/St'  (FROM  REF.  2-7 ) 


Ir.  summary,  the  standard  deviations  of  the  vertical  velocity  fluctuations  ow  arc-  primarily 
controlled  by  the  wind  speed,  atmospheric  stability,  and  small  scale  surface  roughness.  In 
neutral  air  cw  is  invariant  with  height,  increases  with  height  in  unstable  air,  and  decreases 
with  height  in  stable  air.  For  a given  wind  shear  near  the  ground  the  value  of  ow  at  all  levels 
increases  with  decreasing  atmospheric  stability.  The  effect  of  varying  atmospheric  stability  is 
small  at  lower  levels  and  over  rough  terrain,  but  increases  with  height  and  becomes 
considerable  at  higher  levels,  especially  over  smooth  terrain.  The  analytical  descriptions 
presented  agree  well  with  experimental  observations. 

2.4.4. 2.2  Variance  of  the  Lateral  Component -Consider  the  standard  deviation  of  the  lateral 
velocity  fluctuations.  ov,  as  a function  of  wind  speed  and  roughness  in  a neutrally  stable 
atmosphere.  Similarity  theory  predicts  that  oy  is  proportional  to  the  friction  velocity 
u*.  i.e., 

ov  = Cu* 
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_c;kvw 

°v  ~ ln(h/Z/j) 


where  Vyy  is  the  mean  wind  speed  at  the  height  h,  zq  is  the  small  scale  roughness  length,  and 
C is  a constant  of  proportionality.  Again  this  implies  that  the  standard  deviation  is 
proportional  to  the  wind  speed  at  a given  height,  increases  wnii  increasing  surface  roughness, 
and  is  invariant  with  altitude.  Experimental  observations  at  a / ~n  location  confirm  this 
hypothesis.  Figures  2*41,  -42,  and  -43,  which  have  been  reproduced  from  the  literature, 
indicate  that  ov  is  proportional  to  the  wind  speed  at  a given  height  and  appears  to  be 
invariant  with  height.  The  straight  lines  giving  the  least  squares  fit  to  the  experimental 
points  in  both  figures  have  almost  identical  slopes,  although  the  roughness  lengths  associated 
with  the  two  locations  are  different  by  a factor  of  ten.  This  implies  that  the  constant  C is 
different  for  the  two  locations,  a result  which  is  typical  when  the  observed  relations 
between  ov  and  u*  for  various  places  are  compared.  The  large  spread  in  the  values  of  C 
shown  in  Table  2-6  is  sufficient  to  indicate  a systematic  difference.  As  a result,  it  may  be 
postulated  that  the  small  scale  roughness  length  Zq  alone  will  not  account  for  the  effect  of 
terrain  roughness  on  the  standard  deviation  of  the  lateral  velocity  fluctuations.  Reference 
2-7  maintains  that  zq  must  be  replaced  by  a measure  of  large  scale  roughness  that  depends 
on  large  scale  surface  features  such  as  hills.  Actually,  the  ground  is  characterized  by 
irregularities  of  all  sizes,  ranging  from  grains  of  sand  and  blades  of  grass,  to  buildings,  hills, 
and  mountains.  Some  investigators  have  suggested  that  the  intensity  of  turbulence  should  be 
related  to  the  whole  surface  spectrum.  On  the  other  hand,  it  appears  that  for  a given 
location  the  proportionality  between  ov  and  u*  holds,  and  by  determining  the  constant  of 
proportionality  C for  each  location  being  considered,  the  effect  of  large  scale  roughness  may 
be  taken  into  account. 


TABLE  2-6. - VALUES  OF  THE  CONSTANT  OF  PF  : 


)FtTIONALITY  C BETWEEN  ay  AND  u , 


ffv/u.=C 

Source 

Height 

Comments 

a)  2.6 

Reference  / 

2m 

Same  location  asd) 

b)  2.2 

Reference  7 

12  m 

c)  2.2 

Reference  44 

30  m 

d)  2.0 

Reference  7 

2 m 

Same  location  as  b) 

e)  3.0 

Reference  7 

300  ft 

f)  2.0 

Reference  38 

50  ft 

Claimed  to  be  valid  for  a wide  range 
of  stabilities  within  50  ft  of  the  ground 

g>  2.0 

References  1 and  34 

h)  1.5 

Reference  7 

Wind  tunnel,  boundary-layer  measurements 

i)  1.5 

Reference  7 

Pips  flow  measurements 

j)  1.3 

Reference  7 

All  levels 

k)  1.64 

Reference  40 

5.06,11.3,  22.6  m 

227 


Roughness  length,  Zq  *100  cm 


°v'mS9C  c.8 


A 23  m 
o 46  m 
• 91  m 


0 12345678 

Vn.m  sec-1 

FIGURE 2-41. -STANDARD  DEVIATION  OF  LATERAL  VELOCITY 
A T BROOKHA  VEN,  N.  Y.  AS  A FUNCTION  OF  WIND 
SPEED  AT  11 M (FROM  REF.  2-7) 


ay(  m sec 


Roughness  length,  Zq  *10  cm 


- 

- 

• 

• 

• 

0 2 4 6 8 10  12  14  16 

Vn.  m sec~^ 

FIGURE  2-42.  -STANDA RD  DEVIATION  OF  LATERAL  VELOCITY 
AT  SOUTH  DARTMOUTH,  MASS.,  AS  A FUNCTION 
OF  WIND  SPEED  AT  11  M (FROM  REF.  2-7) 


rp 


Selecting  the  roughness  length 


und 


zq  = 0. 1 5 feet 


I- 


ov  = 2.6  u* 


i 


as  representative  of  a typical  airport,  the  lateral  component  of  turbulence  may  be  expressed 

in  terms  of  the  mean  wind  speed  at  20  and  33  feet,  respectively,  for  neutral  atmospheric  \ 

conditions.  ] 

ov=  0.193  V33  . J 

M ; 

Cy  = 0,212  V2Q  ‘ 

For  comparison,  the  proposed  ARB  model  (Ref.  2-14)  specifies  for  neutral  atmospheric  • 

conditions  < 


| »,  = 0.I8V33 

l 

- where  zQ  = 0.15  feet  hr.s  been  selected.  The  ARB  model  turther  assumes  that  this 

I relationship  is  valid  for  heights  between  10  and  300  feet. 

h~ 

1 

I The  standard  deviation  of  the  lateral  velocity  fluctuations  ov  at  a given  location  in  neutral 

l air  is  proportional  to  the  friction  velocity  u*.  The  constant  of  proportionality  may  differ 

| from  one  location  to  another.  As  in  the  case  of  the  vertical  velocity  fluctuations,  it  may  be 

| hypothesized  that 

•r'_ 

\ 0\  -•  Cu^f(h/fi) 

£ 

I for  stable  and  unstable  atmospheric  conditions.  However,  Reference  2-7  maintains  that  this 

I formidation  is  incorrect.  Observations  show  that  ov  is  insensitive  to  changes  in  height  but  is 

£ very  sensitive  to  changes  in  atmospheric  lapse  rate,  especially  at  lower  wind  speeds.  At  the 

| higher  wind  speeds  when  mechanical  energy  predominates,  lapse  rate  seems  to  be  of  less 

| significance. 


ia, 

li 

6 


Observations  of  ov  in  very  unstable  air  are  characterized  by  considerable  data  scatter, 
showing  that  even  hourly  averages  are  influenced  by  random  variations.  This  indicates  that 
the  lateral  velocity  fluctuations  are  dominated  by  heat  convection,  which  is  characterized  by 
large  eddy  sizes,  and  are  controlled  by  the  lapse  rate.  For  a given  wind  speed  the  effect  of 
decreasing  atmospheric  stability  is  a significant  increase  in  the  intensity  of  the  lateral 
velocity  fluctuations.  This  is  borne  out  well  by  Figures  2-44,  -45,  and  -46,  which  have  been 
reproduced  from  the  literature.  For  the  unstable  lapse  rates  the  correlation  between  wind 
speed  and  oy  is  weak,  especially  over  smooth  terrain,  and  the  effect  of  surface  roughness  is 
small  up  to  moderate  wind  speeds. 
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Standard  deviations  in  m sec 

Lapse  rate  between  1 6 and  2 m 

Numbers  in  parentheses  indicate  number  of  observations 


Roughness  Zq  = 10  cm 


FIGURE  2-44. -STANDARD  DEVI  A TION  OF  LATERAL  VELOCITY  AT  SOUTH  DARTMOUTH 
MASS.  AS  FUNCTION  OF  WIND  SPEED  AT  11  M (FROM  REF.  2-7) 


Standard  deviations  in  m sec-1 
Lapse  rate  between  1 6 and  2 m 
Numbers  in  parentheses  indicate 
number  of  observations 

Roughness  Zg  = 0.7  cm 


Adiabatic  lapse 
rate 


■ay  ■ 1.2  ml sec 
for  * 10 m/sec 

and  adiabatic 
conditions 


1 2 3 4 5 6 7 8 9 10  11  12  13 

V^,  m sec"^ 

FIGURE  2-45.-STANDARD  DEVIATION  OF  LATERAL  VELOCITY  AT  O'NEILL,  NEBR.  AS 
FUNCTION  OF  WIND  SPEED  AT  11 M (FROM  REF.  2-7) 
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Roughness  length  determined  from  averaged  upwind  zone  conditions 


• t 


• • 


-0.8  -0.6  -0.4 

R: 


FIGURE  2-46.-RATIO  OF  VARIANCE  OF  LATERAL  WIND  COMPONENTS  TO  THE  FRICTION 
VELOCITY  AT  18  M ASA  FUNCTION  OF  RICHARDSON’S  NUMBER  AT  18  M 
(FROM  REF.  2-47 ) 


In  contrast  io  ow.  very  little  vertical  variation  of  ov  with  height  has  been  observed  from  the 
surface  up  to  a height  of  300  feet.  Reference  2-7  concludes  that  ov  probably  increases  with 
height  by  a small  amount  near  the  surface  in  unstable  air.  This  is  based  on  observations 
taken  at  heights  less  than  300  feet  above  the  ground.  References  2-37  and  2-43  present 
observations  which  indicate  that  ov  decreases  from  250  to  750  feet  over  both  rough  and 
smooth  terrain  in  unstable  air.  This  decrease  in  ay  is  mere  pronounced  over  rough  terrain 
than  over  smooth  terrain. 

The  two  main  results  of  increasing  atmospheric  stability  are  a marked  reduction  in  the 
magnitude  of  the  lateral  velocity  fluctuations  and  an  increasing  correlation  between  ov  and 
wind  speed,  and  surface  roughness.  The  observations  presented  in  Figures  247  and  248 
indicate  that  o is  approximately  proportional  to  (V^)'-5  in  stable  air: 


Least  squares  fit  in  Figure  2-47: 


Least  squares  fit  in  Figure  248: 


uv  = 0.03  (V,  j)1-5 


cy  = 0.07  (V,,)1-5 


Where  Vjj  is  the  wind  speed  at  1 1 m and  av  is  given  in  m/sec.  Reference  2-7  qualitatively 
explains  the  1.5  power  as  a linear  variation,  with  a decreased  effect  of  the  inversion  imposed 
at  the  higher  speeds.  The  difference  in  the  constants  of  proportionality  again  reflects  the 
difference  in  the  large  scale  surface  features  between  the  two  locations  associated  with  the 
figures.  Reference  2-7  reports  gradual  but  large  azimuth  fluctuations  in  light  wind 
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FIGURE  2-47.— STANDARD  DEVIATION  OF  LATERAL  VELOCITY  AT  O'NEILL,  NEBR. 
AT  2 MAT  NIGHT  AS  FUNCTION  OF  3/2  POWER  OF  WIND  SPEED 
AT  11M  (FROM  REF.  2-7} 


FIGURE  2-48.- STANDARD  DEVIATION  OF  LATERAL  VELOCITY  AT  SOUTH  DARTMOUTH, 

MASS.  AT  2 MAT  NIGHT  AS  FUNCTION  OF  3/2  POWER  OF  WIND  SPEED  AT  11  M 
(FROM  REF.  2-7 ) 


conditions  and  stable  air.  For  sufficiently  long  sampling  periods  this  will  give  rise  to 
considerable  data  scatter  as  well  as  unexpectedly  large  values  of  the  observed  standard 
deviation.  This  gradual  shift  in  wind  direction  cannot  be  associated  with  mechanical 
turbulence,  which  is  small  in  light  winds,  nor  can  it . be  associated  with  heat  convection, 
which  is  absent  in  stable  air.  The  literature  fails  to  give  a satisfactory'  explanation  of  this 
phenomenon. 

In  contrast  to  ow,  observations  show  little  vertical  variation  of  oy  in  stable  air.  Reference 
2-7  notes  that  the  high  frequency  component  of  oy  decreases  with  altitude.  Therefore,  some 
observations  may  have  underestimated  oy  close  to  the  surface  through  neglect  of  the  high 
frequency  portion  of  the  lateral  wind  fluctuations.  Reference  2-7  concludes  that  some 
decrease  of  oy  with  height  in  stable  air  may  be  anticipated.  Observations  presented  in 
Reference  2-37  show  that  the  average  ay  decreases  from  250  to  750  feet  in  stable  air  both 
over  rough  and  smooth  terrain,  whereas  observations  presented  in  Reference  2-43  show  little 
variation  of  oy  in  the  same  altitude  range  and  under  the  same  atmospheric  stability 
conditions. 

To  summarize,  in  neutrally  stable  conditions  the  standard  deviation  of  the  lateral  velocity 
fluctuations  oy  may  be  assumed  to  be  proportional  to  the  friction  velocity  u*,  where  the 
constant  of  proportionality  is  a function  of  the  large  scale  surface  roughness.  The  magnitude 
of  the  standard  deviation  increases  with  decreasing  atmospheric  instability,  and  at  low  wind 
speeds  the  lapse  rate  has  the  dominant  influence  on  the  turbulence  strength.  The  correlation 
between  oy  and  wind  speed,  and  surface  roughness  is  small  in  unstable  air  but  becomes 
considerably  stronger  in  stable  air.  For  the  latter  condition,oy  increases  with  increasing  wind 
speed  and  surface  roughness.  The  vertical  variation  of  oy  is  small  in  both  stable  and  unstable 
air.  The  analytic  description  presented  agrees  well  with  experimental  observations  in  neutral 
air,  provided  the  constant  of  proportionality  C is  adjusted  to  account  for  the  large  scale 
surface  roughness  at  various  locations.  No  satisfactory  analytical  relationships  for  cry  under 
unstable  and  stable  atmospheric  conditions  have  been  developed. 

2.4.4.2.S  Variance  of  the  Longitudinal  Component -As  in  the  case  of  the  vertical  and  lateral 
velocity  fluctuations,  experimental  observations  indicate  that  the  standard  deviation  of  the 
horizontal  velocity  fluctions,  ou,  is  proportional  to  the  friction  velocity  u*  in  a neutrally 
stable  air  mass. 


ou  = Cu* 

This  implies  that  ou  is  proportional  to  the  wind  speed  at  a given  height  and  is  more  or  less 
invariant  with  height  (see  Fig.  2-49). 

CkVw 
°u  " ln(h/z0) 

As  in  the  case  of  <ry,  it  turns  out  that  the  value  for  the  constant  of  proportionality  C varies 
with  terrain  as  indicated  in  Table  2-7.  Reference  2-7  notes  that  the  values  for  C are  different 
enough  to  suggest  that  a real  discrepancy  exists,  and  attributes  this  to  the  difference  in  the 
large  scale  surface  features  from  one  location  to  another.  By  selecting  the  proper  value  forC 
for  each  location  being  considered,  the  effect  of  targe  scale  roughness  may  be  taken  into 
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FIGURE  2-49.-VARIANCE  OF  THE  LONGITUDINAL  WIND  COMPONENTS  AT  18  M 
AS  A FUNCTION  OF  FRICTION  VELOCITY  AT  18  M (FROM  REF.  2-47) 


-V* 

I 


TABLE  2-7.  — VAL  LiES  OF  THE  CONSTANT  OF  PROPORTIONALITY  C BETWEEN  ouAND  ut 


°u/u.  = C 

Source 

Comments 

2.90 

Reference  7 

2.80 

Reference  24 

2.75 

Reference  34 

2.50 

Reference  38 

Recommended  for  first  50  ft  for  a wide 
range  of  stabilities 

2.50 

Reference  7 

2.45 

Reference  7 

Averaged  for  various  types  of  terrain 

2.30 

Reference  7 

2.20 

Reference  7 

Pipe  f!ow  measurements 

2.20 

Reference  44 

Measured  at  30  m 

2.19 

Reference  40 

2.10 

Reference  7 

account.  The  conclusions  reached  by  Reference  2-7  are  primarily  based  on  atmospheric  data 
taken  near  the  ground  up  to  approximately  300  feet.  References  2-37  and  2-43  present 
observations  which  indicate  that  ou  decreases  from  250  to  750  feet  over  both  rough  and 
smooth  terrain  in  neutral  air. 


Selecting  the  roughness  length 


Zq  = 0. ! 5 feet 
and 

ou  = 2.6  u* 

as  representative  of  a typical  airport,  the  longitudinal  component  of  turbulence  may  be 
expressed  in  terms  of  the  mean  wind  speed  at  20  and  33  feet,  respectively,  for  neutral 
atmospheric  conditions. 


au  = 0.193  V33 
0.,=  0.212  V20 

For  comparison,  the  proposed  ARB  model  (Ref.  2-14)  specifies  for  neutral  atmospheric 
conditions 


au  = 0.18V33 

where  zq  = 0.15  feet  has  been  selected.  The  ARB  model  further  assumes  that  this 
relationship  is  valid  for  heights  between  10  and  300  feet. 
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For  nonadiabatic  atmospheric  conditions  the  properties  of  ow  are  in  good  agreement  with 
what  would  be  expected  from  similarity  theory,  whereas  the  properties  of  ov  are  not. 
Reference  2-7  states  that  in  general,  the  properties  of  ou  are  intermediate.  The  variation  of 
the  magnitude  of  the  longitudinal  velocity  fluctuations  with  atmospheric  stability  for  a 
fixed  u*  is  significant,  but  is  not  as  strong  as  that  of  the  lateral  velocity  fluctuations. 
Reference  2-7  states  that  for  unstable  atmospheric  conditions  ou  is  invariant  with  height, 
but  is  sensitive  to  changes  in  atmospheric  lapse  rate,  particularly  at  low  wind  speeds. 
However,  in  unstable  air  the  effect  of  wind  is  more  predominant  than  in  the  case  of  the 
lateral  component,  particularly  over  rough  terrain  and  at  low  heights.  The  effect  of 
increasing  wind  speed  or  decreasing  atmospheric  stability  is  to  increase  the  magnitude  of  the 
longitudinal  velocity  fluctuations.  Observations  presented  in  References  2-37  and  2-43  show 
this  to  be  true  in  the  range  between  250  and  750  feet,  except  that  au  decreased  with 
increasing  height  over  both  rough  and  smooth  terrain  in  unstable  air. 

Increasing  atmospheric  stability  always  decreases  the  magnitude  of  ou  at  all  heights. 
Reference  2-7  maintains  that  in  stable  air  it  appears  that  the  standard  deviation  remains 
nearly  constant  with  height,  but  there  is  a shift  from  high  frequency  fluctuations  near  the 
ground  to  slower  wind  speed  variations  at  greater  heights.  Observations  presented  in 
Reference  2-37  indicate  that  ou  decreases  from  250  to  750  feet  over  both  smooth  and  rough 
ground  in  stable  air.  The  same  general  trends  are  borne  out  by  observations  presented  in 
Reference  2-43,  except  that  there  is  negligible  variation  in  the  average  ou  over  rough  terrain. 

Reference  2-7  refers  to  Figure  2-50  as  an  illustration  of  the  variation  of  cu  with  atmospheric 
stability  at  fixed  u*.  However,  if  ou/u„  is  a function  of  h/£*  it  is  implied  that  ou  will  vary 
with  height  in  nonadiabatic  conditions.  This  contradicts  the  earlier  supposition  of  the 
invariance  of  ou  with  height.  This  contradiction  may  be  resolved  in  Figure  2-50.  This  figure 
is  interpreted  as  describing  the  relation  between  oj u*  and  h/B'  at  a given  height,  i.e.,  h is 
considered  a constant  and  1/8'  is  the  independent  variable.  On  the  other  hand  Figure  2-51 
does  not  exhibit  any  strong  dependence  of  aj u,  upon  stability. 

To  summarize,  the  standard  deviation  of  the  longitudinal  velocity  fluctuations  ou  is 
proportional  to  the  friction  velocity  u*  m neutrally  stable  air.  The  constant  of 
proportionality  is  a function  of  the  large  scale  surface  roughness.  The  magnitude  of  the 
standard  deviation  increases  with  decreasing  atmospheric  stability,  and  increasing  wind 
speed  and  surface  roughness.  The  vertical  variation  of  ou  is  small  in  both  stable  and  unstable 
jir.  The  analytic  description  presented  agrees  well  with  the  experimental  observations  in 
neutral  air,  provided  that  the  constant  of  proportionality  is  adjusted  to  account  for  the  large 
scale  surface  roughness  at  various  locations.  No  satisfactory  analytic  relationships  for  o., 
under  unstable  and  stable  atmospheric  conditions  have  been  developed. 

2.4.4.2.4  Cffect  of  Altitude  Dependence  of  Friction  Velocity -The  similarity  theory 
predicts  that  the  standard  deviations  ou,  ov,  and  ow  are  invariant  with  height  in  neutrally 
stable  air.  This  is  implied  from  the  assumption  of  the  constancy  of  u*  with  height.  For 
heights  over  which  the  decrease  of  u*  may  not  be  neglected  it  has  been  suggested  that  the 
standard  deviations  remain  proportional  to  the  local  value  of  the  friction  velocity  (Refs.  2-4 
and  2-29): 
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FIGURE  2-50.  -OBSE.~!  VED  RATIO  OF  STANDARD  DEVIATION  OF  LONGITUDINAL  VELOCITY 
TO  FRICTION  VELOCITY  AS  A FUNCTION  OF  h/T  (FROM  REF.  2-7) 


Roughness  length  determined  from  averaged  upwind  zone  conditions 


FIGURE 2-51. -RATIO  OF  THE  VARIANCE  OF  LONGITUDINAL  WIND  COMPONENTS  TO  THE 
FRICTION  VELOCITY  AT  18  MAS  A FUNCTION  OF  RICHARDSON'S  NUMBER 

AT  18  M ( FROM  REF.  2-47) 
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Assuming  that  the  standard  deviations  of  the  velocity  fluctuations  remain  proportional  to 
the  local  shear  stress,  the  low  level  asymptotic  expansion  implies  that  the  change  in  the  a-'s 
between  two  levels  at  a given  location  should  be  proportional  to  the  wind  speed  at  a given 
height.  Reference  2-4  quotes  the  data  presented  in  Reference  2-47  in  support  of  this. 
Figures  2-52  and  2-53  reproduced  from  Reference  2-47  show  how  ou  and  oy  vary  from  one 
level  to  another  as  a function  of  the  wind  speed  at  a given  level.  The  high  level  asymptotic 
expansion  implies  that  the  change  in  the  o’s  between  two  levels  at  a given  location  remain 
constant,  i.e.,  the  slope  du*(h)/dh  is  not  a function  of  the  wind  level.  Reference  2-47 
supports  this  hypothesis  by  stating  that  the  ratio  G sina/u*  is  theoretically  a constant,  not 
only  in  neutral  air  but  in  unstable  air  as  well. 


ffv16  aw150  0 2 


FIGURE  2 52.-DIFFERENCE  OF  VARIANCE  OF  LATERAL  WIND  COMPONENT  AT  18  M AND  150  M 
ASA  FUNCTION  OF  MEAN  WIND  AT  18  M (FROM  REF.  2-47) 


3u»(h)  _ fG  sin  a 
3h  " 2u*(h) 
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It  has  been  shown  that 


ujh)  = u*(0)[l-4| 

l '■*  J 


d = u*(0)/f5.35 


3u*(h) 

3h 


u*(0) 


= -5.35f 


= 10.7 

u*(h) 

It  can  be  seen  that  the  slope  of  u*  versus  h is  only  a function  of  Coriolis  parameters. 

Based  on  the  preceding  discussion,  the  intensity  of  turbulence  may  be  expected  to  decrease 
with  increasing  height  under  neutral  atmospheric  conditions.  Indeed,  all  the  experimental 
data  presented  in  References  2-37  and  243  consistently  show  the  expected  turbulence  levels 
to  decrease  in  going  from  250  to  750  feet  above  the  ground  under  unstable,  stable,  and 
neutral  atmospheric  conditions. 

2.4.4.2.5  Ratios  Between  the  Standard  Deviations  of  tile  Turbulence  Components-? or  an 
isotropic  turbulence  field  the  standard  deviations  of  the  turbulent  velocity  fluctuations  are 
related  as  follows 

*u  = *v=  °w 

Although  these  relations  arc  very  attractive  because  of  the  inherent  simplicity,  they 
certainly  cannot  be  recommend  l as  being  realistic  for  low  altitude  turbulence.  Table  2-8 
lists  a wide  range  of  estimates  for  the  a rat;os  in  low  altitude  turbulence.  The  large  variations 
between  the  estimates  may  be  attributed  to  differences  in  meteorological  conditions, 
topography,  height,  and  experimental  techniques.  With  reference  to  the  latter,  it  should  be 
noted  that  all  measured  standard  deviations  lack  contributions  from  both  the  high  and  low 
frequency  ends  of  the  power  spectra.  The  former  is  due  to  limited  frequency  response  of  the 
instrumentation  and  the  latter  is  due  to  finite  sampling  times.  At  the  lower  levels,  the 
frequency  contents  of  the  three  turbulence  components  are  different,  and  therefore  the 
truncation  of  the  standard  deviations  will  affect  the  ratio  between  them  as  well  as  their 
absolute  value. 


Selecting  u fixed  ratio  between  the  standard  deviations  may  appear  a crude  approximation. 
It  is  obvious  that  changing  terrain  features,  atmospheric  conditions,  and  height  do  not  affect 
the  three  turbulence  components  in  the  same  way.  However,  except  for  the  establishment  of 
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TABLE 2-8.-RATI0S  BETWEEN  au,  a^  AND  aw 


o /a  /a 
u'  v ' w 


2.  4/1 .9/1 
2/1. 6/1 
2.2/1. 5/1 
1.3/1. 6/1 
1.9/1 .6/1 

1/1. 2/1 
3/2/1 

1.82/1.37/1 

°u/ow  ' V°w/0w 
= 1.2-  1.7*10-4  h 


°u/ow  " °v/ow 

= 1.3-5.8-10-4h 


Source 


References  1 and  7 
Reference  2 
References  1 and  34 
References  1 and  34 
Reference  38 


Reference  48 
Reference  49 
Reference  51 

Reference  49 

Reference  49 
Reference  49 
Reference  14 


-iL  = _1L  = / _£l — \ 2 Reference  42 

0W  ow  \ 2500  / 

0U  0 u / n \'1/6  Reference  42 

5l'V(w  »' 


Comments 


Valid  for  below  300  ft 


Valid  for  below  50  ft  at  a wide 
range  of  stabilities 

Valid  for  below  50  ft 


Stable  and  neutral  conditions 
50  ft<h  <1 100  ft 


Unstable  conditions 
50  ft<h<1 100  ft 

Above  1 100  ft  in  stable  and 
neutral  conditions 

Near  neutral  conditions 


Dry  den 
spectra 

Von  Karman 
spectra 


Based  on  isotropy 
at  high  frequencies 
and  presumed 
integral  scale  profiles 


trends,  the  literature  fails  to  provide  any  practical  functional  relationships  which  would 
enable  accurate  predictions  of  the  ratios  between  the  magnitude  of  the  turbulence 
components  for  a given  set  of  conditions. 

The  literature  indicates  that  close  to  the  ground  turbulence  is  strongly  anisotropic  with 
respect  to  the  ratios  ojo w and  0y/ow.  The  height  at  which  this  becomes  significant  will 
depend  upon  the  predominant  eddy  size  in  the  turbulence  field.  Table  1-8  indicates  that 
below  50  feet  measurements  consistently  confirm  that  ou  and  oy  are  larger  than  o^,. 
Reference  2-49  maintains  that  below  50  feet  as  the  effect  of  the  ground  becomes  more 
important  the  ratios  ou/aw  and  oy/ow  change  rather  drastically  and  as  height  decreases  to 
within  a foot  or  so  of  the  ground,  these  ratios  must  increase  rapidly  because  the  vertical 
turbulence  is  restricted  by  the  close  presence  of  the  ground.  However,  this  argument  is 
subject  to  criticism.  Reference  2-7  maintains  that  for  a small  range  of  altitudes  above  the 
ground  where  shear  stress  is  essentially  constant,  the  rms  levels  of  the  turbulence 
components  are  invariant  with  altitude.  The  effect  of  the  proximity  of  the  ground  restricts 
the  eddy  sizes,  causing  turbulence  power  to  occur  at  higher  frequencies.  In  the  limit  at  the 
ground,  the  rms  level  would  be  finite,  but  would  be  spread  over  an  infinite  frequency  range, 
with  the  power  spectral  density  at  any  frequency  being  zero.  Most  likely,  any  description 
within  inches  of  the  ground  will  be  inadequate,  but  this  is  of  rio  consequence  as  the  vertical 
aerodynamic  centers  of  aircraft  are  substantially  away  from  the  surface  when  the  aircraft  is 
on  the  ground. 


-4 seea^ %*^r>  t^-f  *I> 


Table  2-8  indicates  that  ou  is  generally  larger  than  oy  at  the  lower  heights,  indicating 
anisotropy  in  the  horizontal  plane.  However,  this  tendency  is  not  so  strong  as  that  exhibited 
in  the  vertical  plane,  and  it  is  common  for  models  to  assume  equal  variances  for  horizontal 
components.  The  models  of  References  2-42  and  2-49  provide  for  horizontal  isotropy,  but 
permit  the  ratios  of  horizontal  to  vertical  turbulence  rms  levels  to  decrease  to  one  at  a 
sufficiently  high  altitude,  presumably  at  an  estimate  o'  the  boundary  layer  thickness. 
Reference  2-49  provides  for  a linear  decrease  of  the  ratio  until  an  isotropic  ratio  is  achieved 
at  1100  feet.  Reference  2-42,  however,  derives  its  altitude-varying  ratio  by  requiring 
isotropy  at  high  frequencies.  Then,  from  presumed  models  of  the  vertical  turbulence 
variance  and  the  integral  scales,  the  horizontal  turbulence  rms  levels  are  found  by 
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/ h V2/9 

= °w\2556  ) ,V°n  Karman  sPectra 


°u  = °v  = 
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= ( h ) 
Ml  750/ 
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, Drydcn  spectia 


These  relationships  are  plotted  on  Figure  2-54.  At  the  surface,  the  ratios  go  to  infinity,  but 
this  effect  is  not  necessarily  important  as  such  low  altitudes  are  not  achieved  by  aircraft. 
Reference  2-42  recommends  the  Von  Karman  spectra;  hence,  the  representation  for  the 
Dryden  spectra  may  be  viewed  as  providing  an  approximation  to  the  Von  Karman  spectra. 
Certainly,  the  variance,  integral  scales,  and  the  boundary  layer  thickness  are  not  dependent 
on  the  spectral  form  assumed,  but  perhaps  the  combination  of  parameters  meets  some 
criteria  for  matching  the  two  power  spectra  models. 


It  is  not  clear  whether  the  use  of  2500  feet  is  based  on  measured  data  or  whether  it  was  used 
to  provide  compatibility  with  existing  military  specifications. 

The  rapid  reduction  of  difference  between  horizontal  and  vertical  turbulence  levels  provided 
by  Figure  2-54  may  permit  using  an  isotropic  relationship  at  an  altitude  below  that  specified 
for  isotropy. 

2.4.5  The  Scale  of  Low  Altitude  Turbulence 


At  low  altitudes  the  eddy  sizes,  as  reflected  by  the  integral  scales,  are  constrained  by  the 
presence  of  the  ground.  The  integral  scale  for  the  vertical  component  of  turbulence  is 
constrained  directly  by  the  distance  to  the  ground.  The  scales  for  the  horizontal 
components  are  affected  indirectly,  presumably  through  the  breakdown  of  the  eddies  as  the 
eddies  are  flattened.  As  the  ground  is  approached,  the  eddy  sizes  and  the  integral  scales  can 
be  expected  to  go  to  zero.  As  altitude  increases,  the  turbulence  becomes  isotropic  and, 
redefining  Ly  and  Lw  to  be  twice  the  areas  under  the  v and  w autocorrelation  functions,  the 
integral  scales  are  equal.  In  between,  it  can  be  assumed  (as  is  done  in  Refs.  2-32  and  2-49) 
that  the  integral  scale  for  the  vertical  component  of  turbulence  will  be  less  than  thuse  for 
the  horizontal  components  because  the  influence  of  the  ground  is  greater  for  the  vertical 
components.  These  conditions  are  summarized  by: 


Von  Karman  spectra: 
°J°W  ~ av/ow 


Dryden  spectra: 


°J°\n  ~ Vffw  ” 


( h \-2/9 
\55t30/ 

, h <2500  ft 

1.0 

, h ^2500  ft 

/ h \ -1/6 

V1750; 

,h  <1750  ft 

1.0 

,h  ^1750  ft 

0...  invariant  with  altitude  and  same  for  both  models 


y—  For  Von  Karman  spectra,  H = 2 
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>—  For  Dryden  spectra,  H = 1750  f 
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FIGURE  2-54.-R.M.S.  TURBULENCE  INTERRELA  TIONSHIP,  MILITARY  MODELS 

(FROM  REF.  2-42) 


'iBBOffit  ■■  ‘ i _ ' 

-iWfcifi5g?it^WBCW^W^WCFi^WBWHKIl#9ri>r><Wi<tMW<WW<*<|ii*iWiit»i»i|>>i«iM»«iiiMM»<M»ii ' «A  — ww ■*  — .*• — "■  * — ^ •— ■ 1 -— • ■»  »»  -*>  i »'■>  >n  i n • “L 


h = 0,  Lu  = Ly  = Lw  = 0 
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Specific  questions  about  low  altitude  integral  scales  are: 

• What  are  the  magnitudes  of  integral  scales? 

• What  are  the  variations  ot  the  integral  scales  with  altitude? 

• At  what  altitude  does  isotropy  exist? 

• What  interrelationships  exist  between  the  integral  scales? 

Before  the  evidence  is  examined,  it  is  appropriate  to  qualify  the  data  by  noting  that 
measurement  of  the  integral  scales  involves  several  assumptions  and  small  measurement 
errors  result  in  large  distortions  of  measured  values,  and  by  examining  measurement 
techniques  and  their  effects  on  the  resultant  data. 

2.4.5. 1 Measurement  of  Turbulence  and  Integral  Scales 

Atmospheric  turbulence  is  usually  measured  either  by  a probe  on  an  airplane  or  by 
anemometers  mounted  on  towers.  Because  aircraft  can  cover  a large  distance  in  a short 
period  of  time,  aircraft  turbulence  measurements  enable  extensions  to  low  spacial 
frequencies  without  Lrge  changes  in  the  mean  wind  and  atmospheric  conditions.  However, 
it  is  difficult  to  accurately  measure  the  wind  heading  magnitude  from  an  aircraft,  making 
difficult  the  association  between  turbulence  characteristics  and  the  mean  wind.  At  low 
frequencies,  the  “rigid”  aircraft  motion  interferes  with  the  measurements,  and  at  high 
frequencies  the  data  are  distorted  by  structural  motion.  When  covering  larger  distances,  it  is 
quite  difficult  to  maintain  homogeneous  terrain.  The  effect  of  inhomogeneous  terrain  is  to 
increase  the  apparent  integral  scale  over  that  for  the  mean  conditions,  as  shown  on  Figure 
2-55,  Finally,  flight  safety  prevents  measurements  near  the  ground. 

Inability  to  separate  mean  wind  from  turbulence  (Fig.  2-1)  by  proper  selection  of  the 
averaging  time  can  also  cause  an  overestimafion  of  the  integral  scale.  If  the  sample  time  is 
held  constant  while  airspeed  is  increased,  more  and  more  of  the  power  due  to  the  mean 
wind  will  be  included  as  turbulence,  and  the  low  frequency  turbulence  power  and  integral 
scale  estimates  will  increase. 

Tower  data  permit  measurements  from  homogeneous  terrain,  -md  the  correlation  of 
turbulence  with  mean  wind  eliminates  the  influence  of  aircraft  response  on  measurements  at 
low  frequencies  and  permits  very  low  altitude  measurements.  However,  it  also  introduces 
other  problems.  Anemometers  are  characteristically  sluggish  and  attenuate  high  frequency 
responses.  Low  frequency  data  can  be  measured  accurately,  but  now  the  mean  airspeed  is 
just  the  mean  wind  speed,  and  very  long  time  periods  are  required  for  measurements  at  low 
spacial  frequencies,  enabling  significant  changes  of  the  mean  conditions. 

For  either  method  of  measurement,  the  power  spectrum  is  known  accurately  for  only  a 
certain  range  of  spacial  frequencies,  usually  in  the  inertial  subrange.  The  area  under  the 
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segment  of  the  power  spectrum  can  be  computed  to  give  a truncated  variance.  If  only  the 
variance  is  desired,  the  spectral  form  and  an  almost  arbitrary  integral  scale  may  be  assumed 
to  relate  the  total  variance  to  the  truncated  variance.  Alternately,  the  contribution  of 
frequencies  below  and  above  the  region  of  measurement  may  be  ignored  or  assumed 
negligible. 


Knowing  the  amplitude  of  the  power  spectrum  at  some  spacial  frequencies,  or,  as  in 
References  2-37  and  2-43,  the  truncated  variance  between  some  spacial  frequencies  and 
assuming  the  asymptotic  form  of  some  presumed  spectrum  permits  writing  the  integral  scale 
in  terms  of  the  total  variance.  For  the  Von  Karman  and  Dryden  spectra,  these 
relationships  are: 


Von  Karman 


Dryden 


where 


Li  “ CvK5  °i 
Li  = CDj0i2 


= u,  v,  w 


C = known  constant  in  terms  of  spacial  frequencies  and  the  power  spectrum  at 
that  frequency  or  truncated  variance  between  spacial  frequencies 

The  first  observation  from  hese  equation  is:  Given  a measured  spectrum  segment  and  the 
total  variance  for  the  spectrum,  the  computed  integral  scale  is  quite  dependent  on  the 
spectrum  assumed;  quoted  values  of  integral  scales  must  be  qualified  by  the  spectral  form 
assumed  in  deriving  them. 

A second  observation  is:  If  an  error  is  introduced  by  calculating  the  total  rms  from  a 
truncated  rms  (which  is  difficult  to  avoid),  computing  the  integral  scale  from  the  total  rms 
will  magnify  the  error,  in  addition  to  any  error  introduced  by  assuming  asymptotic  forms. 

The  errors  from  computing  total  variance  and  integral  scale  are  in  addition  to  the  errors 
inherent  in  the  measurement  technique.  As  a consequence,  quoted  integral  scales  exhibit  a 
wide  variation,  undoubtedly  in  addition  to  their  natural  variations.  John  Houbolt  has 
discussed  measurement  problems  and  alternative  techniques  more  extensively  in  several  of 
his  publications. 

2.4.5. 2 The  Scale  of  Vertical  Turbulence 

At  high  altitudes,  where  isotropy  exists,  all  the  integral  scales  are  assumed  to  be  invariant 
with  altitude,  and  various  values  from  200  to  5000  feet  have  been  prescribed  (Ref.  2-50).  At 
low  altitudes,  however,  there  is  considerable  evidence  that  the  integral  scales  for  three 
components  arc  not  equal  and  that  they  are  not  invariant  with  altitude. 
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Reference  2-7  states  that  the  nondimensional  form  of  the  one-dimensional  spectrum  for  the 
vertical  component  of  turbulence  is  predicted  by  similarity  theory  (assuming  Taylor’s 
hypothesis)  as: 


n|«I>w(ft|)=  °w~  f(ft|h,  Rj) 

where  f is  a universal  function.  Since  the  integral  scale  and  spacial  frequency  only  app’.’  ir  in 
combination  for  this  form  of  the  spectra,  this  is  equivalent  to 

Lw  = C(Rj)h 

That  is.  the  integral  scale  for  the  vertical  component  is  linearly  proportional  to  altitude,  and 
the  constant  of  proportionality  may  be  dependent  on  atmospheric  stability.  The  linear 
altitude  dependence  is  further  said  to  apply  to  heights  “of  perhaps  a few  100  m.,  above 
which  the  scale  approaches  a constant.” 

Reference  2-7  states  that  the  qualitative  effect  of  decreasing  stability  is  to  shift  the  spectrum 
to  lower  frequencies,  equivalent  to  increasing  the  integral  scale,  and  that  this  <s  explained  by 
convective  turbulence  occurring  at  lower  frequencies  than  mechanical  turbulence. 

Large  scale  terrain  roughness  is  introduced  as  an  additional  parameter  in  Reference  2-5 1 . 
The  integral  scale  for  the  vertical  turbulence  spectrum,  assuming  a vertical  turbulence 
spectrum  identical  to  the  longitudinal  Dryden  spectrum,  is  recommended  as 

Lw  = hQ  + Lhh 


where  Iiq  and  Ljj  are  given  as  follows: 


Terrain  class 

hi. 

h0 

Farmlands 

0.75 

50 

Woodlands 

0.625 

175 

Low  mountain 

0.5 

300 

High  mountain 

0.125 

675 

■3 

4 


i 


For  this  mode!,  the  integral  scale  does  not  go  to  zero  at  the  surface.  The  model  provides  for 
greater  scale  lengths  that  arc  less  sensitive  to  altitude  for  greater  large  scale  roughness.  At 
1000  feet,  variations  with  large  scale  roughness  disappear. 


References  2-37  and  2-43  verify  that  large  scale  terrain  roughness  is  a very  strong  influence 
on  »he  integral  scale  for  vertical  turbulence  for  measurements  taken  at  250  feet  but  a weak 
influence  for  measurements  at  750  feet. 

An  attempt  to  combine  the  effects  of  stability  and  altitude  with  a quantitative  model  for 
the  Dryden  spectrum  is  presented  on  Figure  2-56,  taken  from  Reference  249.  The  nonlinear 
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Altitude,  h,  ft 


variation  of  the  constant  of  proportionality  would  seem  to  indicate  that  the  integral  scale  is 
not  linearly  related  with  altitude.  However,  when  the  integral  scale  is  plotted  against 
altitude,  as  on  Figure  2-57,  a linear  variation  at  low  altitudes  and  an  invariance  with  altitude 
at  higher  altitudes  is  seen  to  be  a good  approximation.  The  use  of  lapse  rate  for  a measure  of 
stability  does  not  agree  with  the  use  of  Richardson’s  number  in  similarity  theory.  The  same 
author  has  recommended,  in  Reference  242,  integral  scales  for  average  conditions  given  by 


Dryden  spectrum:  Lw 


Von  Karman  spectrum:  Lw 

References  2-1  and  2-13  support  Lw  = h. 


!h,  h<  1750  feet 

1750  ft,  h>  1750  feet 

(h,  h < 2500  feet 

2500  ft,  h >2500  feet 


The  data  in  Reference  240  provides  spectra  shapes  at  vaiious  levels  of  stability  that  tend  tu 
support  the  stability  trends  of  Figures  2-56  and  2-57.  For  stable  conditions,  a marked 
decrease  of  the  proportionality  constant  with  increasing  stability  occurs  but,  for  unstable 
conditions,  the  trend  is  not  clear. 


Reference  241  recommends  a linear  variation  but  with  a constant  of  proportionality  of  0.9 
for  the  Dryden  spectrum.  An  altitude  above  which  the  integral  scale  is  invariant  with 
altitude  is  not  specified.  The  same  author  has  later  recommended,  in  Reference  2-3,  integral 
scales  for  the  Von  Karman  spectrum  given  as  follows: 

• For  the  boundary  layer  as  a whole,  Lw  = 0.4  h 

• For  h > 200  feet,  better  values  given  by  Lw  = 2. 1 h^3 

The  final  model  presented  is  taken  from  Reference  2-14.  For  a vertical  turbulence  spectrum 
having  the  same  shape  as  the  Dryden  longitudinal  spectrum,  an  integral  scale  equal  to  50% 
of  the  altitude  for  altitudes  from  30  to  1000  feet  is  recommended.  A constant  value  of  15 
feet  is  recommended  for  altitudes  less  than  30  feet. 


Several  other  models  of  the  vertical  spectrum  using  a constant  integral  scale  based  on  an 
“average”  altitude  exist.  The  validity  of  the  use  of  the  integral  scale  at  an  “average”  altitude 
will  be  examined  later. 


As  noted,  most  of  the  models  that  do  attempt  to  account  for  the  effect  of  altitude  do  not 
account  for  stability  or  large  scale  roughness.  Large  scale  roughness  can  be  constrained  by 
restricting  consideration  to  a certain  type  of  terrain.  Ignoring  the  effects  of  stability  may 
not  be  very  reasonable  for,  although  the  theory  predicts  stability  effects,  the  effect  may  be 
small,  and  Reference  2-7  states  that  “. . . the  shape  of  the  vertical  velocity  spectrum  at  low 
levels  is  essentially  independent  of  stability  . . . .”. 
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2.4.5.3  The  Scale  of  Horizontal  Turbulence 


The  integral  scales  for  the  three  components  are  differentiated  in  Reference  2-7  according  to 
the  sensitivity  of  their  shapes  to  atmospheric  stability.  The  effect  on  the  vertical  (w) 
turbulence  spectrum  is  said  to  be  weak,  the  effect  on  the  lateral  (v)  velocity  spectrum 
drastic,  and  the  effect  on  the  longitudinal  (u)  velocity  spectrum  intermediate.  Furthermore, 
the  sensitivity  of  the  horizontal  components  of  wind  velocity  spectra  is  differentiated 
according  to  high  and  iow  frequency.  However,  in  Reference  2-7,  the  discussion  on  spectra 
is  not  limited  to  just  turbulence,  but  is  for  all  of  the  wind  velocity  (i.e.,  Fig.  2-1)  and  the 
distinction  for  high  and  low  frequencies  is  not  clear.  (That  is,  low  frequencies  may  refer  to 
what  iias  been  termed  in  this  report  as  mean  wind.)  As  the  spectra  of  the  entire  velocity 
components  are  being  examined,  the  spectra  of  “mean  wind”  heading  are  reflected  at  low 
frequencies. 

With  this  qualification  in  mind,  the  effect  of  atmospheric  stability  is  said  to  occur  primarily 
at  the  low  frequencies  for  the  horizontal  components.  Mechanical  turbulence  is  said  to  have 
an  influence  on  the  low  frequency  portion  of  the  longitudinal  turbulence  spectrum,  but  not 
the  lateral  spectrum.  If  indeed  there  are  separate  mechanical  and  thermal  effects  on  the 
longitudinal  spectrum  shape,  as  implied,  then  it  may  be  inappropriate  to  use  a single 
parameter  as  the  integral  scale  from  isotropic  turbulence  to  represent  their  combined 
effects. 

Reference  2-7  states  that  applications  of  similarity  theory  to  the  lateral  spectrum  have  been 
unsuccessful.  However,  height  is  concluded  to  be  cnly  a minor  factor. 

Similarity  theory  predicts  the  same  spectral  torm  for  the  longitudinal  component  as  for  the 
vertical  component,  with  integral  scale  linearly  related  to  altitude.  Hov/ever,  Reference  2-7 
cites  studies  supporting  not  only  a linear  relationship,  but  invariance  and  a square  root 
variation  with  altitude.  A particular  difficulty  in  assessing  the  scale  of  longitudinal 
turbulence  occurs  and  is  described  in  Reference  2-7:  “The  difficulty  lies  in  the  fact  that  the 
‘peak’  in  the  frequency-weighted  spectrum,  which  determines  the  scale,  lies  at  frequencies 
usually  at  the  low  end  of  the  frequency  domain  analyzed;  in  this  region  the  resolving  power 
of  spectrum  analysis  is  poor  and  the  results  unprecise.” 

Reference  2-7  argues  that  because  the  longitudinal  spectrum  has  more  energy  at  the  low 
frequencies  and  because  the  law  of  the  inertial  subrange  extends  to  lower  frequencies,  “The 
larger  eddies  in  neutral  and  unstable  air  arc  elongated  in  the  wind  direction.”  Of  course, 
even  isotropic  turbulence  provides  a longitudinal  component  with  tv/ice  the  low  frequency 
power  as  in  the  transverse  components  (Fig.  2-20). 

Quantitative  measures  of  horizontal  integral  scales  that  provide  Lu  and  Ly  equal,  implying 
horizontal  isotropy,  and  invariant  with  altitude  are  found  in  the  model  of  Reference  2-14 
and  the  two  models  of  Reference  2-52: 
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Reference 

> 

n 

3 

-J 

Spectra 

2-14 

600  ft 

± 

u v (l+n2L2) 

2-50 

500  ft 

Dryden 

2-50 

600  ft 

, - * - 08l2 
*u  *v~<i+nL)'-* 

Reference  2-14  presents  data  showing  variations  of  the  integral  scale  with  altitude  for  the 
horizontal  components  but  has  apparently  used  some  kind  of  average  integral  scale.  The 
values  from  Reference  2-52  are  acknowledged  to  be  average  values  for  the  first  1000  feet. 
Hence,  none  of  these  models  are  necessarily  implying  support  for  invariance  of  horizontal 
scales  with  altitude. 


Another  model  resulting  in  a linear  variation  with  altitude  for  the  horizontal  turbulence 
integral  scales  is  that  of  Reference  2-13.  The  proportionality  constants  have  been  found  by 
requiring  all  the  spectra  to  be  equal  in  the  inertial  subrange.  By  employing  the  same 
spectrum  for  each  component  equal  to  the  longitudinal  Dryden  spectrum,  the  horizontal 
components  are  given  in  terms  of  ratios  of  the  variances. 
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u 


L 


v 


h 


h 


Presumed  values  of  ojow  = 2.5  and  av/ow  = 1.75  give  Lu  = 6.25  h and  Lv  = 3 h. 

Equal  integral  scales  for  horizontal  turbulence  components  having  a cube  root  variation  with 
altitude  are  found  in  Reference  2-42: 


Von  Karman  spectra: 


Dryden  spectra: 


(184  It1/3, 
2500  ft, 

[ 145  h ]l2, 
( 1750  ft, 


h * 2500  ft 
li  >2500  ft 
h < 1750  ft 
h >1750  ft 


The  author  concedes  that  “although  these  formulas  produce  correct  trends,  there  are  little 
data  available  that  can  be  used  to  substantiate  the  h1'3  as  used  in  MIL-F-8785B.  It  is  merely 
a formula  that  produces  reasonable  results.”  These  formulas  are  designed  to  produce  zero 
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integral  scales  at  zero  altitude,  greater  integral  scales  for  the  horizontal  turbulence 
components  than  for  the  vertical  component,  and  a value  corresponding  to  that  specified  in 
the  military  specification  at  high  altitudes. 

Unpublished  piloted  flight  simulations  a ‘ The  Boeing  Company  using  the  Von  Karman  form 
produced  pilot  comments  indicating  the  cube  root  variations  were  unrealistically  long  at  low 
altitudes.  A brief  test  comparing  Lu  = Lv  = h,  Lu=  Ly  = 50  h*'2,  an(j  Lu  = Lv  = 184  h*'3, 
produced  a marked  qualitative  preference  for  the  square  root  form,  a form  satisfying  the 
same  requirements  as  the  cube  root  form.  The  three  alternate  forms  tested  are  presented  on 
Figure  2-58. 
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Reference  2-3  provides  integral  scales  with  implications  that  differ  from  other  models.  The 
lateral  and  vertical  turbulence  integral  scales  are  set  equal  and  are  differentiated  from  that 
for  longitudinal  turbulence,  implying  isotropy  in  a vertical  plane  normal  to  the  mean  wind. 
Furthermore,  for  altitudes  above  200  feet,  integral  scales  for  all  components  are  given  about 
a 3/4  power  of  altitude  variation.  Although  the  integral  scales  recommended  are  for  the 
adaptation  of  the  isotropic  Von  Karman  spectral  form,  implying  that  the  integral  scales  for 
the  transverse  components  are  defined  as  twice  the  areas  under  the  corresponding 
autocorrelation  functions,  the  integial  scale  for  the  longitudinal  component  is  recommended 
as  twice  those  foi  the  transverse  components  for  altitudes  above  200  feet.  The  boundary 
layer  thickness  is  not  defined.  The  integral  scales  recommended  in  Reference  2-3  are  as 
follows: 

“For  the  boundary  layer  as  a whole, 

Lu  = 20  h 1/2 

Ly  = Lw  = 0.4  h 

above  about  200  feet,  slightly  better  values  ire  given  by 
Lu  = 4.2  h0,73 

Lv  = Lw  = 2.1  h0-73” 

These  equations  are  plotted  on  Figure  2-59. 

One  attempt  to  relate  the  integral  scales  for  the  horizontal  components  with  atmospheric 
stability  was  found  in  Reference  2-49.  The  Dryden  spectra  and  the  integral  scale  for  the 
vertical  component  on  Figures  2-56  and  2-57  are  employed.  The  integral  scales  for  the 
horizontal  components  are  set  equal  to  each  other,  and  both  are  defined  in  terms  of  that  for 
the  vertical  component,  which  in  turn  is  defined  in  terms  of  lapse  rate: 


£ 


¥■ 


!( 1.3-  0.0006  h)Lw,  50  < h < 500  ft 
1 h >500  ft 
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The  author  qualifies  this  formula  as  follows:  “This  formula  should  provide  acceptable 
results  since  it  suggests  the  correct  trends,  but  the  formula  should  bo  looked  upon  for  what 
it  is-a  guess.”  Combining  this  equation  and  Figure  2-57  provides  the  model  on  Figure  2-60. 

Reference  2-40  provides  horizontal  turbulence  spectra  shapes  at  various  levels  of  stability 
that  indicate  the  horizontal  turbulence  integral  scales  decrease  with  stability  for  stable 
conditions.  The  trend  with  stability  for  unstable  conditions  is  unclear.  Reference  2-39 
reports  similar  findings:  “The  value  of  the  dimensionless  integral  scale  is  significantly  less 
(~-45%)  than  the  ones ...  for  the  neutral  case.  However,  for  the  unstable  case,  the  integral 
scales  . . . depart  from  the  ones  (for  the  neutral  case]  by  only  ~20%.”  Reference  2-39  also 
reports  a change  in  integral  scales’  dependence  upon  altitude  with  atmospheric  stability: 

Unstable  Neutral 

Variation  of  h"®*  * ^ Invariant 

Lu  with  altitude 

Variation  of  h®*^  j^O.42 

Ly  with  altitude 


In  general,  there  has  been  little  direct  measure  of  the  integral  scales  for  horizontal  p 

turbulence  components.  Rather,  they  have  been  specified  in  terms  of  other  parameters.  The  | 

dominant  provision  for  horizontally  isotropic  integral  scale  relationships  may  not  necessarily  f 

be  support  for  that  assumption  but  may  rather  be  for  the  convenience  of  avoiding  scale  | 

transformations  from  the  mean  wind  axis  system  to  the  airplane’s  relative  wind  axis  system.  | 

A test  of  a different  sort  on  horizontal  isotropy  is  reported  in  Reference  2-7.  An  aircraft  was  f 

flown  in  various  directions  relative  to  the  mean  wind  in  unstable  air  at  about  100  meters.  f 

The  one-dimensional  vertical  velocity  spectrum  was  found  to  be  essentially  independent  of  I 

direction  of  flight,  indicating  that  “turbulence  in  such  situations  is  more  or  less  horizontally  | 

isotropic.”  I 


2.4.6  Selection  of  a Low  Attitude  Turbulence  Description 

Analytic  descriptions  of  low  altitude  turbulence  and  their  assumptions  have  been  presented. 
From  these,  a description  for  specific  application  to  the  approach  and  landing  maneuver  will 
now  be  selected. 

2.4.6. 1 Selected  Assumptions 


The  most  fundamental  assumption  concerning  the  description  of  turbulence  is  that  it  is  a 
random  process  superimposed  upon  a “mean  wind”  which,  though  also  having  frequency- 
dependent  characteristics,  occurs  at  lower  and  distinct  frequencies.  This  assumption  is 
technically  incorrect,  as  the  differential  equations  governing  turbulent  motion  have  been 
developed,  implying  a deterministic  description.  However,  the  differential  equations  have 
not  been  solved  and  a stochastic  representation  must  be  used.  Fortunately,  turbulence  meets 
most  statistical  requirements  for  a stochastic  process.  The  spectral  functions  are  then 
selected  as  the  best  and  most  descriptive  tools  for  the  particular  application  to  describe  the 
stochastic  process. 
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Other  assumptions  that  are  either  necessary  or  extremely  helpful  for  developing  a 
quantitative  description,  and  which  have  been  reasonably  well  substantiated  and  accepted, 
are  as  follows: 

1.  A patch  of  turbulence  exhibits  three-dimensional  homogeneity  et  high  altitudes 
and  horizontal  homogeneity  near  the  ground.  That  is,  the  statistical  properties  of 
turbulence  within  a patch  of  turbulence  are  independent  of  absolute  horizontal 
position  at  low  altitudes  and  are  additionally  independent  of  altitude  at  high 
altitudes.  The  application  of  the  low  altitude  assumption  requires  restriction  to 
homogeneous  terrain.  Homogeneity  permits  elimination  of  the  absolute  displace- 
ment coordinates  as  independent  arguments. 

2.  Turbulence  exhibits  stationarity.  The  statistical  properties  of  turbulence  are 
independent  of  absolute  time,  leaving  relative  time  or  time  displacement  between 
two  components  of  turbulence  as  an  independent  argument  for  describing  the 
combined  statistical  properties  of  the  two  components. 

3.  Turbulence  exhibits  ergodicity.  That  is,  ensemble  and  time  averages  are  identical, 
permitting  application  of  measured  data  taken  by  feasible  means. 

4.  The  amplitude  distribution  of  a patch  of  turbulence  is  Gaussian.  lividence  has 
been  presented  showing  that,  for  the  whole  of  all  turbulence  and  turbulence 
patches,  the  distribution  is  not  Gaussian,  but  no  evidence  against  the  normality  of 
the  distribution  for  a patch  of  turbulence  was  discovered.  A normal  distribution 
has  the  greatest  theoretical  support. 

5.  A patch  of  turbulence  is  sufficiently  large  to  permit  sustained  flight  within  the 
patch  of  duration  that  is  long  with  respect  to  the  minimum  irequency  of  interest. 

6.  For  airspeeds  sufficiently  high,  Taylor’s  hypothesis  is  applicable.  Rates  of  change 
of  turbulent  velocities  at  a point  are  assumed  to  be  small  compared  to  the  speed 
of  the  aircraft  so  that  the  field  of  turbulence  velocities  may  be  regarded  as  frozen. 
This  assumption  enables  the  interchangeability  of  the  time  and  position 
displacements  along  the  direction  of  relative  wind,  reducing  the  independent 
variables  to  just  the  position  displacement  vector.  One  estimate  permits  use  of  this 
assumption  for  airspeeds  greater  than  one-third  the  “mean  wind”  speed. 

7.  At  a sufficiently  high  altitude,  turbulence  exhibits  isotropy.  That  is,  the  average 
functions  describing  the  field  of  turbulence  arc  independent  of  the  orientation  of 
the  axis  system  describing  the  field  of  turbulence. 

8.  At  all  altitudes,  turbulence  is  isotropic  above  a sufficiently  high  spacial  frequency. 

9.  The  one-dimensional  turbulence  power  spectra  are  invariant  with  frequency  at 

low  spacial  frequencies  a^J  vary  with  at  high  spacial  frequencies. 
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The  most  descriptive  isotropic  spectral  form  that  meets  the  assumptions  was  found  to  be  the 
Von  Karman  models.  In  keeping  with  common  practice,  it  shall  be  assumed  that  the  shapes 
of  the  spectra  tor  isotropy  hold  for  the  nonisotropic  conditions  at  low  altitudes,  Integral 
scales  for  the  transverse  (normal  to  the  direction  of  the  relative  wind)  components  of 
turbulence  are  redefined  to  mean  twice  the  area  under  the  respective  autocorrelation 
functions.  It  remains  to  establish  the  integral  scales  and  variances  for  each  of  the  turbulence 
components  and  the  cross  spectra. 

An  additional  assumption  frequently  made  is  that  low  altitude  turbulence  is  horizontally 
isotropic  (statistical  properties  invariant  with  rotations  of  the  axis  system  about  the  vertical 
axis),  which  would  require  equal  variances  and  integral  scales  for  the  horizontal  components 
of  turbulence  and  definition  of  only  a single  cross  spectrum. 

Only  a single  non-zero  cross  spectrum  has  been  found,  and  the  power  spectrum  for  a vertical 
turbulence  has  been  found  to  be  invariant  with  measurements  at  different  orientations 
relative  to  the  mean  wind,  supporting  horizontal  isotropy.  On  the  other  hand,  a greater 
variance  is  attributed  to  the  component  along  the  mean  wind,  eddies  are  said  to  stretch  in 
the  direction  of  the  mean  wind,  and  atmospheric  stability  is  said  to  influence  each 
horizontal  component  differently.  However,  the  nonisotropic  character  of  the  horizontal 
components  appears  to  occur  at  very  low  frequencies,  perhaps  below  the  minimum 
frequency  of  interest.  Further,  quantitative  estimates  of  the  statistical  properties  of  the 
horizontal  components  vary  widely  and  are  subject  to  large  measurement  errors.  Thus,  the 
assumption  of  horizontal  isotropy  is  probably  not  much  worse  than  ary  quantitative 
description  for  a nonhorizontally  isotropic  model,  and  will  be  accepted. 

What  little  information  there  is  concerning  the  cross  spectrum  deals  with  the  amplitude 
relationship  (for  the  u and  w turbulence  components).  Theory  predicts,  and  is  supported, 
that  the  cross  spectrum  is  proportional  to  the  mean  wind  shear  and  the  square  root  of  the 
product  of  the  u and  w power  speciia,  and  is  additionally  inversely  proportional  to 
frequency  at  high  frequencies,  combining  to  cause  an  il j'^  variation  at  high  frequencies. 
As  a consequence,  the  cross  spectrum  is  most  significant  at  the  lower  spacial  frequencies. 
There  is  little  alternative  but  to  accept  this  description. 

2.4.6.?  Requirements  for  Statistical  Functions 

Acceptance  of  the  Von  Karman  spectral  forms  and  isotropy  at  high  frequencies  for  all 
altitudes  leads  to 


L 2/3  “ L 2/3'  , 2/3 
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as  shown  previously. 


Acceptance  of  the  horizontal  isotropy  requires 


At  high  altitudes  turbulence  is  required  to  be  isotropic.  Thus,  as  h -*  hj, 

°u  °v  Lv 

= — -► 1 , j — - -*■  1. 

°w  °w  Lw  w 

At  the  surface,  the  proximity  of  the  ground  inhibits  the  eddy  sizes.  Thus,  as  h -*•  0, 
Lu  -*■  0,  Ly  -+  0,  Lw  -*•  0.  It  is  generally  agreed  that  the  proximity  of  the  ground  has  a 
greater  influence  on  the  vertical  dimensions  of  the  eddies  than  the  horizontal  dimensions. 
Thus,  Lu  = Ly  < Lw.  Since  the  effect  of  die  proximity  of  the  ground  is  to  decrease  the  eddy 
sizes,  the  integral  scales  must  not  be  larger  than  the  isotropic  values,  and 

dLu/dh  > 0 

dLy/dh  > 0 

dLw/dh  > 0 

The  effect  of  stability  upon  turbulence  variances  is  to  increase  the  variance  with  decreasing 
stability.  At  sufficiently  high  stability,  turbulence  must  disappear.  Thus, 

do/dRj  < 0 

lim  o =0 
Rj-+  oo 

It  is  within  this  framework  that  the  statistical  properties  ofturbuler.ee  are  to  be  specified. 
2.4.6.3  Selected  Turbulence  Variance  Description 

Of  the  thre*’  components,  the  vertical  component  of  turbulence  has  received  the  most 
scrutiny.  Similarity  theory  predicts 

ow  = Cu,  ^ (h /£') 

The  value  of  the  proportionality  constant,  C,  that  receives  the  most  agreement  and  which 
shall  be  adopted  is  1 .3. 
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The  friction  velocity  at  the  surface,  u*Rgp’  may  ^e  calcu^ated  from  a surface  wind 
measured  at  the  st  me  heiglit  by 

k V 


= K VREF 
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z0 

as  shown  in  the  discussion  on  mean  wind.  Hence,  ow  is  altered  by  small  scale  roughness.  In 
keeping  with  the  selected  mean  wind  description,  measurements  shall  be  assumed  to  be 
taken  at  20  feet,  a value  of  zq  = 0. 1 5 feet  is  accepted  as  typical  of  airports,  and  the  function 
fOiREp/fi')  is  as  was  defined  for  the  mean  wind.  The  Von  Karman  constant,  k,  is  0.4. 


The  universal  function,  (aw/u*)Ci/G),  is  specified  by 
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Where  £'  has  replaced  £ assuming  a constant  proportionality  between  eddy  viscosity  and 
eddy  conductivity. 

At  some  ifficiently  large  Richardson’s  number  (or  h/£'),  turbulence  must  disappear.  There 
is  apparently  a hysteresis  effect,  but  a critical  Richardson’s  number  of  1/4.5,  corresponding 
to  that  implied  for  the  selected  mean  wind  description,  shall  be  used. 

The  function  combining  the  proportionality  constant  and  the  universal  function  for  both 
stable  and  unstable  conditions  is  presented  on  Figures  2-61  and  2-62.  The  shape  of  the  curve 
up  to  moderate  stable  conditions  was  made  to  match  that  of  Figure  240  and  was 
extrapolated  to  ow  = 0 at  l/£'=  1.22,  which,  using  the  relationships  provided  for  the 
selected  mean  wind  description,  is  equivalent  to  the  critical  Richardson’s  number.  Artistic 
license  was  used  to  remove  the  objectionable  slope  reversal  at  h/£'  = 0.  The  abrupt  change  of 
the  curve  at  h/£'  = 1 was  made  to  correspond  to  the  point  where  the  nondimensional  shear 
changes  abruptly. 

The  complete  equation  selected  to  define  the  rms  level  of  vertical  turbulence  is  given  by 

'w  I u . w'/l  |.„  \d/JJ*o 
where  (ow/u#)(h/£')  is  given  by  Figures  2-61  and  2-62. 
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Resulting  profiles  of  cw  with  altitude  for  neutral,  stable,  and  unstable  conditions  are  shown 
on  Figure  2-63. 

Specification  of  the  variances  of  the  horizontal  components  is  more  troublesome  since 

theory,  supported  by  empirical  evidence,  is  not  as  well  developed.  The  theory  does  suggest 

that  the  rms  levels  of  horizontal  turbulence  arc  linearly  related  to  the  friction  velocity.  I 

Thus,  the  effect  of  the  reduction  of  friction  velocity  with  altitude  is  the  same  for  all  three  j 

components.  Additionally,  turbulence  for  all  three  components  must  disappear  at  the  same  J 

stable  condition  and  must  increase  with  decreasing  stability,  although  the  variances  of  the  *j 

horizontal  turbulence  components  are  not  well  established.  Although  there  is  some  ] 
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qualitative  evidence  to  the  contrary,  it  shall  be  assumed  that  the  shapes  of  the  variations 
with  stability  for  all  three  components  are  the  same.  Thus,  it  remains  only  to  establish  ratios 
between  the  rms  levels  of  the  horizontal  components  to  the  vertical  components. 

In  keeping  with  horizontal  isotropy,  cu  = ov.  To  assure  isotropy  at  sufficiently  high 
altitudes,  ou/ow  and  ov/cw  must  go  to  unity  with  increasing  altitude. 

The  literature  does  not  provide  a justification  for  any  variation  of  the  ratios.  A linear  change 
of  the  ratio  from  a reference  altitude,  hRpp,  to  a raiio  of  one  at  the  altitude  where  isotropy 
exists,  hi,  is  provided  by 
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or,  if  hRgp  is  sufficiently  close  to  the  surface  so  that  it  is  small  compaied  to  the  boundary 
layer  thickness 


h < lij 
h > hj 
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Such  a linear  model  is  similar  to  that  proposed  in  Reference  249.  However,  a linear  model 
does  not  necessarily  enable  meeting  ail  the  requirements,  particularly  those  for  the 
variance-integral  scale  interrelationships  and  those  for  the  integral  scales  alone.  For  the  time 
being,  the  variation  of  the  rms  ratios  will  be  considered  to  be  of  n^1  order: 
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This  form  satisfies  the  requirements 


w 


'w 


w 


for  ~r~  - 0 


RHF 


h 

for  — > 


h 


°u  °u 

,o<  — <-e 

°w  °w 


REF 


& 


dh 


< 0 


What  is  additionally  needed  is  a ratio  of  rms’s  for  a horizontal  component  to  the  vertical 
component  at  some  altitude  (h j^jrp).  A review  of  the  data  for  aj u*,  ov/u*,  and  ou/ov/ow 
indicates  that  for  very  low  altitudes  ou/ow  = ov/ow  = 2 is  a reasonable  compromise.  It  shall 
be  assumed  that  this  ratio  holds  at  the  surface  as  the  measurement  altitudes  are  very  small 
compared  to  the  boundary  layer  thickness.  Thus, 
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U should  be  recalled  that  these  specifications  hold  for  an  axis  system  aligned  to  the  mean  j 

wind,  not  to  the  airplane.  j 

( 

i 

2.4.6.4  Selected  Integral  Scale  Description  j 

The  integral  scale  for  vertical  turbulence  is  that  which  has  been  best  defined,  particularly  j 

because  it  is  more  easily  measured.  It  shall  be  accepted  that  the  vertical  integral  scale  is  1 

proportional  to  altitude  at  low  altitudes,  as  predicted  by  theory  and  as  is  most  strongly  ! 

supported  by  empirical  measurements.  j 

The  constant  of  proportionality  has  been  variously  estimated  to  be  from  0.4  to  ! . j 

independent  of  stability  and  surface  roughness,  and  to  be  a function  of  both  stability  and  j 

terrain.  A value  of  unity  is  selected,  even  though  this  is  on  the  high  side  of  the  estimates,  j 

because  it  is  the  value  most  strongly  supported.  Trends  of  variations  with  large  scale 
roughness  also  indicate  a value  near  unity  for  '‘typical”  airport  terrain.  * 
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The  estimates  of  the  proportionality  constant  near  0.5  might  well  be  due  to  differences  in 
definition;  if  the  0.5  estimates  were  made  for  defining  the  vertical  turbulence  integral  scale 
as  the  area  under  the  autocorrelation  function  as  opposed  to  twice  the  area  under  the 
autocorrelation  function,  the  0.5  estimates  would  be  consistent  with  a proportionality 
constant  of  1 for  the  second  definition. 

Atmospheric  stability  shall  be  assumed  not  to  influence  the  integral  scale  for  vertical 
turbulence,  in  keeping  with  the  observation  of  Reference  2-7  that  there  is  no  evidence  of 
systematic  variations  of  the  proportionality  between  the  vertical  turbulence  integral  scale 
and  altitude.  This  is  in  contradiction  to  the  model  of  Reference  2-49.  However,  the  latter 
model  uses  lapse  rate  as  the  stability  parameter  which,  although  most  easily  understood,  is 
not  well  accepted  as  the  independent  parameter.  For  neutral  conditions,  the  model  of 
Reference  2-49,  as  indicated  on  Figure  2-57,  shows  good  agreement  with  a proportionality 
constant  of  one. 

Measurements  of  integral  scales  for  horizontal  components  are  poor  and  estimates  vary 
widely.  They  can,  however,  be  derived  from  the  requirements  for  isotropy  at  high 
frequencies  and  the  assumption  of  tne  Von  Karman  spectra  using  the  other  parameters 
already  specified: 
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for  low 
altitudes. 


As  ou  = oy  > 


ow,  the  integral  scales  for  the  horizontal  components  are  greater  than  that  for 


the  vertical  component.  Furthermore,  this  equation  satisfies  the  requirement  that  the 
integral  scales  be  equal  (and  turbulence  isotropic)  at  hj.  However,  ou/ow  and  ov/ow 
decrease  with  altitude,  indicating  that  above  some  altitude  the  changes  of  horizontal  integral 
scales  with  increasing  altitude  will  be  negative. 
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By  setting  the  differential  of  the  equation  to  zero,  the  requirement  that  the  integral  scales 
increase  with  altitude  up  to  the  boundary  layer  is  expressed  by 

3n(2’/n- 1)<  1 


The  inequality  can  be  replaced  by  an  equality  if  the  maximum  is  required  at  the  altitude 
above  which  turbulence  is  isotropy  (hj),  a mathematical  nicelty  providing  for  a continuity 
of  slope.  A graphical  solution  provides  a value  of  n nearly  equal  to  -0.4.  Thus, 
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These  equations  are  presented  on  Figures  2-64  and  2-65,  and  meet  all  the  stated 
requirements.  These  figures  represent  a model  that  is  similar  to  that  of  Reference  2-42 
(Figures  2-54  and  2-58)  and  is  derived  for  similar  requirements.  The  mode!  also  agrees  with 
invariance,  a linear  variation,  a square  root  variation,  and  a cube  root  variation  for  different 
ranges  of  altitude.  However,  it  is  but  one  of  several  representations  that  meet  the  stated 
requirements. 

It  remains  to  define  hj,  the  altitude  above  which  isotropy  effectively  exists.  Estimates  exist 
from  about  the  300  feet  implied  by  Figure  2-57  (which  also  implies  weak  effect  of  stability 
on  hj)  to  the  2500  feet  useu  in  the  model  of  Reference  242.  The  value  selected  is  1 000 
feet,  a number  appearing  in  severai  aircraft  design  criteria.  The  comment  in  Reference  2-7 
referring  to  the  linear  altitude  dependence  of  Lw  up  to  a few  hundred  meters  is  not 
incompatible  with  1000  feet.  The  use  of  an  isotropic  altitude  independent  of  stability 
appears  to  be  intuitively  justifiable,  since  the  dominant  factor  for  reducing  the  integral 
scales  at  low  altitudes  is  the  physical  restriction  on  eddy  size  caused  by  the  presence  of  the 
ground. 

Fixing  l»j  = 1000  feet  and  Lw  = h for  low  altitudes  independent  of  stability  causes  a Jo w = 
av/ow  and  Lu  = Ly  to  be  independent  of  stability,  while  qualitative  trends  with  stability 
have  been  explained.  However,  the  successful  attempts  to  model  the  dependency  of  these 
parameters  on  stability  rather  than  qualitatively  are  few  and  are  very  restrictive  as  to  the 
conditions  to  which  they  apply.  Considering  the  great  diversity  of  opinion  on  neutral 
stability  values,  any  attempt  to  model  effects  of  stability  would  be  arbitrary  and  would 
imply  more  knowledge  than  is  available. 

2.4.6.S  Selected  Cospectrum  Description 

From  a Taylor  series  expansion  of  a universal  expression  for  the  one-dimensional 
cospectrum  developed  from  similarity  theory,  Reference  2-7  has  postulated  and  substan- 
tiated with  empirical  data  the  form 


1 3VW 

4,uw(io)  = A<J»w- 

which  is  valid  at  high  frequencies  and  where  the  u and  w power  spectra  are  proportional  to 
each  other.  The  more  general  expression  was  given  as 
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At  low  frequencies,  it  is  argued  that  the  cospectrum  must  be  invariant  or  increase  with 
increasing  frequency.  Presumably,  the  arguments  that  require  the  one-dimensional  power 
spectra  to  have  a constant  low  frequency  asymptote  also  apply  to  the  cospectrum. 

The  data  on  Figure  2-32  suggest  a transition  from  the  low  frequency  to  the  high  frequency 
region  for  similar  to  the  frequency  response  of  a »>st  order  lag.  Such  a form  is 

represented  by 
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Where  the  time  constant,  T.  would  be  proportional  to  l/(3V^y/3h)  to  satisfy  the  high 
frequency  requirement.  This  is  the  form  recommended  by  Reference  2-3.  Using  the  data  of 
Figure  2-32,  a good  fit  is  found  for 
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Asymptote 


Thus,  the  break  frequency  decreases  with  altitude  and  increases  with  surface  wind  level  and 
stability,  as  shown  on  Figure  2-67. 

The  curve  fit  of  Figure  2-66  implies  that  the  cospectrum  is  proportional  to  the  vertical 
turbulence  power  spectrum,  but  this  is  true  only  when  the  longitudinal  and  vertical 
turbulence  power  spectra  differ  only  by  a constant  (at  the  relatively  low  and  high  spacial 
frequencies).  To  satisfy  the  more  general  expression,  the  cospectrum  must  be  multiplied  by 
the  square  root  of  the  ratio  of  the  longitudinal  turbulence  spectrum  to  the  vertical 
turbulence  spectrum: 


The  correction  factor  is  presented  on  Figure  2-68  and  has  high  and  low  frequency 
asymptotes  ofv/3/4  and-/2(ou/ow)5,  using  the  power  spectra  description  selected. 

From  Figures  2-66  and  2-68  the  b 'eak  frequency  of  the  cospectrum  relative  to  those  for  the 
power  spectra  may  be  found.  Figure  2-66_indicates  that  the  cospectrum  assumes  its  low 
frequency  asymptote  below  about  2.5  w/OV^/3 h)  = 0.1.  The  ratio  of  the  power  spectra  is 
constant  below  about  hOj  = 0.1  for  all  cases (h  = 0 is  critical), as  indicated  on  Figure  2-68. 
Using  Taylor’s  hypothesis,  n j = co/V^,  where  is  total  airspeed  (equal  to  the  mean  wind 
speed  for  an  observer  stationed  at  the  ground),  spacial  and  temporal  frequencies  can  be 
related.  Equating  temporal  frequencies  from  the  two  expressions  provides 
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as  the  condition  where  the  cospectrum  break  frequency  is  as  high  as  that  for  the 
longitudinal  power  spectrum.  For  neutral  atmospheric  stability, 
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and  the  requirement  becomes 


(From  Figure  2-15) 
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For  ratios  below  this  value,  the  cospectrum  break  frequency  will  occur  below  those  for  the 
power  spectra.  Unless  an  aircraft  flies  with  a negative  airspeed,  this  ratio  will  always  be 
exceeded,  even  for  hover.  This  ratio  is  very  near  that  specified  in  Reference  2-1  for  applying 
Taylor’s  hypothesis.  Increased  stability  will  shift  the  cospectrum  break  frequency  higher, 
but  it  is  reasonable  to  assume  that  for  all  airspeeds  at  which  Taylor’s  hypothesis  holds,  the 
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FIGURE  2-68.-COSPECTRUM  CORRECTION  FACTOR 


The  cospectrum  may  be  rewritten  to  recognize  the  low  frequency  gain  (Von  Karman  power 
spectra): 
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The  form  presented  in  Reference  2-7  did  not  contain  functions  dependent  upon  airspeed, 
VA,  nor  of  h/d,  inherent  in  this  form.  However,  the  form  of  Reference  2-7  was  developed 
for  an  observer  fixed  in  an  inertial  reference  system,  for  which  airspeed  is  not  a separate 
parameter,  for  the  constant  shear  stress  layer  where  u*  is  assumed  invariant  with  h/d,  and 
for  the  inertial  subrange  where  ou/ow  is  not  a separate  parameter. 


Yet  to  be  determined  is  the  “constant,”  A,  a term  that  has  only  been  specified  to  be  a 
constant  for  larger  (3Vyy/3h)/w.  Its  value  may  be  determined  by  noting  that  the  covariance  is 
identical  to  the  square  of  friction  velocity.  Hence, 
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The  use  of  the  Von  Karman  power  spectra  compounds  the  difficulty  of  solving  the  integral. 
Furthermore,  the  formalized  function,  F(ttj),  contains  the  independent  parameters  of  flj, 
h,  h/£\  h/hj,  and  V2q/Va.  However,  the  function  may  be  approximated  by 
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cospectrum  break  frequency  will  be  substantially  below  those  of  the  power  spectra.  Using 
this  conclusion,  the  qualitative  shape  of  the  cospectrum  is  expected  to  be  as  shown  on 
Figure  2-69. 

The  area  underftj4>uw(fti)  when  plotted  against  log  (ftp  represents  the  covariance.  The 
logarithm  of  is  plotted  on  Figure  2-69  to  show  the  asymptotic  behavior,  but 

Figure  2-69  does  demonstrate  that  the  contribution  of  spacial  frequencies  above  the  break 
frequency  for  the  longitudinal  power  spectrum  (approximately  1/LU)  to  the  covariance 
diminishes  rapidly  with  increasing  frequency. 

It  may  be  noted  that  the  cospectrum  has  been  presented  as  a function  of  tempoiUi 
frequency,  while  the  power  spectra  are  defined  in  terms  of  spacial  frequency.  The  two  may 
be  interchanged  using  Taylor’s  hypothesis  and  by  requiring  the  variances  and  covariance  to 
be  the  same  in  either  domain: 
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In  the  temporal  frequency  domain,  the  cospectrum  is  given  by 
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In  the  spacial  frequency  domain,  the  expression  is 
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Asymptote 


FIGURE  269.  - QUA  LITATI VE  COSPECTRUM  SHAPE 
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This  form  ignores  the  vertical  turbulence  power  spectrum  break  frequency  and  provides  for 
a £2 1"2  variation  beyond  the  longitudinal  turbulence  power  spectrum  break  frequency* 
which  has  been  approximated  by  1 /Lu.  However,  this  is  acceptable  since  it  is  known  that 
the  vertical  turbulence  break  frequency  (approximately  2/Lw)  is  always  greater  than  that 
for  the  longitudinal  spectrum  and  that  frequencies  beyond  1/LU  have  a rapidly  diminishing 
contribution  to  the  covariances. 

A further  approximation  is  possible  by  recalling  that  the  cospectrum  break  frequency  is 
much  less  than  1/LU.  Thus,  the  contribution  of  frequencies  below  and  about  the  cospectrum 
break  frequency  will  also  have  a small  contribution  to  the  covariance,  and  the  normalized 
function  may  be  approximated  by  its  asymptotic  form  in  this  region: 
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This  form  is  readily  integrable: 
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This  expression  has  been  checked  by  numerically  integrating  the  exact  expression  and  has 
been  found  to  be  very  accurate.  It  may  be  substituted  into  the  cospectrum  equation  to  give: 
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This  cospectrum  provides  for  a linearly  decreasing  covariance,  with  altitude,  but  because  1/T 
decreases  with  altitude,  the  low  frequency  portion  increases  with  altitude.  It  may  reasonably 
be  expected  that  the  cospectrum  will  have  significant  effects  only  at  the  very  low 
frequencies. 
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2.4.6.6  Composite  Turbulence  Description  Selected 

The  selection  of  a turbulence  description  has  been  complex.  In  an  effort  to  provide  an 
overview  of  the  description,  a composite  of  the  description  is  presented  as  follows: 


Power  spectra: 
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Cospectrum: 

! 
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where 
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1/g'  = f(Ri20}  ’ Figuru2‘16 


u,  v,  w refer  to  turbulence  components  along  the  x,  y,  and  z axes  ol  a system  aligned  to  the 
mean  wind  such  that  x is  downwind  and  w is  vertically  downward. 
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APPENDIX  2A 


EXTENSION  OF  MEAN  WIND  MODEL.  TO  BOUNDARY  LAYER 


General  expression  for  nondimensional  shear: 


Friction  velocity: 


Therefore, 
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Logarithmic  profile  (neutral  stability) 


•is- 


Displace  origin  so  that  h = 0 coincides  with  earth’s  surface: 
Replace  h with  h + Zg 
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For  low  altitudes, 


% 

Vw  = "if ln 


Log-linear  profile  (h/fi'  small) 

4> (h/£')  al+a* h/C' 


Shift  origin  so  that  h = 0 coincides  with  the  surface: 
Replace  h with  h + zg 
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The  term  a’h/£'  zg/d  may  be  ignored  as  being  negligibly  small:  thus, 


z0 


The  increment  for  nonneutral  stability  is  recognized  as  a'-JrU  -ijj)  At  low  altitudes  this 
equation  reduces  to  that  for  u*  = u*g  = constant:  ' ' 
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General  profile 
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The  term  (1  - h/d)  is  recognized  as  the  neutral  stability  term.  The  contribution  of  the 

nonneutral  term  is  denoted  as  f|(h/C'),  (h/d)].  For  constant  friction  velocity,  equivalent  to 

h/d  = 0,  f(h,2\  h/d) I = f(h/£'): 
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The  remaining  integral  may  be  written  as 
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and  integrated  by  parts: 


if  h/8'  < 0 
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When  f(h/8')  =a'(h/£'),  the  general  form  must  reduce  to  the  log-linear  equation: 
If  f(h/2')  =a'(h/8'),  then 
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This  is  the  same  as  obtained  for  the  log-linear  profile.  The  log-linear  profile  has  been 
described  as  applicable  for  the  stable  region  of  0 < h/Sc'  < 1 . 

For  the  region  h/8'  > I,  f(h/8')  has  been  described  as 

f(h/8')  = a'  [l  +ln(h/8')| 


Thus, 


In  summary,  the  effect  of  linearly  decreasing  friction  velocity  is  to  change  the  wind 
profile  from 


where  the  function  f(h/£\  h/d)  is  expressed  as: 
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3.0  PROBABILISTIC  DESCRIPTION  OF  THE  LOW  ALTITUDE  ATMOSPHERE 


In  this  section  are  presented  descriptions  of  atmospheric  conditions  in  the  lower  atmosphere 
as  obtained  from  ( 1 ) airports  around  the  U.SM  (2)  a literature  survey  of  tower  measure- 
ments. and  (3)  analysis  of  measurements  from  two  U.S.  towers. 

Simulation  of  atmospheric  conditions  should  be  based  on  knowledge  of  the  real  atmosphere 
and  its  interactions.  While  a complete  simulation  of  the  lower  atmosphere  would  be  a very 
large  task  indeed,  it  is  possible  to  describe  in  some  detail  the  conditions  one  might  expect 
and  the  general  form  of  the  relationships  between  variables  of  interest. 

Perhaps  the  primary  variables  of  interest  to  low  altitude  simulation  are  wind  speed  and 
direction,  together  called  “wind  velocity.”  These  are  described  in  some  detail,  first  by  a 
general  description  obtained  by  averaging  the  conditions  at  24  U.S.  airports  for  one  height, 
and  then  by  descriptions  of  the  vertical  changes  (shears)  as  determined  by  a literature  survey 
and  by  actual  measurements  from  two  towers. 

Another  variable  of  interest  is  the  Richardson’s  number,  Rj,  which  is  a measure  of  the 
stability  of  the  atmosphere  and  is  determined  by  the  vertical  wind  and  temperature 
gradients.  Using  the  two  sets  of  tower  observations  the  interrelationships  between  wind 
speed,  speed  and  direction  shears,  and  Richardson’s  numbers  are  obtained.  This  information 
is  analyzed  and  a description  given  which  is  applicable  to  the  simulation  portions  of  this 
study. 


3.1  LIST  OF  SYMBOLS 

h Height  above  ground  surface,  feet  (unless  otherwise  noted) 

Mean  speed  in  knots 

4 Direction  from  which  the  wind  is  blowing 

Rj  Richardson’s  number 

3VW 

-gjj-  Wind  speed  shear 
^ Wind  direction  shear 

3.2  NEAR-SURFACE  WIND  AND  WIND  SHEAR  INFORMATION 

This  section  discusses  three  atmospheric  properties:  (l)wind  speed,  direction,  and 
crosswind  near  the  surface,  (2)  mean  wind  profiles  near  the  surface,  and  (3)  wind  speed  and 
direction  shears.  Discussion  of  the  first  leads  to new  model  for  wind  speed,  direction,  and 
crosswind  at  20  feet  elevation,  the  standard  for  Weather  Service  anemometer  height  at 
airports. 
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The  second  discussion  briefly  outlines  the  mean  wind  speed  at  several  levels  in  the  lower 
layers  of  the  atmosphere.  Three  locations  are  studied  indicating  the  variability  between 
locations  and  providing  an  introduction  to  the  wind  shears  of  importance  as  far  as  aircraft 
are  concerned.  (Mean  profiles  are  seldom  realized  nature.) 

The  third  part  of  this  section  outlines  ncar-surface  wind  shear  information  obtained  from 
the  literature  for  a variety  of  locations  and  topographic  conditions.  This  last  part  provides 
background  information  for  the  analysis  of  tower  data  processed  for  this  study  and 
described  in  Section  3.3. 

3.2.1  Evaluation  of  Surface  (20-Foot)  Wind  Descriptions 

3. 2. 1.1  Wind  Speed 

This  part  of  the  study  is  the  development  of  a realistic  description  of  the  distribution  of 
annual  mean  wind  speed  at  the  local  airport  anemometer  height  (approximately  20  feet). 
Wind  speed  and  its  probability  distribution  at  an  airport  vary  with  a number  of  parameters, 
including,  but  not  limited  to: 

• Local  climate 

• Topography  and  roughness  of  the  surrounding  area 

• Geographical  location 

• Frequency  and  severity  of  large  and  small  scale  storms 

• Height  of  the  anemometer 

• Peculiarities  unique  to  the  site  (for  example,  on-shore  and  off-shore  winds  during 
the  summer) 

• Types  of  instruments  and  location  with  respect  to  supporting  equipment,  wind 
direction,  and  method  of  recording 

Thus,  a wide  variance  between  airports  is  to  be  expected,  and  any  model  can  only  be  some 
average  of  a number  of  locations. 

Historically,  airport  anemometer  height  has  varied  from  less  than  20  feet  to  more  than  1 20 
feet  above  the  ground  and  has  been  a function  not  only  of  the  airport  but  of  the  period  of 
record  at  some  airports.  There  has  been  an  attempt  to  standardize  the  U.S.  Weather  Service 
anemometer  height  of  20  feet  and  location  between  or  near  the  runways  since 
approximately  I93e.  Unfortunately.  Weather  Service  climatological  normals  were  estab- 
lished before  this  procedure  could  be  implemented  at  most  airports.  Thus,  the  climatological 
wind  data  in  the  literature  (usually  Weather  Service  documents)  are  given  for  various  heights 
above  the  ground.  Often  10  year  averages  and  distributions  at  a particular  station  were 
computed  from  wind  speeds  at  two  or  three  heights  because  the  instrument  location  and 
height  had  been  changed  during  the  period  of  record. 


Realizing  these  difficulties,  a representative  wind  speed  distribution  description  was 
established  from  data  obtained  for  all  24  airports  across  the  U.S.  where  the  anemometer 
height  during  the  period  of  record  was  between  20  and  35.  feet,  as  listed  in  Reference  3-1. 

Figure  3-1  is  a chart  indicating  the  percent  probability  of  exceedance  of  wind  speeds  equal 
to  or  greater  than  the  speeds  indicated  for  a composite  of  the  24  airports.  This  is  assumed  to 
be  representative  of  a greater  number  of  airports  nationwide.  Figure  3-2  is  a histogram  of 
the  same  information. 

A total  of  approximately  170,000  hourly  wind  speeds  (10  minute  averages  on  the  hour) 
were  used  in  the  analysis  and  description.  The  ARB  model,  identical  to  the  present  FAA 
model,  Reference  3-2,  was  also  developed  from  10  minute  averages,  but  the  sample  size  was 
about  1000  “worldwide  in-service  operations  of  U.K.  airlines,”  and  the  anemometer  heights 
were  assumed  to  be  at  33  feet,  or  some  6 or  7 feet  higher  than  the  average  height  in  our 
study,  Reference  3-3.  Some  may  have  been  much  higher.  The  descriptions  are  compared  in 
Figure  3-3. 

Another  description  was  derived  from  all  132  airports  provided  in  Reference  3-1.  The  The 
average  anemometer  height  is  approximately  55  feet.  This  height  difference  is  reflected  in  a 
wider  distribution  of  wind  speeds;  for  instance,  at  1%  probability  the  24  airport  composite 
speed  is  22.3  knots  and  for  all  132  cases  it  is  24.5  knots. 

Watson,  in  a paper  presented  to  the  World  Meteorological  Organization,  produces  another 
description.  Reference  3-4.  The  spread  of  speed  values  is  much  greater.  His  information  was 
compiled  from  several  world  locations,  the  total  number  of  observations  is  unknown, 
anemometer  heights  varied  from  the  “surface  level”  to  130  feet,  and  the  estimated  curve 
was  derived  by  weighting  the  data  at  each  airport  by  the  number  of  BOAC  operations  there. 
Such  a single-airline  description  is  not  appropriate  for  this  study. 

It  is  apparent  that  the  24  airport  description  contains  speeds  slightly  less  than  the  ARB  and 
other  models  for  percent  probability  of  exceedance  values  less  than  50%.  However,  this  is  to 
be  expected  of  a discretion  designed  for  an  anemometer  height  of  20  feet,  the  lowest  of  all 
the  studies. 

Recently  Marut,  et  al.,  of  the  Weather  and  Fl.ght  Service  Station  Branch  of  the  FAA, 
prepared  a study  in  which  a composite  wind  speed  table  was  developed  from  the  wind 
speeds  at  39  U.S.  airports  during  periods  of  fog  with  visibility  of  one-half  mile  or  less  and  no 
precipitation,  Reference  3-5.  These  conditions  and  strong  wind  shears  could  be  excep- 
tionally dangerous  for  landing  or  departing  airplanes.  Therefore,  Marut,  et  al.,  data  are 
shown  in  Figure  3-3  for  comparison  with  the  all-weather  speed  probabilities.  It  is  apparent 
that  wind  speeds  are  light  during  fog  conditions;  for  instance,  less  than  1%  of  the  speeds 
equal  or  exceed  14  knots.  (This  may  be  lower  still  if  the  speeds  were  reduced  to  the  20  foot 
height  because  of  the  normal  decrease  in  wind  speed  with  decrease  in  elevation.) 

3.2. 1.2  Wind  Direction 

The  preceding  section  describes  wind  speed.  This  section  will  describe  wind  direction  related 
to  runway  orientation.  One  may  ascertain  from  this  information  the  frequency  of 
occurrence  of  crosswinds. 


Percent 


Normalized  probability  of  occurrence 


iSBemmf  m&LZ&tjBfM  JW  ^ar^  <w»«*.w^  ! - 


Wind  direction  (direction  /row  which  the  wind  is  coming)  is  related  to  the  controlling 
parameters  described  in  the  previous  discussion  concerning  wind  speed,  and  no  single 
description  will  be  appropriate  at  a particular  airport.  Therefore,  the  description  is  only  the 
“genera*  case,”  an  average  of  directional  frequencies  from  the  24  airports  used  for  the  wind 
speed  description. 

The  general  case  was  developed  from  the  airport  wind  roses  and  a knowledge  of  the  major 
runway  orientations  at  these  airports.  The  wind  direction  along  the  runway  having  the 
greater  frequency  of  occurrence  was  given  the  0°  orientation.  (Obviously,  the  other  wind 
direction  along  the  runway  became  1 80°.)  Having  oriented  all  the  wind  roses  in  this  manner, 
the  average  frequencies  of  occurrence  of  wind  directions  relative  to  the  0° orientation  were 
obtained.  These  are  shown  in  Figure  34.  The  result  indicates  that  50%  of  the  time  annually 
the  surface  wind  is  either  from  ±35°  of  the  runway  orientation  or  calm. 

A composite  runway  wind  rose,  including  speed,  was  also  compiled  and  is  shown  in 
Table  3-1. 

3.2. 1 .3  Crosswinds 


The  probability  distribution  of  crosswinds  was  computed  using  a graphical  method 
described  by  Harold  L.  Crutcher,  of  the  National  Climatic  Center,  Reference  3-6.  The 
resulting  crosswind  speed  distribution,  provided  in  Figure  3-5,  indicates  the  percentage 
probabilities  from  each  side  of  the  runway;  negative  values  indicate  crosswinds  from  the  left 
side  of  the  runway  in  the  upwind  direction,  positive  values  from  the  right  side  of  the  runway 
in  the  same  direction.  Probabilities  from  both  sides  may  be  addej  to  obtain  percent 
frequencies  of  crosswinds  regardless  of  direction,  Figure  3-6.  Comparing  this  last  figure  with 
the  ARB  crosswind  model  indicates  a definite  similarity  but  with  slightly  lower  probabilities 
for  speeds  greater  than  5 knots.  The  total  probabilities  of  crosswinds  from  the  right  and  left 
are  very  nearly  equal,  0.501  to  0.499,  respectively,  ignoring  calm  conditions. 

3.2. 1.4  Headwind-Tailwind  Description 

A headwind-tailwind  description  was  computed  for  directions  oriented  90°  to  those  in  the 
crosswind  description,  and  using  the  same  technique,  Figure  3-7.,  Winds  from  0°  are 
arbitrarily  designated  headwinds;  those  from  180°  are  designated  tailwinds  (although  they 
would  ,be-Jieadwinds  to  an  airplane  landing  toward  1 80®).  The  total  probabilities  of 
headwinds  and  tailwinds  are  0.59  versus  0.41,  respectively,  ignoring  calm  conditions.  Total 
headwind-tailwind  percent  frequencies  are  shown  in  Figure  3-8. 

3.2.2  Mean  Profiles  From  Instrumented  Towers 

Mean  wind  profiles  are  indicative  of  average  conditions  at  particular  heights.  A curve  is  often 
drawn  through  these  average  values  and  to  some  readers  this  curve  indicates  an  average  curve 
or  set  of  shears  to  be  found  at  a particular  site  at  a particular  time.  This  is  not  the  case,  and 
the  shears  indicated  in  this  manner  may  occur  infrequently  at  any  interval  and  seldom  at  all 
tower  intervals  simultaneously.  The  important,  to  aviation,  true  wind  shears  for  various 
tower  intervals  are  discussed  in  Section  3.2.3. 
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Crosswind,  kt 


FIGURE  3-?.— HEADWIND— TAIL  WIND  DESCRIPTION  COMPILED  FROM 
24  U.S.  AIRPORTS 


TABLE  3-1.-WIND  ROSE  MODEL  RELATIVE  TO  RUNWAY  ORIENTATION 


Median 

direction 

(deg) 

1-3 

4-6 

7-10 

11-16 

17-21 

22-27 

28-33 

34-40 

41 

Heading 

frequency 

(%> 

Average 

speed 

(kn) 

0 

0.8 

2.4 

3.5 

2.6 

0.8 

0.2 

+ 

+ 

+ 

10.3 

9.0 

22.6 

0.6 

2.1 

3.3 

2.9 

0.6 

0.1 

+ 

+ 

+ 

9.7 

9.2 

45.0 

0.6 

1.8 

2.6 

1.8 

0.3 

+ 

+ 

+ 

+ 

7.2 

8.6 

67.5 

0.4 

1.3 

1.6 

1.1 

0.2 

+ 

+ 

+ 

+ 

4.6 

8.5 

90.0 

0.5 

1.3 

1.4 

0.8 

0.2 

+ 

+ 

+ 

+ 

4.2 

7.8 

112.5 

0.4 

1.1 

1.3 

0.8 

0.2 

+ 

+ 

+ 

+ 

3.8 

7.8 

135.0 

0.6 

1.4 

1.5 

0.9 

0.2 

+ 

+ 

+ 

+ 

4.6 

7.8 

157.5 

0.5 

1.4 

1.6 

1.0 

0.2 

+ 

+ 

+ 

+ 

4.7 

8.3 

180.0 

0.7 

1.8 

1.9 

1.1 

0.2 

+ 

+ 

+ 

5.7 

8.1 

202.5 

0.5 

1.6 

1.8 

1.0 

0.2 

+ 

+ 

+ 

+ 

5.3 

8.4 

225.0 

0.6 

1.4 

1.6 

1.0 

' * 

+ 

+ 

+ 

+ 

4.9 

8.1 

247.5 

0.5 

1.3 

1.4 

1.0 

0.3 

+ 

+ 

+ 

+ 

4.5 

8.1 

270.0 

0.6 

1.4 

1.6 

1.0 

0.3 

+ 

+ 

+ 

+ 

4.9 

7.7 

292.5 

0.5 

1,4 

1.7 

1.1 

0.2 

+ 

+ 

+ 

+ 

4.9 

7.9 

316.5 

0.8 

1.8 

2.1 

1.3 

0.3 

0.1 

}. 

+ 

+ 

6.4 

7.9 

337.5 

0.6 

1.P 

2.7 

2.1 

0.6 

0.1 

+ 

+ 

+ 

8.0 

8.7 

Calm 

6.3 

100.0 

Wind 

speed 

frequency 

to 

k) 

25.4 

31.6 

21.5 

5.0 

1.0 

+ 

+ 

+ 

Exceedance 

probability 

93.7 

84.5 

59.1 

27.5 

6.0 

1.0 

+ 

+ 

+ = sO.05 

— 

The  curves  of  Figure  3-9  are  provided  to  indicate  the  average  wind  speeds  to  be  expected  at 
heights  in  the  lowest  few  hundred  feet  and  to  show  the  general  increase  of  speed  with 
height.  Examples  are  provided  for  three  locations. 

In  the  figi're  is  shown  the  mean  annual  speed  profile  for  Hanford,  Washington,  with  values 
given  for  the  50,  200,  and  400  foot  levels,  Reference  3-7,  pages  10.59,  10.63,  and  10.67. 
The  difference  in  average  conditions  between  400  and  50  feet  is  3.2  knots.  Composite  wind 
shear  data  provided  on  page  10.55  indicate  an  average  shear  of  6.1  knots  between  the  400 
and  50  foot  heights,  or  nearly  twice  that  indicated  by  the  mean  profile.  Thus,  the  profile  of 
the  means  is  not  the  same  as  the  mean  of  the  profiles. 

Similar  annual  profiles  for  Oklahoma  City  and  Cape  Kennedy  are  also  shown  in  the  figure, 
References  3-8  and  3-9.  It  may  be  seen  that  in  the  lower  layers  the  differences  in  mean 
speeds  over  given  height  intervals  increase  as  the  mean  speeds  increase. 
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FIGURE  3-8. - TOTAL  HEADWIND/TAILWIND,  MEAN  0C  24  U.S.  AIRPORTS 


3.2.3  Evaluation  of  Near-Surface  Wind  Shear  Information  From  the  Literature 

The  literature  search  disclosed  observations  of  vertical  shears  of  horizontal  mean  winds  at 
only  a few  locations.  Few  tail  towers  are  instrumented  for  meteorological  purposes,  and 
wind  shear  frequency  information  in  the  open  literature  is  not  available  even  for  all  of  these. 

The  World  Meteorological  Organization  in  1964  requested  member  countries  to  “carry  out 
studies  relating  to  the  occurrence  of  vertical  wind  shear  in  the  layer  between  10  and  100 
meters  above  ground  level  at  appropriate  locations,  preferably  at  international  aerodromes 
(airports)  on  a worldwide  basis.”  Responses  to  this  request  have  been  published  in 
Reference  3-10.  Other  reports  on  this  subject  by  these  and  other  investigators  were 
uncovered  by  the  literature  search.  Results  are  in  widely  differing  formats,  measurement 
units,  an.  conditions.  This  handicap  has  been  overcome  to  some  degree,  and  the  results  are 
given  her';  in  similar  format  and  units  where  possible,  along  with  comments  on  the 
conclusions  of  the  authors. 
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FIGURE  3-9.-MEAN  ANNUAL  WIND  SPEED  PROFILES  FOR  THREE  LOCATIONS 


While  “wind_  shear”  is  defined  mathematically  as  a vector  quantity,  often  only  the 
magnitude  3Vyy/3h  or  dV^/dh  is  used,  for  instance,  in  the  Richardson’s  number.  The 
quantity  given  indicates  either  the  scalar  or  vector  magnitude,  as  the  case  may  be,  at  a point 
in  the  vertical.  In  actual  studies  of  observations  the  term  has  been  used  interchangeably  with 
a difference  term,  usually  (Vy/2  * ^W1  )/tf*2  * ^1  )•  Thus,  what  is  shown  is  an  “average  wind 
shear  for  an  interval.”  Most  authors  using  tower  data  at  height  intervals  ranging  from  10  feet 
or  so  to  at  least  1 50  feet  use  the  term  “wind  shear”  and  the  mathematical  symbol  3\fy/dh 
even  though  the  data  are  not  related  to  a point.  That  is,  they  assume  a linear  relationship 
between  observational  levels.  This  loses  its  accuracy  near  the  ground  where  the  wind  profile 
is  least  linear. 

In  the  following  discussion,  therefore,  the  term  “wind  shear”  is  referred  to  a finite  height 
interval  dependent  upon  instrument  locations  and  given  in  knots/ 100  feet  tor  consistency. 
Often  the  vector  shear  is  described  in  terms  of  its  orthogonal  components  or  magnitude  and 
direction  shears  separately.  This  often  makes  difficult  the  comparison  of  “shears”  studied 
by  different  investiptors. 
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Possibly  the  greatest  criticism  which  might  be  leveled  at  the  following  results  obtained  from 
the  literature  is  that  they  do  not  represent  the  true  shear  conditions  to  be  encountered  by 
arriving  or  departing  airplanes.  Muller  and  Mushkat  mention  these  in  their  paper,  Reference 
3-1 1.  Most  of  the  tower  shear  data  given  below  are  for  averaging  periods  of  10  minutes  to  1 
hour,  whereas  an  airplane  takes  only  a minute  or  so  to  pass  through  the  shear  height 
interval.  Secondly,  the  airplane  will  move  horizontally  a distance  of  a mile  or  so  in  this  time 
interval,  while  the  shear  data  are  observed  vertically  at  one  location.  Ideally,  nearly 
instantaneous  observations  should  be  taken  at  different  levels  on  two  towers  a mile  or  so 
apart  and  separated  a minute  or  so  in  time.  Observations  of  this  nature  will  be  discussed 
later  along  with  the  representativeness  of  the  tower  data. 


3.2.3. 1 Survey  of  World  Locations 


The  response  of  various  investigators  to  the  WMO  call  for  studies  of  wind  shear  in  the  lowest 
100  meters  or  so  resulted  in  a broad  range  of  replies.  These  replies  are  summarized  here  with 
similar  information  gathered  from  additional  sources  for  other  locations. 


Pettit  and  Root  studied  the  200-  to  20-foot  wind  shear  at  Montreal  and  Whiteshell,  Canada, 
for  cases  when  the  200-foot  wind  speed  exceeded  20  mph  (17.4  kn),  Reference  3-12.  The 
Montreal  tower  site  is  in  an  urban  residential  area,  while  Whiteshell  is  on  a relatively  flat 
plane  with  exposure  more  typical  of  an  airport.  Shears  at  the  two  sites  are  compared  in  the 
following  table. 


Montreal 


Whiteshell 


Period  of  record 

Time  that  200  ft  speed  > 1 7.4  kn 
Most  probable  scalar  shear 
Extreme  scalar  shear 
Other  probabilities 


12  mo 

1200  hr 

4.2  kn/iOO  ft 

10  kn/ 1 00  ft 

0.9%  >8.4  kn/100  ft 


20  mo 

3000  hr 

4.8  kn/100  ft 

13.5  kn/100  ft 

2.0%  hr  >8.7  kn/100  ft 

0.9%  hr  >9.6  kr./lOO  ft 

0.75%  hr  >0.7  kn/100  ft 


There  is  a larger  variation  of  shear  magnitude  at  Whiteshell,  the  location  with  the  higher 
mean  wind  speed  and  fewer  obstructions  to  the  wind.  The  probabilities  of  exceedance  of 
wind  shear  magnitude  are  compared  for  the  two  locations  in  Figure  3-10. 

In  addition  to  the  shears  of  speed  magnitude,  the  distribution  of  direction  shears  is  given  for 
Whiteshell,  Figure  3-11.  Only  1.9%  of  these  cases  had  directional  shear  greater  than 
17°/ 100  ft  (30#/180  ft).  At  Montreal  the  directional  shear  was  < 277100  ft  (457165  ft)  in 
nearly  all  cases.  The  authors  conclude  that  a scalar  treatment  of  speed  shears  is  valid:  that  is, 
the  speed  shear  may  be  obtained  in  nearly  all  cases  by  simply  subtracting  the  wind  speed  at 
one  level  from  the  speed  at  the  other  level,  ignoring  the  directional  shear. 

Directional  shear  information  is  als«  available  for  the  Hanford,  Washington  tower  located  on 
nearly  level  desert  terra/n,  Referent  t-7.  Data  are  given  for  the  400  -50  foot  interval  in  the 
reference,  and  these  have  been  reduced  to  a common  100  foot  interval  for  comparison  with 
the  Whiteshell  information,  Figure  3-1 2.  This  linear  interval  reduction  may  not  be  entirely 
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FIGURE  3-10. -WIND  SHEAR  MAGNITUDES  (10  MIN  MEANS),  MONTREAL  AND 
WHITESHELL,  CANADA,  200-FT  SPEED  > 17.4  KT 
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FIGURE  3- 12. -DIRECTIONAL  SHEAR,  HANFORD,  WASHINGTON  (<t>40o'-<t>5o)  IN  DEG/1 00  FT 


legitimate  for  the  more  extreme  shears;  however,  the  implication  is  clear  that  large 
directional  shears  are  the  exception.  Direction;*'  shears  are  investigated  further  under  the 
computer  study  of  accumulated  tower  wind  records,  Section  3.3. 

The  following  paper  in  Reference  3-1 1 by  Muller  and  Mushkat  also  contains  information  for 
Whiteshell  but  in  addition  contains  1-hour  mean  shears  for  towers  at  Ottawa  and  Sarnia. 
Ottawa’s  tower  is  about  a mile  from  an  urban  area  and  Sarnia’s  is  in  flat,  open  country. 
Whereas  in  the  previous  paper  the  data  were  limited  to  those  observations  where  the 
200-foot  wind  speed  exceeded  17.4  knots,  no  such  limitation  was  used  in  this  reference.  In 
addition,  the  period  of  record  was  approximately  3 years  as  versus  1 year  in  Reference  3-12. 
An  additional  difference  was  that  a vector  shear  was  determined  for  each  observation  and 
from  this  the  downwind,  crosswind,  and  vector  magnitudes  were  determined  and 
summarized.  “Downwind”  was  defined  as  the  component  of  the  shear  in  the  direction  of 
the  upper-wind  vector.  No  directional  shear  summaries  similar  to  the  previous  reference  are 
provided  in  this  reference.  The  shear  magnitudes  are  compared  in  Figure  3-13  for  the  three 
sites.  Whiteshell  again  has  the  larger  variation;  no  doubt  due,  in  part,  to  the  shorter  wind 
averaging  period  (10  vs.  60  minutes  for  the  other  two  sites).  In  Figure  3-14  the  effect  of 
limiting  the  cases  to  200  foot  speeds  of  greater  than  17.4  knots  is  sh(  vn  by  comparing  the 
Whiteshell  shear  magnitude  from  the  two  papers.  It  must  be  recognized  that  a true 


FIGURE  3-13.-WIND  SHEAR  MAGNITUDES.  CANADA 


FIGURE  3- 14 -WIND  SHEA R MAGNITUDES,  WHiTESHELL,  CANADA 


comparison  is  not  possible  because  of  the  differences  between  tue  definition  of  shear  in  the 
two  cases  and  the  dissimilarity  in  periods  of  record.  It  is  assumed  that  these  differences  are 
minor  compared  to  the  speed  limitation. 


The  mean  (50%)  shear  magnitudes  for  the  three  locations  from  Figure  3-12  are: 

Whiteshell  3.8  kn/ 100  ft 

Sarnia  2.9  kn/ 100  ft 

Ottawa  2.3  kn/100  ft 


Sarnia 


Ottawa 


In  another  paper  a study  of  wind  shears  observed  on  a 200-foot  tower  on  the  coastline  near 
Thumba,  India,  is  discussed,  Reference  3-13.  Tower  intervals  studied  were  small  compared 
to  other  studies  and  only  two  layers  near  the  ground,  33-8  and  58-33  feet,  had  sufficiently 
long  periods  of  record  for  our  study.  The  probability  of  exceedance  distributions  for  these 
two  intervals  are  included  in  this  report,  Figure  3-15.  However,  the  site  is  believed  not  to  be 
representative  of  airports  (shoreline  site  with  trees  cleared  only  within  250  feet  of  the 
tower).  Observations  were  at  3-hour  intervals  between  0000  and  1 500  iocal  standard  time 
(LST)  and  the  observational  averaging  period  is  not  known  precisely  but  is  assumed  to  be 
1 hour.  Other  reservations  covering  the  location  and  instrumentation  could  be  enumerated; 
however,  the  results  are  piovided  here  because  at  few  other  locations  are  data  available  for 
such  small  height  intervals.  Care  should  be  exe.csed  in  any  application  of  the  results 
to  airports. 

The  summarized  shears  are  provided  in  component  form  (North-South  and  East-West). 
Assuming  thai  the  50%  shear  magnitudes  in  Figure  3-15  can  be  determined  directly  from  the 
50%  components,  the  50%  shear  magnitudes  are  5.9  kn/100  ft  for  the  58-33  foot  interval 
ancl  11.1  kn/100  ft  for  the  33-8  foot  interval.  The  50%  and  1%  component  shear  values  for 
both  intervals  are: 


58-33  ft 


33-8  ft 


N-S 

4,5  kn/100  ft 

25.0  kn/100  ft 

E-W 

3.8 

23.5 

N-S 

6.5 

31.5 

H-W 

9.0 

38.5 

Much  shorter  periods  of  record  are  available  for  height  intervals  higher  on  the  tower,  but 
they  are  not  included  here  because  of  the  uncertainties  concerning  them.  However,  it 
appears  that  the  shears  become  less  extreme  with  altitude,  as  would  be  expected. 

As  contrast  to  the  previous  paper,  a study  by  Kusano,  Suzuki,  and  Takei  from  an  830-foot 
tower  near  the  Tokyo  International  Airport  provides  S-N  and  W-E  component  shear 
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FIGURE  3-15.-COMPONENT  WIND  SHEAR  MAGNITUDES,  THUMBA,  INDIA 


information  for  large  height  intervals,  Reference  3-14.  The  averaging  time  interval  of  the 
hourly  obsei-vations  is  not  given  explicitly  in  the  paper  but  is  assumed  to  be  1 hour.  The 
period  of  :^cord  is  1 year. 

The  most  noticeable  feature  of  the  curves  in  Figure  3-16  is  the  lower  values  and  the 
non-Gaussian  distribution  of  the  shears  compared  with  similar  information  from  other 
locations.  Fifty  percent  component  values  are  given  in  the  following  table. 


50% 


380-350  ft 

S-N 

1.5  kn/100  ft 

E-W 

1.4 

350-85  ft 

S-N 

1.5 

E-W 

1.3 

The  50%  shear  vector  magnitudes  computed  as  before  both 

equal  2.0  kn/100  ft. 

An  interesting  aspect  of  this  Japanese  study  is.  a section  discussing  wind  shear  duration.  The 
annual  distributions  of  occurrences  are  shown  for  two  cases  (vector  shear  magnitude  >2.0 
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and  >3.2  kn/100  ft)  for  the  830-350  foot  height  interval  in  Table  3-2.  Information  of  this 
nature  for  grtatei  shears  and  shorter  time  intervals  (less  than  1 hour)  would  be  more 
valuable  for  cur  study. 

TABLE  3-2.-FREQUENCIES  OF  OCCURRENCE  OF  VECTOR  WIND  SHEAR  MAGNITUDE 
DURATIONS  FOR  830-  TO  350- FT  INTERVAL 


Shear 

Duration  (hr) 

Total 

occurrences 

% of  total 
observations 

magnitude 
(kt/100  ft) 

1-2 

3-5 

6-8 

9-11 

12-14 

15-17 

18-20 

21-24 

24 

Frequencies  of  occurrence 

2.0 

— 

403 

103 

41 

12 

6 

5 

m 

3 

2 

577 

8.45 

3.2 

172 

33 

8 

2 

2 

■ 

217 

3.18 

P.  J.  Rijkoort  reports  on  an  interesting  and  different  study  of  wind  shears  obtained  at 
Lopik,  Netherlands,  with  fast  response  instruments,  Reference  3-15.  “Momentaneous” 
speed  observations  w<*re  obtained  at  175  and  49  feet  at  3-second  intervals  for  32  I4-m:nute 
time  scries  spaced  cvor  a total  of  5 days.  These  8960  observations  were  then  statistically 
analyzed  for  3-.  6-,  9-  1 2-,  and  30-second,  as  well  as  14-minute  time  averages.  For  example, 
the  average  of  three  successive  observations  becomes  a 9-second  observation.  The  1 F.ninute 
mean  and  extreme  shears  were  also  determined.  All  these  data  are  summarized  in  Figure 
3-17,  a semilogarithmic  plot  of  shear  versu*  time  for  the  various  statistics.  As  may  be  seen, 
the  average  shear  for  the  entire  record  is  3.34  kn/100  ft,  approximately  the  same  as  other 
studies.  (Shear  in  this  case  is  defined  as  a speed  shear  only,  and  any  directional  shear  is 
ignored.)  The  average  maximum  and  minimum  shears  for  the  32  series  are  plotted,  as  are  the 
extreme  shears  for  the  entire  record.  Only  the  average  and  extreme  shears  are  available  for 
the  14-minute  periods,  it  is  obvious  that  a positive  shear  (speed  increasing  with  height)  is 
most  common;  however,  negative  shears  certainly  occurred  and  with  surprising  magnitude 
for  the  shorter  averaging  times.  Qualitatively  these  results  are  valuable  to  our  study  since 
they  indicate  the  problem  that  results  from  simulating,  for  landing  conditions,  wind  shears 
obtained  from  10  minute  or  longer  averages.  There  is  no  indication  in  the  reference  that  the 
observations  were  taken  wnen  severe  shearing  was  present.  Therefore,  the  extremes  obtained 
in  that  relatively  short  study  should  not  be  understood  to  be  the  extremes  that  might  be 
found  with  shear-producing  weather  situations.  For  instance,  the  extreme  10-minute  shear 
indicated  in  Figure  3-17  is  about  7.5  kn/100  ft  over  the  175  to  49  foot  height  interval. 
Other  studies  for  roughly  the  same  height  interval  indicate  10-minute  extreme  shears  of  at 
least  10  kn/100  ft.  More  observational  studies  are  required  for  this  facet  of  the  problem. 

A Russian  paper  by  Abramovic  and  Glazunov  presents  information  from  both  tower  and 
pilot-balloon  observations  at  various  locations  in  the  Soviet  Union,  Reference  3-16.  At  the 
tower  location,  Obinsk,  7-minule  average  vector  wind  shear  magnitudes  were  obtained  at 
several  levels  and  arc  repeated  here  in  Table  3-3. 

Extreme  vector  wind  shear  magnitudes  of  12  kn/100  ft  over  intervals  of  approximately  80 
feet  in  the.  lowest  250  feet  were  obtained  near  Moscow  during  cloudy  winter  days  by  using 
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TABLE  3-3.-VECT0R  WIND  SHEAR  MAGNITUDES  AT  OBLINSK,  RUSSIA 


t- 


t 


i 


i 


i 

> 


i 

i 

i 

i 

1 


Layer 

interva' 

(ft) 

Vector  shear  magnitude  (kt/100  ft) 

Average 

Extreme 

3-82 

3.7 

11 

82-161 

2.2 

10 

161-240 

2.2 

10 

240-318 

2.2 

Not  given 

318-397 

2.0 

. — — j 

Not  given 

captive  balloons.  Average  shears  were  less  than  3.3  kn/100  ft  and  decreased  with  increasing 
altitude. 

A 5-year  period  of  pilot-balloon  observations  at  1 1 airports  in  the  Uzbekistan  Republic  of 
the  Soviet  Union  were  analyzed  for  wind  shear.  Only  1.6%  of  the  shears  from  various 
300-foot  height  intervals  below  1000  meters  (3280  feet)  provided  shears  of  3 kn/100  ft  or 
greater.  Only  seven  cases  out  of  38,092  (or  0.2%)  exceeded  9 kn/100  ft.  The  applicability  of 
these  data  to  our  study  are  questionable  because  of  the  large  height  intervals  involved. 

Roberts  has  performed  analyses  of  wind  shear  in  the  lower  layers  of  the  atmosphere  for 
application  to  the  control  of  aircraft  on  approach,  Reference  3-17.  His  conclusions  are  that 
characteristic  shears  (speed  only)  are  3-5  kn/100  ft  in  the  lowest  100  feet  with  extreme 
values  of  10  kn/100  ft.  Ten  minute  wind  averages  were  used  and  the  directional  shear  was 
ignored  since  it  never  exceeded  45°  during  his  selection  of  50  days  out  of  the  year  when 
shears  were  favored. 

As  to  a question  we  raised  earlier  concerning  the  usefulness  of  shears  observed  vertically, 
Roberts  states,  “In  surface  layers  of  the  atmosphere,  the  change  in  the  mean  wind  flow  with 
distance  is  about  two  orders  of  magnitude  greater  in  the  vertical  direction  than  in  the 
horizontal.  Consequently,  it  is  permissible  to  neglect  these  horizontal  changes  for  distances 
representative  of  the  approach  zone  of  an  airport  and  consider  only  the  vertical  change  of 
the  wind.” 

No  probability  distribution  similar  to  Figures  3-13  through  3-16  was  available  from  the 
referenced  paper;  however,  for  the  110-10  foot  interval  the  average  speed  shear  and  the 
extreme  shear  are  3.2  and  9.3  kn/100  ft,  respectively,  and  for  the  210-1 10  foot  interval  the 
average  and  extreme  shears  are  4.4  and  10.0  kn/100  ft. 

Roberts  provides  a chart  of  the  average  and  maximum  wind  shears  versus  surface  wind 
speed,  Figure  3-13.  It  is  apparent  that  the  greatest  average  and  extremes  occur  with  surface 
speeds  of  3-4  knots.  He  also  includes  a diagram  from  Ramsey,  Reference  3-1 8,  depicting  the 
variation  of  wind  shear  with  temperature  gradient  at  Lopifc,  Netherlands,  Figure  3-19.  It  is 
noticeable  that  shear  increases  with  a positive  temperature  gradient  but  that  the  highest 
percentage  occurs  with  a shear  of  approximately  3 kn/100  ft  and  an  adiabatic  temperature 
gradient. 
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FIGURE  3- 18.— DISTRIBUTION  OF  AVERAGE  AND  MAXIMUM  WIND  SHEAR  FROM  SURFACE 
LEVEL  TO  110  FT  AS  A FUNCTION  OF  SURFACE  WIND  SPEED 


One  of  the  interesting  conclusions  is  that  there  is  little  difference  between  the  results  from 
his  Damascus,  Maryland  results  and  the  Lopik,  Netherlands  and  Cedar  Hills,  Texas  results. 

Watson,  Reference  3*4,  studying  2-minute-averaged  shears  from  Cardington,  England  and 
Lopik,  Netherlands  as  well  as  other  models  suggests  the  following  speed  shear  models  for 
landings: 

• During  glideslopc  (down  to  1 00  ft  elevation) 

Mean  shear  = 2.5  kn/100  ft 
Standard  deviation  = 2.0  kn/100  ft 

• During  attitude  hold  and  autoflare  (less  than  1 00  ft  elevation) 

Mean  shear  = 3.5  kn/100  ft 
Standard  deviation  = 2.0  kn/100  ft 
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FIGURE  3-19.-RELA  TIVE  FREQUENCIES  (IN  PERCENT)  OF  WIND  SHEAR  AND  TEMPERA  TURE 
DIFFERENCES  ACCORDING  TO  RAMSEY  (REF.  2 18 ) 
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Ir,  the  latter  case,  the  mean  plus  three  standard  deviations  (he  found  the  distribution  of 
shears  to  be  normal)  equals  nearly  10  kn/100  ft,  which  is  approximately  the  same  as  the 
extreme  shears  found  by  other  investigators. 

Watson  includes  an  appendix  to  his  paper  entitled  “Wind  Shear  in  the  Lower  Layers  of  the 
Atmosphere,  Observations  from  a Tethered  Balloon  at  Cardington-1949  to  1954,”  in  which 
are  speed  shear  frequencies  and  stability  conditions.  These  are  reproduced  in  probability  of 
exceedance  form  in  Figure  3-20  along  wKn  the  curve  representing  the  total  number  of 
observations.  Observations  were  conducted  thrice  daily  except  when  strong  winds  or 
lightning  prevailed.  Numbers  noted  after  the  stability  condition  are  the  percentages  of  the 
total  observations  included  in  that  condition.  The  range  of  values  is  not  as  great  as  in  other 
studies,  possibly  because  of  the  large  height  interval  between  observation  heights  (220  feet). 

In  a paper  by  Dubov,  Reference  3-19,  additional  wind  shear  information  from  Russia  is 
reviewed.  The  observations  were  obtained  primarily  by  balloons  and  no  averaging  times  are 
given.  One  of  his  figures  is  interesting  in  that  the  dependence  of  shear  and  the  boundary 
layer  height  upon  stability  is  indicated  in  a general  way,  Figure  3-2 1 . The  top  of  each  curve 
indicates  the  geostrophic  height.  The  abscissa  is  the  ratio  of  the  wind  speed  at  height  h to 
that  at  10  meters.  Other  interesting  features  of  wind  shear  are  to  be  noted  in  Tables  34  and 
3-5,  developed  from  radiosonde  data,  it  is  uncertain  whether  the  numbers  in  the  tables  are 
vector  shear  magnitudes  or  speed  shears  but  it  is  believed  that  they  are  speed  shears. 

Dubov  writes  that  low  level  jet  '.‘reams  have  been  noted  in  Russia  and  that  jet  cores  are 
found  just  below  the  inversion  height  and  have  speeds  sometimes  2-3  times  as  large  as  the 
geostrophic  wind.  These  jets  are  rare  but  can  occur  over  various  types  of  terrain.  He  cites 
one  Russian  investigator  as  observing  a jet  for  4 days. 

Clodman,  Muller,  and  Morrissey,  Reference  3-20,  in  a subsequent  paper  to  Reference  3-1 1, 
present  additional  and  more  detailed  information.  The  paper  ‘-parated  into  two  sections, 
the  first  providing  shear  probabilities  from  several  years  of  1 0-minute  or  1-hour  average 
winds.  In  addition  to  the  data  presented  earlier  they  provide  important  mean  and  standard 
deviation  information  for  shear  components  relative  to  either  the  surface  or  upper  wind. 
Relevant  portions  of  their  tables  are  reproduced  here.  Tables  3-6  and  3-7.  They  note,  as 
others  have,  the  Gaussian  Mstribution  of  the  shears  for  the  bulk  of  the  observations  but  they 
also  present  data  indicating  that  the  extremes  (number  of  cases  with  return  period  of  10,000 
hours)  are  not  Gaussian  but  occur  tens  (for  downwinds)  and  hundreds  (for  crosswinds)  of 
times  more  frequently  than  predicted  by  the  Gaussian  distribution.  Perhaps  some  of  these 
cases  arc  rare  low  level  jet  streams.  It  should  be  noted  that  the  Whiteshcl!  data  with 
10-minute  mean  observations  are  generally  closer  to  the  Gaussian  predictions  than  the 
1-hour  mean  observations  at  the  other  locations.  The  positive  crosswind  shear  is  the  greatest 
departure  from  Gaussian  at  Whiteshell. 

A second  section  of  their  paper  discusses  a short  term  study  of  observations  from  two 
towers  about  1 mile  apart  in  a semideveloped  area  in  the  Toronto  suburbs.  They  studied 
both  60-second  and  10-second  mean  wind  shears  and  components  from  the  300-foot  tower 
and  a smaller  30-foot  tower.  They  reported  three  shear  situations:  { I ) 300-foot  level  on  the 
high  tower  to  30-foot  level  on  the  small  tower,  no  time  lag;  (2)  300-foot  level  on  the  high 
tower  to  30-foot  level  on  the  small  tower,  20-second  time  lag;  (3)  300-foot  level  to  the 
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FIGURE  3-20.— WIND  SHEAR  MAGNITUDES,  CARDINGTON,  ENGLAND 


TABLE  3-4.-VARIA  TION  OF  WIND  SHEAR  WITH  WINDSPEED  AND  HEIGHT 
INTERVAL  DURING  NEUTRAL  CONDITIONS-RUSSIA 


Wind 

speed 

(kt) 

Height  intervals  (ft) 

328  to  30 

656  to  CO 

1640  to  30 

Wind  shear 

5.8 

1.2 

0.8 

0.4 

7.8 

1.5 

1.0 

0.5 

9.7 

1.8 

1.2 

0.7 

11.7 

2.3 

1.6 

0.9 

13.6 

2.8 

1.8 

1.0 

TABLE  3-5.— VAR  I A TION  OF  WIND  SHEAR  WITH  HEIGHT  INTERVAL  AND 
STABILITY -RUSSIA 


Atmospheric 

stability3 

Height  intervals  (ft) 

328  to  30 

656  to  30 

1640  to  30 

Wind  shear 

Unstable 

0.7 

0.4 

0.2 

Neutral 

1.2 

0.8 

0.4 

Unstable 

2.4 

1.6 

0.7 

an  - 5.8  kt 
'30 


30-foot  level  on  the  high  tower.  Their  Tables  6 and  7 are  reproduced  here  as  Tables  3-8  and 
3-9  with  the  shears  converted  to  kn/ 1 00  ft  and  the  wind  speeds  to  knots.  The  “shear 
components  were  calculated  relative  to  the  lower  wind  (crosswind  shear  being  positive  when 
the  wind  veered  with  height).” 

Their  conclusion  to  this  section  of  their  study  is  that  the  space  and  time  required  for  landing 
an  airplane  should  result  in  1-3  kn/100  ft  higher  shears  than  detected  by  single  tower  data. 
These  results  are  some  of  the  most  appropriate  for  our  study  of  airplane  landing  conditions, 
although  the  period  of  record  is  short  and  more  extreme  conditions  should  be  expected  for 
longer  observational  periods  and  other  locations.  It  must  also  be  realized  that  the  above 
conclusions  were  based  on  observations  from  two  towers  in  a particular  line  which  might  be 
assumed  to  be  the  same  as  the  runway  orientation.  Therefore,  they  may  not  be  entirely  valid 
for  some  portions  of  their  study  where  a runway  was  at  some  other  angle  to  the  tower’s 
orientation.  This  would  be  especially  true  for  the  study  with  the  20-second  time  lag.  The 
effect  is  probably  minor  and  too  detailed  for  our  purpose,  considering  the  other 
uncertainties  (site  similarity  to  airports,  differences  <n  roughness  and  climatology  between 
airports). 
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TABLE 3-6.-MEANS  AND  STANDARD  DEVIATIONS  FOR  20 • TO  200-FT SHEARS 


Item 

Mean 

(kt/100  ft) 

Standard  deviation 
(kt/100  ft) 

Ottawa:  (4-year,  9-month  record  of  1 -hr  mean  winds) 

Downwind  shear  component 

2.07 

1.31 

Crosswind  shear  component 

0.46 

0.93 

Whitesheli:  (3-year,  2-month  recori'of  10-min  mean 
winds) 

Downwind  shear  component 

3.38 

1.96 

Crosswind  shear  component 

0.46 

0.63 

Sarnia:  (5-year,  7-month  record  of  1-hr  mean  winds) 

Downwind  shear  component 

2.60 

1.38 

Crosswind  shear  component 

0.38 

0.77 

All  relevant  to  upper  wind 





R.  R.  Brook  has  written  what  he  terms  a preliminary  study  of  boundary  layer  wind  shear  at 
the  Melbourne,  Australia  airport,  Reference  3-21 . He  has  studied  several  aspects  of  the  wind 
shear  problem.  One  conclusion  is  that  the  downwind  component  of  shear  exceeds  the 
crosswind  component  by  3 to  more  man  10  times.  This  is  borne  out  by  other  studies 
reviewed  above.  Ke  also  tentatively  concludes  that  the  variability  of  the  downwind 
component  of  shear  is  related  to  the  mean  upper  level  ( 1 50  feet  in  his  case)  wind  speed  and 
the  gustiness.  He  has  developed  a table  indicating  this  relationship  for  wind  speed  shears 
exceeding  6 kn/100  ft,  which  he  assumes  may  present  a problem  to  aviation,  Table  3-10.  In 
the  table  he  combines  the  study  data  from  Melbourne  Airport  (Tullamarine)  with  wind  and 
gustiness  data  from  Essendon  to  obtain  the  percentage  of  time  during  a year  that  the  wind 
speed  and  gustiness  combinations  occur,  and  the  annual  number  of  hours  that  speed  shears 
greater  than  6 kn/100  ft  exist  for  10  seconds  or  more.  The  total  number  of  hours  that  the 
shears  occurred  is  approximately  81  per  year.  (The  gustiness  classifications  are  defined  in 
Table  3-11.) 

Crawford  and  Hudson  have  analyzed  wind  observations  accumulated  from  a television  tower 
near  Oklahoma  City  in  a recent  report,  Reference  3-8.  Their  paper  discusses  various  wind 
facets,  the  last  being  shear. 

The  tower  location  generally  is  typical  of  airport  locations;  thus,  the  study  results  are 
applicable  to  this  work.  The  shear  values  represent  5-minute  mean  conditions  obtained 
hourly  over  a 1-year  period,  June  1966  through  May  1967.  Several  tables  and  figures  from 
this  section  of  their  study  are  repeated  here.  Figures  3-22  and  3-23  are  histograms  and 
probability  of  exceedance  charts,  respectively,  of  the  vector  wind  shear  speeds  for  six  layers 
on  the  tower.  Only  the  probabilities  for  layers  1 , 2,  and  3 are  shown  in  Figure  3-23  because 
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TABLE  3-8.-MEAN  SHEAR  VALUES-TWOTOWER  EXPERIMENT 


I 


1 


f 


l 

£ 


Shear 

Averaging  period 
(min) 

Shear  measurements  l 

kt/IOOtt) 

(a) 

(b) 

(c) 

Downwind 

4o 

1.4 

1.5 

1.1 

Crosswind 

40 

-2.6 

-2.7 

0.3 

Magnitude  from  average 
components 

40 

3.0 

3.1 

1.2 

Downwind 

10 

1.4 

1.4 

1.8 

Crosswind 

10 

-2.7 

-2.7 

0.5 

Total  magnitude 

10 

3.0 

3.0 

1.9 

Average  of  shear  magnitudes: 
40-min  runs 

40 

3.4 

3.4 

1.7 

10-min  runs 

10 

3.1 

3.1 

2.3 

(a)  From  simultaneously  measured  data  on  tall  tower  and  short  tower 

(b)  From  data  on  tall  tower  and  short  tower  measurcmenvs- 


20-sec  lag 

(c)  Data  from  two  measurements  from  tall  to.ver  taken  simultaneously 


TABLE  3-9.  —PROBA BIL /TIES  OF  SHEAR  * 


Shear  probabilities  (%) 

Shear  intervals 

(kt/1 00  vertical  ft) 

(a) 

(b) 

(c) 

Downwind 

Crosswind 

Downwind 

Crosswind 

Downwind 

Crosswind 

-3.2  to  -2.9 

-2.9  to  -2.6 

0.2 

-2.6  to  -2.3 

C.3 

•-2.3  to -1.9 

0.1 

0.1 

0.6 

0.1 

-5.9  ic  -1.6 

0.7 

0.1 

0.6 

0.1 

0.1 

0.2 

-1.6  to -1.3 

1.5 

0.4 

1.8 

0.4 

0.6 

0.4 

-1.3  to -1.0 

3.6 

1 7 

3.6 

1.6 

1.9 

1.4 

-1.0  to -0.6 

6.2 

5.1 

6.8 

5.0 

5.2 

6.0 

-0.6  to -0.3 

13.8 

14.6 

12.0 

14.0 

16.0 

13.2 

-0.3  to  0 

22.7 

29.8 

23.2 

28.6 

26.9 

27.0 

0 to  0.3 

23.1 

26.5 

22.7 

28.8 

25.8 

29.9 

0.3  to  0.6 

14.1 

14.7 

13.7 

14.3 

14.2 

14.7 

0.6  to  1.0 

8.1 

5.3 

7.6 

4.9 

6.6 

4.9 

1.0  to  1.3 

4.2 

1.2 

4.4 

1.2 

1.7 

1.5 

1.3  to  1.6 

1.0 

0.3 

1.9 

0.7 

0.8 

0.6 

1.6  to  1.9 

0.8 

0.2 

0.4 

0.3 

0.2 

0.1 

1.9  to  2.3 

0.1 

0.1 

0.1 

2.3  to  2.6 

0.1 

2.6  to  2.9 

2.9  to  3.2 

Std  deviation 

(kt/1 00  vertical  ft) 

0.62 

0.46 

0.67 

0.47 

0.50 

0.47 

(a)  From  simultaneously  measured  data  on  tall  tower  and  short  tower 

(b)  From  data  on  tall  tower  and  short  tower  measurements- 20  sec  lag 

(c)  Data  from  two  measurements  from  tall  tower  taken  simultaneously 
"From  10-min  average 


329 


, _ - 


TABLE  3-10.-WINDSPEED  RELATIONSHIP  TO  GUSTINESS  AT  ESSENDON,  ENGLAND 


Gustiness 

Windspeed 

classification 

Le.  . 'ban  20  kt 

10  to  20  kt 

Greater  than  10  kt 

Fluctuations  of  wind  direction 
exceeding  90° 

1.0%  ND 

0.0%  ND 

0.0%  ND 

Fluctuations  confined  to  15° 
to  45°  limits 

23.3%  (10.0  hr) 

19.9%  (32.5  hr) 

0.6%  (3.83  hr) 

Fluctuations  of  wind  direction 
between  45°  and  90° 

4.9%  (1.3  hr) 

1.2%  (0.0  hr) 

0.0%  ND 

Unbroken  solid  core  through 
which  a straight  line  can  be 
drawn 

3.1%  ND 

12.1%  (28.5  hr) 

1.3%  (4.5  hr) 

Approximates  a straight  line; 
short  term  fluctuations  do 
not  exceed  15° 

31.3%  (0.0  hr) 

1.3%  (0.0  hr) 

0.0%  ND 

( ) Denotes  hours  the  windspeed  difference  is  greater  than  60  kt/100  ft  (±50  ft)  for  10  sec  or  more 

ND  No  data 


TABLE  3-11. -MEAN  LAPSE  RATES  IN  THE  BOUNDARY  LAYER  DEFINED  BY 
SINGER  AND  SMITH 


Gustiness  classification 

Lapse  rate 
(°  C/1 00  m) 

Standard 

error 

Stability 

Fluctuations  of  wind  directi  on  exceeding  90° 

-1.1 

±0.6 

Unstable 

Fluctuations  of  wind  direction  between  45° 
and  90° 

-1.4 

±0.4 

Very  unstable 

Fluctuations  confined  to  15°  to  45°  limits 

-1.1 

±0.6 

Unstable 

Unbroken  solid  core  through  which  a 
straight  line  can  be  drawn 

-0.6 

±0.5 

Neutral 

Approximates  a straight  line;  short  term 
fluctuations  do  not  exceed  15° 

+1.8 

±2.3 

Stable 

aSinger,  I.  A.  and  M.  E.  Smith,  "Relation  of  Gustiness  to  Other  Meteorological  Parameters," 
Journal  of  Meteorology,  vol.  10,  p.  121,  19b3. 
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the  curves  for  layers  3 and  iiigher  are  virtually  identical.  This  certainly  indicates  the  greater 
average  and  variation  of  shear  at  the  lower  layers.  The  results  agree  reasonably  well  with 
those  of  other  investigators.  In  the  lowest  layer  there  were  1 7 cases  or  0.2%  with  shears 
equal  to  or  greater  than  10  kn/100  ft.  The  layer  1 probabilities  of  exceedance  compare  very 
favorably  to  the  curve  for  the  200-20  foot  layer  at  Whiteshell,  Canada  in  Figure  3-13.  From 
this  little  evidence  is  is  suggested  that  shear  probabilities  at  various  airports  are  very  similar 
over  the  same  height  intervals;  however,  more  evidence  would  be  desirable. 

These  authors  also  found  that  in  the  lowest  thiee  iayers  the  wind  shear  is  mostly  speed  shear 
and  the  directional  shear  becomes  more  important  in  the  upper  three  layers. 
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3.2.3.2  Summary 

Additional  wind  shear  information  is  available  in  a Boeing  internal  memo  for  Cedar  Hills, 
Texas  and  Cape  Kennedy,  Florida  (Ref.  3-22).  These  data  were  obtained  from  the  same 
computer  tapes  analyzed  in  greater  detail  in  Section  3.3  of  this  report.  Some  of  the 
information  from  the  previous  report  is  presented  in  Table  3-12,  a summary  compilation  of 
the  shear  information  discussed  in  this  section.  It  is  obvious  that  direct  comparison  between 
locations  is  difficult,  as  was  discussed  earlier;  however,  it  appears  that  wind  shear 
magnitudes  in  the  lowest  200  feet  or  so  average  3-5  kn/100  ft  and  extremes  for  100  foot  or 
greater  intervals  are  13-15  kn/100  ft.  However,  extremes  of  30  kn/100  ft  might  be  expected 
for  short  intervals  (see  Cape  Kennedy  in  Table  3-1 2).  (Data  for  Thumba,  India  probably  are 
not  appropriate  for  airport  locations.)  The  extreme  shears  may  be  associated  with  the  low 
level  jet  stream  which  has  been  discussed  by  various  authors  (see  Izumi,  Ref.  3-23).  Such  jets 
generally  appear  within  the  lowest  2000  feet  over  specific  locations  during  the  late  night  and 
early  morning  hours  with  particular  weather  conditions.  It  is  not  the  purpose  of  the  present 
study  to  discuss  *he  low  level  jet,  per  se,  only  the  shears  that  might  be  expected. 


3.3  EVALUATION  OF  TOWER  DATA 

Computer  tape  records  of  wind  and  temperature  information  observed  at  four  tall  tower 
sites  (Cape  Kennedy,  Florida;  Cedar  Hills,  Texas;  Oklahoma  City,  Oklahoma;  and 
Philadelphia,  Pennsylvania)  were  obtained  by  Boeing  at  various  times.  These  records  have 
been  made  available  to  ♦his  study.  They  have  been  programmed  separately  to  provide 
answers  to  the  same  set  of  basic  questions,  although  the  tape  formats  and  the  observations 
themselves  arc  quite  different.  Data  from  the  Philadelphia  tower  were  not  analyzed  because 
the  lowest  observational  level  is  100  feet,  too  high  for  the  study  of  properties  belo*  that 
level.  The  Oklahoma  City  data  also  were  found  to  be  deficient  in  several  respects,  primarily 
in  that  wind  and  temperature  records  overlapped  for  a period  of  only  6 months. 


The  tower  levels  with  useful  data  at  the  other  two  locations  are: 


Cape  Kennedy 

10  feet 

33 

59 


Cedar  Hills 

30  feet 
70 
150 


ns* 
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Cape  Kennedy  Cedar  Hills 

98  feet  300  feet 

197  450 

295  600 

394  750 

900 

1050 

1200 

1300 

1420 

The  tapes  were  evaluated  for  wind  velocity  (speed  and  direction),  Richardson’s  number  (Rj), 
and  wind  direction  and  speed  shears.  Following  is  a description  of  the  analysis  methods  and 
the  results  from  the  two  sites. 

3.3.1  General  Description 

3.3. 1.1  Cape  Kennedy 

Magnetic  tape  records  containing  3 years  (1966  through  1968)  of  hourly  observations  of 
lO-mini’.te  average  wind  velocities  and  temperatures  at  approximately  10,  33,  and  59  feet  (3, 
10,  and  18  meters)  on  one  tower  and  59,  98,  197,  295,  394,  and  492  feet  (18,  30,  60, 90, 
120,  and  150  meters)  on  a second  tower  displaced  18  meters  from  the  first  were  in  Boeing 
files.  A program  was  written  to  extract  these  records  and  to  determine  the  desired  quantities 
discussed  below.  Since  no  records  were  available  for  20  feet,  the  standard  level  for  Weather 
Service  instruments,  a program  was  written  to  fit  a curve  to  the  data  from  which  the  20-foot 
values  could  be  extracted. 

The  most  important  winds  in  determining  the  20-foot  winds  are  those  closest  to  the  20-foot 
height;  therefore,  in  the  development  of  a regression  equation  the  speed  data  first  were 
weighted  inversely  with  distance  from  the  20-foot  height.  Then  the  weighted  speeds  were 
assumed  to  be  related  to  In  h by  a second  order  regression  equation,  i.e..  Vw  = C|  + C2 
lnh  + C3  (Inh)2.  The  constants  C(,  C2,  C3  were  determined  from  a second  order  least 
squares  fit  of  the  weighted  daia. 


Least  heavily  weighted 


Most  heavily  weighted 
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Then  the  20-foot  values  were  determined,  in  each  case,  by  interpolation  from  the  curve.  A 
few  cases  were  chosen  at  random  and  actual  data  plotted  along  with  the  derived  curves.  It 
was  noted  that  in  each  case  the  20-foot  value  so  determined  appeared,  by  eye,  to  be  a very 
reasonable  estimate  and  any  unknown  errors  probably  were  within  a small  percentage 
(<  20%)  of  the  true  value.  Another  “spot”  check  of  the  data  was  made  by  determining  for  a 
few  cases  the  1 0-foot  speed  from  the  known  speeds  at  the  other  levels  and  comparing  this 
value  to  the  known  10-foot  value.  Again,  the  errors  were  small  and  noticeable  only  when  the 
speeds  were  light  (1-7  knots)  at  the  lowest  levels.  Then,  some  slightly  negative  10-foot 
speeds  were  computed. 

This  method  was  not  used  for  determining  wind  direction  shear.  Directional  shears  were 
determined  for  the  geometric  altitude  of  ~18  feet  from  the  wind  directions  at  10  and 
33  feet. 

There  were  21 ,056  records  read  into  the  computations;  another  2529  were  not  used  because 
some  data  were  missing.  Another  291  records  were  dropped  because  of  low  wind  speeds  at 
all  levels  which  caused  the  model  to  give  erroneous  negative  speeds.  The  following 
process/nonprocess  criteria  were  applied: 


100  200  300  400  500 

Height,  (t 


One  additional  criterion  was  used  in  the  initial  procedure.  That  entailed  not  processing  those 
observational  periods  when  the  RjWas  less  than  -20  or  greater  than  +20.  This  included  2282 
cases,  and  was  caused  by  a nearly  zero  wind  speed  shear,  or  very  large  positive  temperature 
gradient,  or  both.  Another  five  were  dropped  because  of  “out-of-range”  data.  This  was  due 
to  one  or  more  data  points  in  an  observation  being  so  extreme  that  it  appeared  to  be 
in  error. 

3.3. 1.2  Cedar  Hills 

Magnetic  tape  records  from  December  I960  to  December  1962  for  Cedar  Hills  contain 
! 0-minute  average  wind  velocities  and  temperatures  from  the  12  levels,  previously 
mentioned,  on  a single  1434-foot-high  television  tower.  As  at  Cape  Kennedy,  a computer 
program  was  written  to  extract  and  analyze  the  data.  Again  no  records  were  available  for  the 
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20-foot  height  nor  were  any  available  for  less  than  20  feet,  so  a progiam  analogous  to  the 
Cape  Kennedy  program  was  written  to  obtain  estimates  for  that  level  (see  3.3. 1.1). 

Since  wind  directions  were  not  determined  for  levels  below  the  lowest  tower  level  (30  feet), 
wind  shear  was  computed  for  a geometric  altitude  of  46  feet  from  the  directions  at  30  and 
70  feet.  This  shear  was  used  as  an  estimate  of  the  true  shear  at  20  feet.  The  frequency 
distribution  of  shears  at  20  and  44  feet  at  Cape  Kennedy  are  quite  similar,  Figure  3-54,  and 
it  is  assumed  that  holds  true  for  Cedar  Hills  as  well. 

There  were  39,046  points  read  into  the  program  out  of  a total  of  66,567,  no  points  dropped 
because  of  missing  records,  2171  dropped  because  of  low  speeds  (see  previous  section), 
24,147  dropped  because  of  excessive  Rj,  and  another  1203  dropped  because  of  out-of-range 
data.  Note  that  a far  greater  number  of  points  were  dropped  because  of  excessive  Rj  for 
Cedar  Hills  than  Cape  Kennedy. 

3.3.2  Wind  Speed 

3.3.2. 1 Evaluation  Methods 

Wind  speed  at  20  feet  for  each  hourly  observation  was  determined  by  the  log  linear  method 
described  in  Section  3.3. 1.1.  The  method  was  adapted  to  the  various  formats  and 
observation  levels  provided  by  the  tapes.  Wind  speed  information  for  the  observing  levels 
were  processed  directly  to  histograms. 

3.3.2.2  Distribution  at  20  Feet  Elevation 

The  distribution  of  wind  speeds  ct  20  feet  is  shown  in  Figures  3-24  and  3-25  for  the  two 
locations.  Both  distributions  indicate  lighter  winds  than  the  descriptions  given  in  Section 
3.2. 1.1,  Figures  3-26  and  3-27.  Also  note  that  the  Cedar  Hills  wind  speeds  are  lighter  than 
the  Cape  Kennedy  wind  speeds. 

3.3.2.3  Distribution  with  Height 

Wind  speed  distribution  at  the  given  tower  levels  was  also  determined  and  the  probabilities 
of  exceedance  are  shown  in  Figures  3-28  and  3-29  at  the  individual  sites.  The  Cape  Kennedy 
data  are  shown  also  in  Table  3-13.  This  indicates  the  smooth  transition  between  the  10- and 
33-foot  levels  through  the  interpolated  20-foot  level.  A smooth  increase  in  speed  with 
altitude  exists  through  all  but  the  top  level,  where  an  unexplained  decrease  in  speed  is  noted 
at  Cape  Kennedy. 

3.3.3  Richardson’s  Number 
3.3.3. 1 Evaluation  Methods 

The  Rj  at  20  feet  was  determined  for  all  wind  speeds  and  by  2-knot  intervals  from  2 to  30 
knots.  Cases  processed  are  the  same  as  for  wind  speed,  and  the  computer  program  used  for 
extrapolating  to  20  feet  is  analogous  to  that  used  for  wind  speed. 
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Wind  speed,  Vw,  ki 

FIGURE  3-25.-WIND  SPEED  AT 20  FEET,  CEDAR  HILLS,  TEXAS,  1960-62 
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Probability  of  exceedance. 


TABLE  3 - 13.-PERCENT  FREQUENCY  OF  EXCEEDANCE  OF  WINDSPEED- 
CAPE  KENNEDY  1966-68 


3.3. 3. 2 Distribution  at  20  Feet  Elevation 

Probability  of  exceedance  curves  for  Rj  at  20  feet  were  drawn  from  the  computer  printout 
and  arc  shown  in  Figure  3-30  as  V-shaped  curves  with  negative  values  to  the  left  and  positive 
values  to  the  right  on  log-probability  paper.  The  Cape  Kennedy  distributions  between 
Rj  = -1.5  and  +1.5  are  quasi-linear  on  this  paper.  The  same  data  are  presented  in  a different 
form  on  linear  paper  in  Figures  3-31  to  3-46.  The  upper  sections  of  these  later  figures  are 
expanded  versions  of  the  lower  sections  for  Rj  near  zero.  It  is  to  be  noted  that  there  is  a 
difference  between  the  results  from  the  two  locations,  with  Cedar  Hills  results  indicating  a 
larger  percentage  of  high  Richardson’s  numbers  and  Cape  Kennedy  results  being  more 
log-normally  distributed.  The  former  implies  a greater  frequency  of  stable  conditions  at 
Cedar  Hills. 

Although  no  complete  answer  is  available  to  describe  the  difference  without  a rigorous 
investigation,  it  may  be  due  in  part  to  lighter  wind  speeds  at  Cedar  Hills  and  the  consequent 
greater  frequency  of  inversions.  A larger  probable  factor  is  the  difference  in  climate  and 
weather  conditions  between  the  two  sites. 

In  addition  to  the  Rj  difference  between  the  two  sites,  the  speed  shears  differ  in  two 
ways-C'edar  Hills  has  a higher  mean  shear  and  a greater  spread  of  shears  as  noted  in  the 
following  table. 

Cumulative  probability  10%  50%  90% 

dVyy/3h  at  Cape  Kennedy  (kn/100  ft)  1.4  6.5  13.0 

dVyy/0h  at  Cedar  Hills  (kn/100  ft)  -3.8  10.0  26.8 

Since  larger  speed  shears  should  result  in  lower  Richardson’s  numbers  it  is  obvious  that  the 
other  terms,  noticeably  the  temperature  gradient,  are  influencing  the  results.  Apparently, 
there  are  a large  number  of  inversions  or  at  least  stable  conditions  at  Cedar  Hills.  Future 
investigations  should  determine  the  reasons  for  the  differences.  However,  Cedar  Hills  has  a 
drier  climate  with  a greater  range  of  surface  temperatures  and  intuitively  a greater  range  of 
temperature  gradients.  Printouts  of  the  Cape  Kennedy  results  for  the  1966-67  and  i.ie  1968 
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FIGURE  3-30.  —PR  OB  A BILITY  OF  EXCEEDANCE  OF  R,  FOR  ALL  WIND  SPEEDS 
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periods  were  compared  to  ascertain  whether  the  distribution  of  Rj  varied  with  time.  There 
were  differences  between  the  two  periods,  but  not  as  great  as  those  between  sites.  The 
median  Rj  varied  from  0.016  for  1968  to  0.165  for  1966-67 -an  order  cf  magnitude 
difference;  however,  the  distribution  of  values  about  the  median  remained  about  the  same. 
Noting  these  intra-  and  inter-site  differences,  it  appears  that  the  distribution  of  Rj  is  greatly 
influenced  by  the  local  weather  and  climate  and  no  single  distribution  will  be  representative 
of  all  airports.  Information  from  a greater  sample  of  stations  is  required  to  ascertain  which 
set  of  curves.  Cape  Kennedy  or  Cedar  Hills,  is  more  representative  of  a large  number  of 
airports. 

3. 3. 3.3  Richardson’s  Number  and  Speed  at  20  Feet  Elevation 

The  distributions  of  Rj  at  20  feet  were  computed  for  2-knot  speed  intervals  as  well  as  for  all 
wind  speeds  described  in  the  previous  section.  Percent  frequency  of  occurrence  diagrams 
were  determined  for  each  speed  interval  and  plotted  at  the  midpoint  of  each  interval  in 
Figures  3-47  and  3-48.  As  wind  speed  increases  the  spread  of  R,  decreases  at  Cape  Kennedy. 
The  greater  spread  of  Rj  values  at  Cedar  Hills  as  compared  to  Cape  Kennedy  is  again  seen. 
At  Cedar  Hills  there  is  an  obvious  increase  in  spread  of  Rj  as  wind  speed  increases  above  1 2 
knots.  This  may  be  partially  due  to  a rapid  decrease  in  the  number  of  cases  of  high  wind 
speeds,  a larger  decrease  than  at  Cape  Kennedy,  and  thus,  there  is  less  confidence  in  the 
higher  speed  figures  at  Cedar  Hills. 

Data  from  a larger  sampling  of  stations  are  required  to  develop  curves  representative  of  a 
number  of  airports  nationwide,  and  more  data  for  Cedar  Hills  are  needed  to  determine 
whether  the  results  which  show  an  increase  in  spread  of  Rj  with  an  increase  in  wind  speed  at 
Cedar  Hills  are  correct. 

3.3.4  Wind  Direction  Shear 

3.3.4. 1 Evaluation  Methods 

Wind  dir  -ction  shear  was  determined  for  each  hourly  case  by  subtracting  the  wind  direction 
at  the  lowest  given  level  from  that  at  the  next  lowest  given  level  and  assuming  this  to  be 
equivalent  to  the  directional  shear  at  the  geometric  height  (h]h7)'^  and  further  assuming 
tnat  this  was  a good  estimate  of  the  directional  shear  at  20  feet.  The  geometric  heights 
computed  for  each  tower  as  representative  of  20  feet  arc  Cape  Kennedy- 18  feet,  and  Cedar 
Hills— 46  feet.  Information  from  Cape  Kennedy  indicates  that  there  is  not  much  difference 
in  snear  distributions  over  the  interval  18  to  44  feet  at  a given  location,  Figure  3-53. 

3.3.4.2  Distribution  With  Speed  at  20  Feet  Elevation 

Distributions  of  directional  shears  at  20  feet  in  degrees  per  100  vertical  feet  by  2-knot  speed 
intervals  at  20  feet  are  shown  in  Figures  3-49  to  3-52.  The  first  two  figures  depict  the 
percent  probability  of  not  being  exceeded  and  the  second  two  figures  indicate  the  variation 
o*'  specific  probabilities  with  wind  speed.  There  is  a yarently  a small  variation  with  speed 
except  at  the  extreme  probabilites.  This  is  borne  out  in  the  correlation  coefficients 
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described  in  Section  3.3.6.  There  is  less  direction  shear  variability  at  Cedar  Hills  than  at 
Cape  Kennedy.  The  middle  80%  of  the  shears  are  -10°  to  +10°per  100  feet  and  -30° to  +30° 
per  1 00  feet,  respectively. 

3.3.4.3  Distribution  With  Height 

Cumulative  probability  charts  showing  wind  shears  at  various  heights  for  all  wind  speeds  are 
provided  in  Figures  3-53  and  3-54,  and  the  variations  of  specific  probabilities  are  shown  in 
Figures  3-55  and  3-56.  There  is  a definite  decrease  in  spread  of  directional  shear  values  with 
altitude;  the  smaller  range  of  direction  shear  variability  at  Cedar  Hills  is  noticeable  in  Doth 
sets  of  figures.  At  Cape  Kennedy  80%  of  the  shears  at  all  but  the  lower  two  heights  are 
within  ±10°  per  100  feet;  at  the  lower  two  heights  80%  are  within  ±30°per  100  feet.  By 
contrast,  80%  of  the  shears  A all  heights  at  Cedar  Hills  are  within  ±10°  per  100  feet,  and 
except  for  the  lowest  level  93%  of  the  shears  are  less  than  ±20°  per  100  feet. 

In  addition  to  the  differences  noted  between  locations  there  is  also  a difference  in  the  shape 
of  the  distributions  from  year  to  year  at  the  same  location.  Therefore,  establishing  long 
period  mean  curves  is  difficult. 

Several  10-minute  average  profiles  were  selected  at  random  from  the  records  to  provide  an 
indication  of  the  magnitudes  of  directional  shears  at  any  time.  Four  of  these  are  shown  in 
Figure  3-57.  In  the  figures,  the  A<t>  from  the  lowest  level  are  shown  by  the  curves  and  the 
speeds  at  each  height  are  giver,  numerically.  In  general,  the  largest  shears  occur  near  the 
surface  and  with  the  lowest  wind  speeds.  As  mentioned  in  Section  3.2.3,  many  investigators 
ignore  the  directional  shears  in  their  investigations.  This  is  because  directional  shears  affect 
the  total  velocity  shears  numerically  the  most  at  the  higher  wind  speeds.  This  investigation 
as  well  as  others  (see  Fig.  3-11)  indicate  that  in  most  cases  direction  shears  are  low  (0-20° 
per  100  feet)  at  high  speeds.  This  is  especially  true  when  shears  are  measured  over  large 
height  differences. 

3.3.5  Wind  Speed  Shear 

3.3.5. 1 Evaluation  Methods 


Wind  speed  shear  was  determined  using  the  same  procedure  as  wind  speed  and  Richardson’s 
number  but  only  for  heights  of  20,  100,  200,  and  500  feet. 

3.3.5.2  Distribution  With  Speed  at  20  Feet  Elevation 

Wind  speed  shear  at  20  feet  by  2-knot  intervals  is  shown  in  Figures  3-58  and  3-59.  At  Cape 
Kennedy  there  is  an  obvious  normal  distribution  at  all  speed  intervals  between  5%  and  95% 
of  the  observations.  Fewer  observations  at  the  extremes  may  accentuate  the  lack  of 
normality  there. 

The  curves  for  Cedar  Hills  are  more  normally  distributed  than  those  for  Cape  Kennedy. 
Ai.  o,  there  is  a greater  spread  between  the  curves  with  the  higher  speeds  being  associated 
with  a shift  to  smaller  (less  positive  and  more  negative)  values  of  shear  at  constant 
probabilities.  For  example,  the  50%  values  at  Cape  Kennedy  are  clustered  randomly  about  a 
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FIGURE  3-54.— WIND  DIRECTION  SHEAR  FOR  SEVERAL  HEIGHTS,  ALL  WIND  SPEEDS. 
CEDAR  HILLS,  TEXAS,  1960-62 
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FIGURE  3-55.— DISTRIBUTION  OF  WIND  DIRECTION  SHEAR  WITH  HEIGHT, 
CAPE  KENNEDY 


shear  of  7 kt/100  ft  while  the  50%  Cedar  Hills  shears  range  from  7-17  kt/100  ft  with  the 
higher  values  at  lowest  wind  speeds.  This  effect  may  be  related  to  the  site  location, 
climatology,  and  weather.  Comparison  with  information  from  other  locations  would  be 
valuable  in  resolving  the  differences. 

Selected  probability  percent  frequencies  for  the  range  of  wind  speeds  are  related  in  Figures 
3-60  and  3-61.  Values  of  shear  vary  little  with  wind  speeds  at  Cape  Kennedy,  but  the  Cedar 
Hills  values  indicate  a decrease  in  spread  with  increasing  wind  speed  and  then  an  increase  in 
spread  at  still  greater  speeds.  A similar  shape  was  found  by  Roberts  with  tower  data  from 
the  Washington,  D.C.  area,  Figure  3-18.  He  also  included  some  Cedar  Hills  data  with  his 
report  which  indicated  the  same  shape  of  the  50%  curve  as  our  analysis.  This  increase  of 
shear  at  the  higher  wind  speeds  is  not  obvious  in  the  Cape  Kennedy  data,  although  it  may 
occur  at  wind  speeds  greater  than  1 2 knots. 
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FIGURE  3-56. —DISTRIBU . ~IUf\'  OF  MIND  DIRECTION  SHEAR 
WITH  HEIGHT,  CEDAR  HILLS,  TEXAS 

3.3.53  Distribution  With  Height  for  Two  Speed  intervals  at  20  Feet  Elevation 

There  is  a definite  decline  in  the  spread  of  shear  values  with  height  as  shown  in  Figures  3-62 
to  3-67.  The  first  two  figures  depict  the  probability  of  not  being  exceeded  for  the  2-4  knot 
speed  interval.  The  second  and  third  sets  of  two  figures  each  compare  the  spread  of  specific 
percent  frequencies  with  height  for  two  speed  intervals.  Ng,<j  that  the  spiead  of  values  is 
very  dependent  upon  height  in  the  lower  heights. 

Intersite  differences  are  apparent  at  low  heights.  The  Cedar  Hills  20-foot  shear  curve  is  more 
normally  distributed  than  its  counterpart  at  Cape  Kennedy,  and  there  is  a greater  spread  to 
the  values  at  Cedar  Hills  at  low  heights,  especially  at  the  lower  wind  speed. 
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FIGURE  3-57.— EXAMPLES 


FIGURE  3-60.-PERCENT  FREQUENCY  OF  OCCURRENCE,  WIND  SPEED  VS 
SPEED  SHEA R AT 20  FT,  CAPE  KENNED Y,  1966-68 


3.3.6  Regression  Equations  and  Correlation  Coefficients 

3.3.6. 1 Evaluation  Methods 

Regression  equations  and  correlation  coefficients  were  determined  for  four  relationships 
between  Richardson’s  number,  wind  speed,  wind  direction  shear,  and  wind  speed  shear  at 
the  20-foot  height  by  standard  statitistical  techniques.  The  equations  were  fit  by  a least 
squares  fit  that  makes  the  sum  of  the  squares  of  the  Y residuals  a minimum  in  the  equation 
Y = AX  + B. 

3.3.6.2  Richardson’s  Number  and  Speed 

Regression  equations  and  correlation  coefficients  of  Rj2Q  vs  V^q  for  the  separate  sites  are: 
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FIGURE  3-61. -PERCENT  FREQUENCY  OF  OCCURRENCE,  WIND  SPEED  VS  SPEED  SHEAR 
AT 20  FT,  CEDAR  HILLS,  TEXAS,  1960-62 


Cape  Kennedy  Cedar  Hills 

V20  = 6.9 1 Rj2o  • 0.08  V20  = 7.25  Ri20  - 0.0008 

" r = 0.86  r = 0.90 

It  is  apparent  that  there  is  very  little  difference  between  sites  and  the  correlations  are  high, 
and  therefore  the  variables  are  dependent. 

3.3.6.3  Sp  ied  and  Direction  Shear 

Regression  equations  and  correlation  coefficients  of  d$/dh2Q  versus  V2q  for  the  separate 
sites  are: 

Cape  Kennedy  Ct.lv  Hills 

Not  available  d^/dh™  ~ 0.0036  Vnn  • 0.003 

r = 0.036  r = 0.025 
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FIGURE  3-62.-CAPE  KENNEDY,  1966-68,  VARIATION  WITH  HEIGHT  OF  WIND  SPEED  SHEAR, 
2-4  KT SPEED  AT 20  FT 


FIGURE  3-63.-CEDAR  HILLS.  TEXAS,  196062,  VARIATION  WITH  HEIGHT  OF  WIND 
SPEED  SHEAR,  2-4  KT SPEED  AT 20  FT 


Although  the  regression  equation  for  Cape  Kennedy  was  not  obtained  the  correlation 
coefficients  are  similar— very  low— and  the  two  variables  are  essentially  independent. 

3.3.6.4  Richardson’s  Number  and  Direction  Shear 

Regression  equations  and  correlation  coefficients  of  d^/dh^.  j versus  R^q  ’or  the  two  sites 
are: 


Cape  Kennedy  Cedar  Hills 

Not  available  WfthyQ  = -0.01 8 Rj  + 0.001 

r = 0.036  r = 0.023 

Again  in  this  case  the  conelation  is  very  low  and  the  regression  equation  for  Cape  Kennedy 
not  available.  Apparently,  there  is  little  dependence  between  these  variables. 

3.3.6.S  Speed  and  Speed  Shear 

Regression  equations  and  correlation  coefficients  of  dV^y/dl^g  versus  V20  for  the  two 
sites  are: 


Cape  Kennedy  Cedar  Hills 

dVw/dl^o  = ^20 " dV^y/dh2Q  = 0.18  V20  - 0.0! 

r = 0.57  r = 0.69 

As  with  Ri2Q  and  V20  in  Section  3.3.6.2,  the  regression  equations  arc  very  similar  and  the 
correlation  coefficients  high,  although  not  as  high  as  in  the  former  case. 

3.3.7  Comparison  With  Literature,  Section  3.2.3 

The  work  accomplished  in  this  section  differs  in  many  respects  from  the  literature. 
However,  it  is  possible  to  compare  the  wind  speed  shears  described  in  the  two  sections.  For 
instance,  it  may  be  seen  that  the  cverage  and  extreme  speed  shears  are  of  similar  magnitude 
(see  Table  3-12  and  Figs.  3-59  to  3-64).  Notice  particularly  column  4 in  Table  3-12,  which 
shows  a mean  shear  of  3.6  knots  per  1 00  feet  at  Whiteshell.  These  data  were  taken  from 
1 0-minute  records  for  all  wind  speeds,  the  nearest  conditions  to  the  data  processed  from 
Cape  Kennedy  and  Cedar  Hills.  The  Whiteshell  records  are  for  a height  interval  of  20-200 
feet,  while  derived  shears  are  at  given  tower  levels.  Although  the  results  cannot  be  compared 
explicitly,  it  appears  by  visual  comparison  of  the  diagrams  and  tables  that  the  results 
obtained  in  both  sections  are  comparable. 

Directional  shear  comparisons  are  difficult  because  of  differences  in  the  height  intervals  and 
other  conditions,  and  only  a cursory  comparison  is  possible  with  the  Whiteshell,  Canada  and 
Hanford,  Washington  data  (see  Figs.  3-!  1 , -12,  -53,  and  -54).  It  appears  that  the  shears  are  of 
the  some  order  of  magnitude.  The  higher  shears  are  near  the  ground. 
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3 A SELECTED  DESCRIPTION 

Results  of  a literature  search,  description  of  airport  winds,  and  evaluation  of  winds  and 
stability  conditions  obtained  from  two  tall  towers  have  been  discussed  in  previous 
subsections.  Now  it  is  possible  to  select  those  results  or  descriptions,  either  directly  or  in 
amended  form,  applicable  to  other  sections  of  this  rtudy.  These  include  wind  speed  and 
direction  distributions,  wind  shear  versus  altitude,  and  the  Richardson’s  number  distribution 
at  different  wind  speeds. 

3.4.1  Airport  Wind  Speed  Description 

A comparison  of  wind  speed  descriptions  is  provided  in  Figure  3-3.  Slightly  lower  wind 
speeds  are  found  in  the  24  airport  descriptions  than  are  present  ly  found  in  the  ARB  model. 
This  difference,  in  part,  may  be  due  to  the  lower  height  (20  feet)  of  the  observing 
instruments  throughout  the  24  airport  network.  The  24  airport  description  is  selected  as 
being  most  representative  of  conditions  at  a height  of  20  feet  and  for  use  in  other  sections 
of  this  study. 

3.4.2  Airport  Wind  Direction  Description 

A wind  direction  description  was  obtained  from  the  24  airport  network  as  being 
representative  of  the  “average”  U.S.  airport.  This  has  been  selected  for  use  with  the  speed 
description  of  subsection  3.4.1.  The  description,  Figure  34,  depicts  the  direction  relative  to 
the  major  runway  direction  of  the  composite  airport.  Crosswinds  and  headwinds  at  the 
composite  airport  are  obtained  from  the  speed  and  direction  descriptions  (Figs.  3-6  to  3-8). 

3.4.3  Description  of  Wind  Direction  Variation  With  Height 

Information  outlined  in  Section  3.3.4  and  the  literature  search,  Section  3. 2.3.1,  indicate-, 
that  shears  greater  than  ±20°  per  100  feet  are  unusual  and  that  the  majority  of  these  occur 
at  the  lower  heights,  small  height  intervals,  and  with  small  wind  speeds.  Shears  vary  from 
airport  to  airport  and  with  time  at  any  airport.  The  great  variability  in  wind  shear  profiles  is 
shown  in  Figure  3-57  and  no  one  “average  profile”  will  be  indicative  of  simultaneous 
conditions  at  all  tower  heights.  That  is,  the  combined  means  of  the  shears  at  given  heights 
do  not  indicate  the  average  shear  profile.  (The  average  shear  at  one  height  does  nen  mean 
that  an  average  shear  at  another  height  occurs  simultaneously.)  Therefore,  no  general  case 
description  of  wind  direction  variation  with  height  is  proposed  except  to  assume  zero 
variation.  The  errors  introduced  by  this  assumption  should  be  small;  rare  occurrences  of 
combined  strong  speed  and  direction  shears  may  occur  at  some  airports. 

3.4.4  Richardson’s  Number-Wind  Speed  Description 

Two  descriptions  of  the  Richardson’s  number-wind  speed  relationship  have  been  obtained 
from  towers  at  Cape  Kennedy  and  Cedar  Hills,  Figures  3-31  through  348.  These  were 
determined  for  -20  < Rj  < 20  at  each  site.  Many  other  cases  with  high  « -20  and  > 20)  Rj 
at  Cedar  Hills  were  not  studied  because  of  the  limiting  Rj’s.  It  is  apparent  that  Cedar  Hills 
has  a greater  frequency  of  large  temperature  gradients  and/or  very  small  wind  speed  shears 
than  Cape  Kennedy.  In  addition  to  the  differences  between  sites  there  are  annual  differences 
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in  the  relationship.  It  is  difficult  therefore  to  establish  an  all-encompassing  description  from 
short  period  records  at  two  sites.  By  examining  the  results,  however,  those  for  Cape 
Kennedy  appear  to  behave  more  rationally  (Figs.  347  and  348),  and  a far  greater 
percentage  of  the  total  observations  are  included  in  the  study.  Therefore,  while  the  Cape 
Kennedy  results  are  not  all-inclusive,  they  do  appear  to  be  more  appropriate  for  this  study. 
Ideally,  similar  tower  information  from  the  24  U.S.  airports,  for  which  surface  data  were 
studied  in  Section  3.2,  would  be  the  most  valuable  in  the  establishment  of  an  all-inclusive 
description,  if  this  information  existed.  Until  information  is  obtained  from  additional 
towers  as  well  as  Cape  Kennedy  a rt<l  Cedar  Hills,  the  Cape  Kennedy  description  in  Figures 
3-32  through  3-38  is  suggested  for  use  in  the  simulation  program.  As  better  descriptions 
become  available  they  can  be  substituted  for  this  description. 

The  information  in  these  figures  does  not  include  the  distributions  for  2-knot  speed  intervals 
greater  than  12-14  knots  because  of  the  paucity  of  observations  at  the  higher  wind  speeds.  It 
is  evident  from  Figure  347  that  the  spread  of  Rj  values  is  rapidly  diminishing  as  the  wind 
speed  increases.  Additionally,  it  may  be  noted  that  the  50%  probability  Rj  is  becoming 
constant  above  approximately  14  knots.  The  other  percent  frequencies  apparently  are 
becoming  less  variant  as  well. 


In  order  to  establish  the  distriWu-.iis  for  higher  wind  speeds  it  is  assumed  that  at  high  wind 
speeds  ( >19  kt)  Rj  is  inversely  proportional  to  the  square  of  the  speed.  From  the  analytic 
description  given  previously 


dvu/  _ 
— — g - \/_ 


it  may  be  argued  thatjrariability  of  the  product  of  all  terms  except  V20  is  not  a strong 
function  of  V2q  when  V2q  is  large  and  the  subsequent  R-  distribution  is  small.  Therefore 

3Vw/3h~V20 


f Cp) 


v2o2 


Thus,_to  extrapolate  the  distribution  we  assume  that  the  distribution  for  large  V2q  with 
Ri20^20^  “ invariant  with  V2q. 


Ri20^20^ 35  constant  * RijoU^ 


where 


Ri20  ~ Ri20  at  any  greater  than  19  kt 
Ri20  = Ri20  at  *9  kt 

1 9 kt  = the  highest  speed  available  on  Figure  3-47. 

The  distributions  at  higher  wind  speeds  can  then  be  obtained,  and  these  are  shown  in  Figure 
3-68  as  extensions  to  the  lines  in  Figure  3-47.  In  addition  to  these  extensions,  the  10%  and 
90%  curves  have  been  smoothed  in  order  that  they  be  more  representative  of  a possible 
distribution  which  might  result  from  the  averaging  of  data  from  a number  of  stations  and 
more  years  of  data  from  Cape  Kennedy.  The  same  method  as  used  for  extending  the  curves 
to  higher  winds  cannot  be  used  at  lower  speeds,  and  therefore  the  curves  were  smoothed 
visually.  The  largest  change  in  the  10%  curve  is  about  5%  at  9 knots  as  computed  using 
Figure  3-36.  This  is  due  to  the  flatness  of  the  distributions  at  other  than  very  low 
Richardson’s  numbers.  The  revised  exceedance  curves  are  shown  in  Figures  3-69  to  3-71 
with  probabilities  reversed  from  those  of  the  Cape  Kennedy  curves  in  order  that  the 
cumulative  probability  increase  from  negative  to  positive  Rj. 
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4.0  ANALYSIS  AND  SIMULATlOPt  MODELING 


Having  described  phenomena  of  wind  in  its  own  natural  axis  system,  it  remains  to  define 
wind  phenomena  in  the  airplane’s  axis  system  and  the  effects  of  winds  on  aircraft  motion. 
Then,  with  some  qualitative  understanding  of  the  effects  of  the  input  on  the  output,  a 
model,  representing  all  the  significant  parameters  and  effects  for  approach  and  landing,  is 
developed  for  flighi  simulation. 

Although  a number  of  assumptions  and  value  judgments  were  involved  in  the  development 
of  the  descriptions  and  wind  and  turbulence,  the  descriptions  will  be  accepted  as  fact  and 
emphasis  will  be  placed  on  applications. 

A qualitative  analysis  of  the  effects  of  winds  is  first  provided  to  develop  an  understanding  of 
what  effects  need  to  be  represented.  Criteria  are  established  for  evaluating  approximate 
techniques.  The  more  specific  subjects  of  distributed  lift  effects,  unsteady  aerodynamics, 
and  the  effects  of  speed  and  altitude  are  considered.  An  attempt  made  to  provide  the 
means  of  transforming  turbulence  from  the  axis  system  of  the  mean  wind  to  that  of  the 
airplane.  Specific  techniques  of  generating  the  random  noise  needed  for  the  production  of 
turbulence  are  reviewed. 

Finally,  the  model  is  developed.  The  model  begins  with  the  probabilistic  combinations  of 
environmental  data  and  ends  with  the  generation  of  the  effects  of  the  winds  on  aerodynamic 
forces  and  moments. 


4.1  NOMENCLATURE 
ax,  ay,  az 


b 

c 


CD.  cD 


0 


Components  of  linear  body  axis  acceleration  along  the  x,  y,  and 
body  axes 

Wing  span 

Mean  chord 

Drag  coefficient  and  that  at  an  initial  condition 


z 


D, 


a 


Clwb 

CL'% 

CL  ,(Ci  )ss 


cL 


H, 


aH 


acjyaa 

Wing-body  contribution  to  the  lift  coefficient 

Lift  coefficient  and  that  at  an  initial  condition 

Lift  curve  slope  (dCjyda)  and  that  at  steady  state  conditions 

acL/a  (u/u0) 

Horizontal  stabilizer  lift  curve  slope  (3C^/Ba^) 
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C/ 


Rolling  moment  coefficient 

8C^/9j  and  that  due  to  the  wing  and  vertical  stabilizer 


C/..C/.  , C i 

* ‘iw  *iv 

(i  = p,|>,  v,0) 


(C/  )x 
rWB 

(C/  )z 

rWB 


c c 

v'm»  m^g 

^mj’  ^m^WB 
(i  = a,a,  q) 

Cy 

(Cyp)V 


CN 

<CNp>V 

% 


d 


e 

f(h/2') 


Fx,  Fy,  Fz 

g 

g(h/e') 

3 

GX,  Gy,  G7 


Contributions  of  wing-body  forces  along  the  x ar.d  z axes  to  C / 


Pitching  moment  coefficient  and  that  due  to  the  wing-body 
3Cm/3j  and  that  due  to  the  wing-body 

Side  force  coefficient 
3Cy/3p  due  to  vertical  tail 

Yawing  moment  coefficient 

3Cj^/3p  due  to  vertical  tail 

z force  coefficient  due  to  horizontal  stabilizer 

Atmospheric  boundary  layer  depth  or  derivative 
Exponential  function 

Universal  function  of  h /£'  defining  contribution  of  nonneutral 
atmospheric  conditions  to  the  mean  wind 

Body  axis  aerodynamic  force  vector 
x,  y,  and  z components  of  ? 

Acceleration  due  to  gravity 

Universal  function  of  h/2'  defining  contribution  of  nonneutral 
atmospheric  stability  to  the  mean  wind 

Body  axis  aerodynamic  moment  vector 

x,  y,  and  z components  of  G 


£ 
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V • 


G(ico),  G*  (ico) 
Gu,  Gv,  Gw 
h>  hcG’  hW 


Transfer  function 

Frequency  lesponse  and  its  complex  conjugate 

Filters  for  producing  u,  v,  and  w components  of  turbulence 

Altitude,  altitude  at  the  airplane’s  center  of  gravity,  and  altitude  used 
in  wind  model 


*xx>  ^yy»  *zz 


Unit  vector  along  x axis 

Roll,  pitch,  and  yaw  body  axis  moments  of  inertia 
Product  of  inertia 
Unit  vector  along  y axis 

Von  Kalman’-  constant,  0.4 
Unit  vector  along  z axis 
Kiissner  lift  growth  function 
Length 

Monin-Obukov  scaling  length 

Distance  from  the  wing-body  aerodynamic  center  to  the  tail  aero- 
dynamic center  along  the  x body  axis,  positive  aft 


Hi>  k# 

lH>  lV 

Liw>  Liy 
(i  = p,  r,  /,  z, 

lL>  lR 


Aerodynamic  roll  acceleration,  (GXIZZ  + GZIX?)/(IXXIZZ  - Ixz2) 

Integral  scales  for  u,  v,  and  w components  of  turbulence 

Integral  scales  for  horizontal  and  vertical  components  of  turbulence 

Roll  acceleration  derivative,  dL/di,  that  due  to  the  wing,  and  that 
due  to  the  vertical  stabilizer 


Lift  on  left  and  right  wings 
Airplane  mass 


M(w) 


z,  a,  a,  5j,  0,  d , J9, 


Aerodynamic  pitch  acceleration,  Gz/Iyy 
Frequency  response  amplitude 


Mj  ( i = q,  u,  w,  w,  Pitch  acceleration  derivative,  Mj  = dM/di 


Mj'  Mj  - Zj  M5c/Z5c 

Normal  applied  acceleration,  Fz/W 

2 

N Aerodynamic  yaw  acceleration,  (Gxlxz  + GZIXX)/(IXXIZZ  - Ixz  ) 

Nj  (i=h,  p,  r,  u,  w.  Yaw  acceleration  derivative,  3N/3;.  or  transfer  function  numerator 
/3, 6j,  0,  J6,  for  response  parameter  i 

Niw>  Niv  Contributions  of  wing  and  vertical  tail  to  yaw  acceleration  derivative 

Nh  Altitude  to  column  transfer  function  numerator  for  zero  mean  wind 

® speed 

p Inertial  body  axis  roll  rate 


Pa’  PaCG’  PaTAIL 


Nondimensiona!  body  axis  roll  rate,  pb/2ug 

Effective  body  axis  roll  rate  relative  to  the  air  mass,  that  at  the  center 
of  gravity,  and  that  at  the  tail 

Effective  roll  rate  of  the  air  mass  due  to  turbulence  relative  to  the 
earth 


PW*  Pw^q’  PW^ail  Effective  roll  rate  of  the  air  mass  due  to  wind  relative  to  the  earth 
and  that  at  the  center  of  gravity  and  the  tail 

PW*  PW  > PW  Effective  roll  rate  of  the  air  mass  due  to  the  mean  wind  relative  to 
CG  TAIL  the  eart  and  that  at  the  center  of  gravity  and  the  tail 

q Inertia!  body  axis  pitch  rate 

q,  q\yg,  ^taIL’^H  Dynamic  pressure  and  that  for  the  wing-body,  the  tail,  and  the 
horizontal  tail 


Dynamk  pressure  at  the  center  of  gravity 
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iwj.^ww  ui'tiiWgJvilSiSgilWWWE^^^a 


^A’  ^A^r1  Effective  body  axis  pitch  rate  relative  to  the  air  mass  and  that  at  the 

center  of  gravity 

q<p  Effective  body  axis  pitch  rate  due  to  turbulence  with  respect  to  the 

earth 


qW’% 


Effective  body  axis  pitch  rate  due  to  the  wind  and  the  mean  wind 
relative  to  the  earth 


r 


Inertial  body  axis  yaw  rate 


Displacement  vector 


'A^AwbV 

(,WZ 


Effective  body  axis  yaw  rate  relative  to  the  air  mass  and  that  for  the 
wing  body  x and  z force  contributions  to  yaw  rate  derivatives 


rT 

rW.(rWc0>x' 

<,WCG*Z 

rw-,fwCG)x’ 

^cg’z 

Ri'  R|20 

Rii 

s 

S 

SH 

t 

t* 

T 

Tr.ts 


Effective  body  axis  yaw  rate  due  to  turbulence  relative  to  the  earth 

Effective  body  axis  yaw  rate  due  to  wind  relative  to  the  earth  and 
that  used  with  x and  z foice  contributions  to  yaw  rate  derivatives 

Effective  body  axis  yaw  rate  due  to  the  mean  wind  relative  to  the 
earth  and  that  used  with  x and  z force  contributions  to  yaw  rate 
derivatives 

Richardson’s  number  and  that  at  20  feet  altitude 
Autocorrelation  function  for  variable  i 
Laplace  transform  variable 
Wing  area 

Horizontal  tail  area 
Time 

Nondimensional  time,  c/2 
Time  constant 

Roll  mode  and  spiral  mode  time  constants 


ft 

| 


3 
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*41 


■tw  ?j^ffisr^E5^w 


Th  j , Tj^.  T^  Altitude  to  column  numerator  time  constants 

T},0  T^  j for  zero  wind  speed 

Tg  Pitch  attitude  to  column  numerator  time  constant 

TREQ’  (T/W)j^£Q  Thrust  and  thrust  to  weight  required  for  unaccelerated  trim 

u,  uq  Inertial  linear  velocity  along  the  x body  axis  and  that  at  the  initial 

condition 


UM’UR 

“TAIL 


u*  , U*Q 
“A>  “A0 


Linear  velocity  along  the  x mean  wind  and  relative  wind  axes 

Tnertial  velocity  along  the  x body  axis  at  the  tail  relative  to  the  earth, 
including  angular  velocity  effects 

Friction  velocity  (shear  stress/density)^^  am>  that  at  the  surface 

Linear  velocity  with  respect  to  the  air  mass  along  the  x body  axis  and 
that  at  the  initial  condition 


UaCG’  UaTAIL  °a  3t  the  center  of  gravity  and  the  tail 
ug  Inertial  linear  velocity  along  the  x earth  axis 


Uj,  u j 


Linear  turbulence  velocity  along  the  x body  axis  and  the  x turbulence 
generation  axis,  relative  to  the  earth 


UW’  “Wrr  ’ uWta  ii  linear  wind  velocity  along  the  x body  axis  relative  to  the  earth  and 
CG  TAIL  ijyjt  at  the  center  0f  gravity  and  the  tail 


UW>  “w0 


Linear  mean  wind  velocity  along  the  x body  axis  relative  to  the  earth 
and  that  at  the  initial  condition 


Va>  Vacg’  Vatail 


Inertial  linear  velocity  along  the  y body  axis  relative  to  the  earth 

Linear  velocity  along  the  y body  axis  relative  to  the  air  mass  and  that 
at  the  center  of  gravity  and  the  tail 

Inertial  linear  velocity  along  y earth  axis 


VM’VR 
VT’  vTt 


Linear  velocity  along  the  y mean  wind  and  relative  wind  axes 

Linear  turbulence  velocity  along  the  y body  axis  and  the  y turbulence 
generation  axis  relative  to  the  earth 
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- w»"v.-»WP«S#»»re« 


I 


r 


l 

r 


* 


VTAIL 


vw 


vw»  vwCG>  vwTAIL 


V 

«♦ 

V 


VA’  VAg 
v.  V* 

acg*  atail 

VfiCT 

*H 

VW’% 


WA’  WACG’  WATA1L 

wW>  WR 

WT’  WTCG’  WtH 


Inertial  velocity  along  the  y body  axis  at  the  tail  relative  to  the  earth, 
including  angular  velocity  effects 

Linear  mean  wind  velocity  along  the  y body  axis  relative  to  the  earth 

Linear  wind  velocity  along  the  y body  axis  relative  to  the  earth  and 
tha  ‘ at  the  center  of  gravity  and  the  tail 

Speed 

Linear  velocity  vector 

Total  airspeed  and  that  at  the  initial  condition 

Total  air  speed  at  the  center  of  gravity  and  the  tail 

Total  ground  track  speed 

Horizontal  tail  volume  coefficient,  (Sjj/S)(fij^/c) 

Mean  wind  speed  and  that  at  the  initial  condition 

Inertial  linear  velocity  along  the  z body  axis 

Linear  velocity  along  the  z body  axis  relative  to  the  air  mass  and  that 
at  the  center  of  gravity  and  the  tail 

Linear  velocity  along  the  z mean  wind  and  relative  wind  axes 

Linear  turbulence  velocity  along  the  z body  axis  relative  to  the  earth 
and  that  at  the  center  of  gravity  and  the  horizontal  stabilizer 


WTAIL 


Inertial  velocity  along  the  z body  axis  at  the  tail  relative  to  the  earth, 
including  angular  velocity  effects 


(WT>0'  wTCG 
WTC 

*»'  *WCG-  WwTAIL 


Wj  at  the  origin  and  the  center  of  gravity 
Effective  wj 

Linear  wind  velocity  along  the  z body  axis  relative  to  the  earth  and 
that  at  the  center  of  gravity  and  the  tail 


*w<*wCG 

w 


Mean  wind  velocity  along  the  z body  axis  relative  to  the  earth 
Airplane  weight 
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TWsMay^W^yv1***  »-•■*.<*,'  -vs* 

Jill  3 Wa, 


*****  i » ’’."■ire*  -3*  t 


linear  aerodynamic  acceleration  along  the  x body  axis,  Fx/m;  amplitude 


Xj  (i  = q,  u,  w,  z,  a,  3X/3i 
a,  6,0,/M,  tf) 


Linear  aerodynamic  acceleration  alone  the  y body  axis,  Fy/m 


Yj  (i  * p,  r,  v,  z,  8:,  3Y/3i 

fO,t) 


z0 

zT 


Surface  roughness  length 

Distance  from  the  wing-body  aerodynamic  center  to  the  tail  aero- 
dynamic center  aiortg  the  z body  axis,  positive  down 

Linear  aerodynamic  acceleration  along  the  y body  axis,  F.,/m 


Zj  (i  = q,  u,  w,  z,  a,  3Z/3i 


Greek: 
a 


Log-Linear  mean  wind  profile  constant  = 4.5 


a,  ctyB’  “TAIL’  “H  Angle  of  attack  and  that  used  for  wing-body,  tail,  and  horizontal 
stabilizer  aerodynamics 


“I’“W 

“WCG 


Angles  of  attack  due  to  inertial  and  wind  velocities 

Rate  of  change  of  angle  of  attack  due  to  the  wind  at  the  center  of 
gravity 


9 


IIPCG'  ^TAIL 
T,7o 
6 

5j 

A 

A(s),  AL0NG(s), 
Ald(s),  ASp(s) 


Sideslip  angle  and  that  at  the  center  of  gravity  and  the  tail 

Flight  path  angle  relative  lo  the  earth  and  that  at  the  initial  condition 

Perturbation 

j*h  controller  or  control  surface  deflection 
Increment 

Characteristic  equation  and  that  for  longitudinal,  lateral-directional, 
and  short  period  motion 

Downwash 


fph,  fsp,  Damping  ratio  for  the  ohugoid,  short  period,  Dutch  roil,  and  bank  angle 

' to  control  input  transfer  function  numerator 


402 


4 


W.. , 


6,  9q 

Euler  pitch  angle  and  that  at  the  initi )!  condition 

JO 

Integral  of  0 

a 

Sidewnch  or  standard  deviation 

°i 

Standard  deviation  of  the  i**1  component  of  turbulence 

°H»  aV 

Standard  deviation  of  horizontal  and  vertical  turbulence 

Q..  2 

Covariance  of  the  i**1  and  j**1  components  of  turbulence 

r 

Transport  lag  delay  time 

Euler  bank  angle 

<KW) 

Universal  function  of  h/S'  defining  the  nondimensional  mean  wind 
shear 

*i 

Power  spectrum  for  parameter  i 

*u 

Cospectrum  for  parameters  i and  j 

*1**0 

Input  and  output  power  spectra 

Euler  heading  angle  and  that  at  the  initial  condition 

?W»  *w0 

Heading  to  which  the  mean  wind  is  blowing  and  that  at  the  initial 
condition 

w 

Temporal  frequency  (rad/sec) 

tJ 

Angular  velocity  vector 

WN’  wd>  "ph 
wsp* 

Natural  frequency  and  that  of  the  Dutch  roil,  phugoid, 
short  period,  and  the  numerator  of  the  bank  angle  to  control 
transfer  function 

12  j , 122, 12j 

Components  of  the  spatial  frequency  vector  along  the  x,  y,  and  z axes 

12*2>  12*3 

Maximum  values  of  the  lateral  and  vertical  components  of  spatial 
frequency  at  which  the  first  order  Taylor-series  method  of  repre- 
senting distributed  lift  effects  of  turbulence  is  accurate 

Dotted  terms  refer  to  derivatives  with  respect  to  time. 
Other  nomenclature  defined  where  used. 
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Node:  O j = O2  - I 


Summing  junction:  O = I j - 1 2 


Multiplier:  0 = Ij  I2 


Linear  operation:  O = G(s)  1 


,n»<  »»<w»9»^4««aEs» 


4.2  EFFECTS  OF  WINDS  ON  AIRCRAFT  MOTION 
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The  influence  of  mean  winds  and  mean  wind  shears  is  generally  considered  in  terms  of 
control  power  requirements  (i.e.,  rudder  power  for  decrab),  control  actuation  rates  (i.e., 
autothrottle  and  autopilot  thrust  and  control  surface  rate  authority),  guidance,  and  speed 
margins.  Additionally,  there  are  stability  considerations  that  are  much  less  straightforward. 

At  high  altitudes  and  speeds,  the  influence  of  winds  and  wind  shears  is  generally  not 
considered  to  be  so  important  because  wind  speeds  are  small  compared  to  airspeeds, 
aerodynamic  forces  and  moments  are  large  compared  to  inertial  effects,  speed  margins  are 
high,  and  wind  shears  are  less  frequent.  In  addition,  at  large  distances  from  the  ground  there 
is  less  need  for  accurate  guidance. 

At  low  altitudes,  particularly  for  approach  and  landing,  the  effect  of  winds  is  much  more 
critical.  The  accuracy  requirements  for  simulation  modeling  are  dependent  upon  the 
sensitivity  of  aircraft  response  to  winds  and  wind  shears.  An  analysis  and  discussion  of  these 
effects  is  provided  in  the  following  for  the  effects  that  are  less  straightforward.  The  analysis 
may  be  divided  into  linear  and  nonlinear  analysis,  depending  on  what  may  be  determined 
from  the  linearized  equations  of  motion. 

4.2.1  Small  Disturbance  Analysis 

As  is  conventional,  the  linear  equations  of  motion  are  defined  for  an  axis  system  attached  to 
the  aircraft,  or  a body  axis  system.  Aircraft  symmetry  is  assumed  and  the  x-y  plane 
coincides  with  the  plane  of  symmetry.  The  x axis  is  oriented  forward  and  is  aligned  to  the 
airspeed  vector  in  the  x-y  plane  (stability  axis),  some  geometric  characteristic  (i.e.,  wind 
chord  plane,  waterline,  etc.)  or  some  inertial  axis  (i.e.,  principal  axis).  The  y axis  is  oriented 
toward  the  right  wing  and  the  z axis  downward.  The  equations  of  motion  are  the  same  for 
any  such  body  axis  system,  but  the  forces  and  moment  characteristics  are  unique  to  a 
particular  axis  system  and  the  orientation  in  space  of  the  axis  system,  defined  in  terms  of 
Euler  angles,  is  dependent  upon  the  axis  system  selected.  Gyroscopic  couples,  produced  by 
masses  rotating  with  respect  to  the  body  axis  system,  (i.e.,  rotating  engine  parts),  and 
Coriolis  forces  are  considered  to  be  negligible.  Atmospheric  density  is  assumed  to  change  so 
slowly  with  altitude  that  it  may  be  represented  as  a constant. 

The  linearised  equations  of  motion  for  these  assumptions,  for  a rigid  airframe  and  still 
ar*,  are  presented  on  Figure  4-1  and  are  similar  to  those  presented  in  Reference  4-1. 
Uncoupling  of  the  longitudinal  and  lateral-directional  sets  requires  level  wings  initially  as 
well  as  uncoupled  aerodynamics.  If  the  body  axis  system  selected  is  the  stability  axis 
system,  the  initial  Euler  pitch  angle  is  identical  to  the  flight  path  angle.  The  equations  on 
Figure  4-1  are  written  for  uncoupled  accelerations.  Thus,  the  normalized  aerodynamic 
rolling  and  yawing  moments  are  written  to  exclude  the  appearance  of  the  product  of  inertia 
from  the  equations. 


405 


LONGITUDINAL  SFT 
Longitudinal  acceleration: 


[-X„s  + g cos  dn 
-2—s 


Vertical  acceleration: 


/ 


-Zuu  + 


<-  - f - j Z{[  8, 


Pitch  acceleration: 

-Muu  - {M^s  + Mw)w  + Is  - Mq|d  = 2 Mg.  6j 
LATERAL-DIRECTIONAL  SET 


Side  acceleration: 


|,  - Yvh  ■ ■»  , ['“o:  Y,li,~  <"ln  <0]  , - ^ Y{.  8, 


Roll  acceleration: 

-Lyv  + (s  - Lp)  P - Lfr  = 2 Lg.  6j 
Yaw  acceleration: 

-(N-s  + Ny)v  - NpP  + (s  - Nf)r  = 2 Ng.  6j 


Linear  velocity  vector,  V * uf+vT+wt 

A 

qj 


Angular  velocity  vector,  w = pt+qf+rft 


Applied  force  vector, 

Applied  moment  vector,  G = Gx?  + G j + G„t< 


F - FXT+  Fy?+  Fz(t 


X = Fx/m 


Y = Fy/m 


Z *=  Pz/m 


L = 


Gx*zz  + Gz^xz 


M - Gy/Iyy 


N 


Gxlxz  * GZJZZ 
^xx^zz  "*xz 


6j  =*  i^1  control  surface  deflection 
s » Laplace  transform  variable 

, 3a 

\x  li X ’ A “ X,  Y, Z,  L, M N 
X * u,  v,  w,  p,  q,  r,  5j 


FIGURE  4 - 1. -LINEARIZED  EQUA  770/VS  OF  MOTION  FOR  STILL  AIR 
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To  generalize  the  equations  for  flight  in  winds,  the  inertial  velocity  terms  that  are  multiplied 
by  the  dimensional  derivatives  are  changed  to  airspeed  component  perturbations,  which 
represent  the  differences  between  inertial  velocity  components  and  wind  velocity 
components.  The  wind  velocity  components  are  in  turn  the  sum  uf  the  turbulence 
components  and  the  mean  wind  components.  That  is, 

* * *W 

*W  = *W  + $T 

where  { = u,  v,  w,  p,  q,  r. 

It  is  common  to  see  the  airspeed  defined  as  the  sum  of  inertial  and  wind  velocities,  but  this 
is  merely  a change  in  convention  where  the  axis  system  defining  wind  motion  in  space  is 
reversed  from  that  for  airplane  motion. 

It  is  common  to  assume  that  certain  derivatives  are  insignificant  or  negligible.  The 
derivatives  that  shall  be  dropped  or  ignored  and  which  are  dropped  in  Reference  4-1  are  X^, 
Xq.  Z^,  Zq,  Yp  and  Yr  The  stability  axis  is  selected  and  the  initial  Euler  pitch  angle  is 
assumed  to  be  zero,  corresponding  to  level  flight.  For  non-still-air  conditions,  the  pitch 
attitude  and  flight  path  are  equal  only  in  level  flight.  That  is,  the  relationship  0=1+ a holds 
only  for  still  air.  Restricting  consideration  to  level  flight  permits  dropping  gravity  terms  in 
the  vertical  and  side  acceleration  equations  and  enables  simplified  relationships  between  the 
body  axis  angular  velocities  and  the  Euler  angles:  p = s<p,  q = s$,  r = s^.  The  linearized 
equations  considered  are  presented  on  Figure  4-2. 
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LONGITUDINAL  SET 


(S  - Xu)u  - XWW  + g0  + Xyltyy  + X^yy  - Z Xg.  5j 

-zuu  + «S  - V w - UqS  d + Zuuw  + Z^  = 2 Zg.  5j 

-MgU  - (M^S  + Mw)w  + (s2  - MqS> 0 + M uUyy  + + Mw  J Wyy 

+ Mqqw  = ZM6.5i 


LATERAL  DIRECTIONAL  SET 

(s  - Yv)v  - g <p  + uQr  + Yyvw  « 2 Xg.  5j 

-LyV  + <s2  - Lps)  <p  - Lrr  + L^  + LpPw  + Lfrw  = 2 Lg.  5j 

-Nvv  - Nps^  + (s  - Nr>r  + Nyvw  + NpPw  + Nfrw  * 2 Ng.  5j 


FIGURE  4-2. -LINE A RIZED  EQUATIONS  OF  MOTION  FOR  LEVEL  FLIGHT  IN  WIND 
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That  part  of  the  wind  terms  associated  with  turbulence  is  generally  placed  on  the  right  side 
of  the  equations  and  treated  as  a forcing  function  independent  of  the  motion  of  the 
airplane.  However,  the  mean  wind  has  been  described  deterministically  as  a function  of 
altitude.  Thus,  the  mean  wind  alters  the  uncontrolled  stability  of  the  airplane  as  the  airplane 
motion  is  dependent  on  the  mean  wind  and  the  mean  wind  is  dependent  upon  the  airplane 
motion.  Consequently,  the  mean  wind  alters  the  aircraft’s  characteristic  motion  or  stability. 

4.2. 1.1  Effects  of  Mean  Wind,  Point  Lift 

The  angular  components  of  the  mean  wind  shown  on  Figure  4-2  are  approximate 
representations  of  distributed  lift  effects.  If  the  changes  of  mean  wind  heading  and 
magnitude  are  sufficiently  small  with  respect  to  the  size  of  the  aircraft,  the  effective  angular 
components  may  be  ignored,  resulting  in  representing  all  the  aerodynamics  as  if  they  were 
concentrated  at  the  center  ci  gravity. 

The  body  axis  components  of  mean  wind  are  found  by  first  transforming  from  the  mean 
wind  axis  system  to  the  earth  axis  system,  a rotation  in  the  plane  of  the  earth  through  ^ ^ > and 
then  by  transforming  from  the  earth  axis  through  the  Euler  angles  of  the  body  axis.  The 
resulting  nonlinear  expressions  are  shown  on  Figure  4-3.  The  small  perturbation  body  axis 
wind  components  are  computed  from  first  order  Taylor  series  expansions  about  tne  initial 
conditions  (equivalent  to  derivatives)  and  are  shown  on  Figure  4-3  for  wings  level,  level 
flight.  The  mean  wind  is  considered  to  have  both  variable  heading  and  magnitude  witn 
altitude.  Substituting  these  expressions  into  the  equations  of  motion  (after  dropping  the  5’s 
with  the  understanding  that  all  motion  variables  are  small  perturbations)  results  in  the 
equations  on  Figure  4-4. 

From  Figure  4-4,  some  conclusions  concerning  the  effects  of  winds  may  be  reached: 

• Longitudinal  and  lateral-directional  motion  appear  to  be  coupled  in  the  presence 
of  a wind  although  they  are  not  in  still  air.  If  the  wind  is  aligned  *o  the  flight 
path,  lateral-directional  motion  wiil  not  influence  the  longitudinal  motion,  but 
longitudinal  motion  will  continue  to  influence  lateral-directional  motion  so  long 
as  a mean  wind  heading  shear  exists. 

• The  presence  of  a mean  wind  introduces  new  aerodynamic  stiffness  derivatives 
(derivatives  with  respect  to  Euler  angles  and  vertical  translation)  and  derivatives 
proportional  to  the  integral  of  pitch  attitude  and  which  augment  the  pitch  damping 
derivatives. 

• All  the  derivatives  due  to  the  presence  of  the  mean  wind  are  asymmetric  with 
respect  to  mean  wind  heading.  That  is,  a derivative  that  appears  statically  to  be 
stabilizing  for  one  wind  heading  will  be  destabilizing  for  the  wind  heading 
changed  by  90*. 

If  gradients  of  the  mean  wind  in  the  horizontal  planes  or  if  nonievel  tiyit  were  permitted, 
additional  stiffness  derivatives  caused  by  the  gradients  of  the  mean  wind  and  with  respect  to 
horizontal  displacements  would  be  introduced.  Nonlevel  flight  also  alters  the  attitude 
stiffness  derivatives. 
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LARGE  DISTURBANCE  BODY  AXIS  COMPONENTS  OF  MEAN  WIND 
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SMALL  DISTURBANCE  BODY  AXIS  COMPONENTS  OF  MEAN  WIND 
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FIGURE  4-3.-BODY  AXIS  MEAN  WIND  COMPONENTS 
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u - xu)u  - (X*  + j )w  + ((,  - xg  - -12)0  - - o 

-zuu  + (*-  zw-  ^)w  - (up*-  z0  -fie  - v-z**  “ 0 

-MUU  - (M^$  + Mw  + y )W  + [s2  - |Mq  + - -j^]  0 - (Mj.  + -M^“0 

LATERAL  DIRECTIONAL  SET 
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Wind-induced  derivatives: 
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FIGURE  ^.-CHARACTERISTIC  EQUATIONS,  EFFECTS  OF  MEAN  WIND 
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The  effects  of  the  mean  wind  sheer  and  magnitude  on  stability  will  now  be  examined 
separately. 

4.2. 1.1.1  Effects  of  Mean  Wind  Magnitude-The  longitudinal  and  lateral-directional 
equations  may  be  uncoupled  if  it  is  assumed  that  the  mean  wind  is  in  the  direction  of  flight 
(\{/q  = V'Wo)  an^  heading  and  magnitude  are  zero.  Now,  the  mean  .wind  magnitude  may 
be  permitted  to  take  on  positive  and  negative  values  where  a positive  value  corresponds  to  a 
tailwind  and  a negative  value  corresponds  to  a headwind.  The  effects  of  the  mean  wind 
magnitude  on  the  characteristic  roots  can  be  examined  by  performing  a root  locus  for  mean 
wind  magnitude.  If  it  is  assumed  that  the  airspeed  remains  unchanged  no  matter  what  the 
mean  wind  speed,  a realistic  assumption,  the  aerodynamics  remain  unchanged.  The  inertial 
velocity  appearing  in  the  vertical  and  side  acceleration  equations  may  be  rewritten  as  the 
sum  of  the  initial  airspeed  plus  the  initial  mean  wind  speed.  The  equations  that  result  are 
shown  on  Figure  4-5. 

When  the  determinants  for  characteristic  longitudinal  or  lateral-directional  motion  are 
expanded,  all  terms  containing  the  mean  wind  magnitude  cancel  out  and  the  mean  wind  is 
seen  not  to  affect  characteristic  motion  (Fig.  4-5).  The  same  result  can  be  obtained  no 
matter  what  the  relative  airplane  and  mear.  wind  headings.  In  fact,  the  nonlinear  equations 
of  motion  may  be  written  completely  in  terms  of  airspeed  components  without  the 
additional  appearance  of  inertial  velocity  or  wind  velocity  terms.  1 his  is  to  be  expected  as 
the  motion  in  one  axis  system  is  the  same  as  the  motion  in  another  moving  at  a constant 
linear  velocity  with  respect  to  the  %st  axis  system. 


So  long  as  transfer  functions  are  for  parameters  measured  relative  to  the  air  mass,  the  zeros 
of  the  transfer  functions  will  also  be  invariant  with  wind  speed  at  constant  airspeed.  When 
transfer  functions  measure  an  earth-referenced  parameter,  invariance  with  mean  wind  speed  is 
not  necessarily  true. 


The  numerators  for  the  longitudinal  inertial  speed  anu  pitch  attitude  to  control  transfer 
functions  can  be  seen  to  be  independent  of  wind  speed.  However,  the  airplane’s  inertial 
vertical  velocity  is  affected. 

The  vertical  velocity  response  by  itself  is  usually  of  little  importance.  However,  the  altitude 
response  is  important  and  is  affected  by  the  vertical  velocity  response: 
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For  a tail  aft  aircraft,  the  zeros  of  the  altitude  to  control  transfer  form  a cubic  made  of 
three  real  roots  (Reference  1 ): 
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Conclusion:  Mean  wind  magnitude  does  not  affact  charactaristic  motion 

FIGURE  4-5 .-EFFECT  OF  MEAN  WIND  MAGNITUDE,  NO  CROSSWIND 
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Two  of  the  zeros  will  be  approximately  equal  in  magnitude  and  opposite  in  sign.  The  third 
zero  will  be  much  smaller  than  the  other  two,  and,  in  still  air,  will  be  negative  for  frontside 
of  the  thrust  required  curve  operation  (3Tj^gq/dV^>0)  and  positive  for  backside  of  thrust 
required  curve  operation  OTj^gg/dV^<  0),  as  shown  in  Reference  4-2. 

The  altitude  to  control  transfer  function  zero  that  receives  the  most  attention  is  1/Tjtj,  the 
low  frequency  zero.  The  significance  of  this  zero  may  qualitatively  be  explained  in  the 
following.  A pilot  normally  controls  altitude  through  pitch  attitude.  When  he  controls  pitch 
attitude,  stable,  low  frequency,  closed  loop  roots  exist.  When  altitude  is  controlled  through 
attitude,  these  roots  will  tend  to  become  less  stable  until,  when  the  pilot  attempts 
sufficiently  tight  control  the  new  closed  loop  roots  become  unstable. 

The  level  of  tightness  of  control,  or  pilot  altitude  to  attitude  gain,  at  which  instability  occurs 
is  dependent  upon  the  location  of  1 /I'h  i . with  more  unstable  values  providing  a greater 
tendency  toward  instability.  This  does  not  mean,  however,  that  if,  after  closing  on  altitude, 
the  roots  are  unstable  the  aircraft  will  be  uncontrollable,  for  the  pilot  can  restablize 
these  roota  with  throttle  activity.  However,  the  more  unstable  1/Th»  the  more  throttle 
activity  is  required,  the  more  pilot  attention  is  required,  and  the  closer  one  is  to  approaching 
the  physical  limitations  of  the  pilot. 

Much  more  rigorous  and  comprehensive  descriptions  are  provided  in  several  publications  by 
Systems  Technology,  Inc.,  such  as  References  4-3  and  4-4.  A parallel  between  the  pilot  and 
the  autoland  system  can  be  drawn.  The  location  of  l/Thj  has  a strong  impact  on  the  design 
of  the  attitude,  altitude,  and  airspeed  control  systems. 

To  return  to  the  analysis,  the  effect  of  mean  wind  speed  on  the  numerator  of  the  altitude  to 
control  transfer  function  is  derived  from  the  equations  on  Figure  4-6.  The  numerator  is  seen 
to  be  expressible  approximately  as 

Nh  = Nh0  * X [<Z6C  Mw  + M5c>s2  + Z«c  Mws 

+ Mw>] 


where  NhQ  represents  the  altitude  transfer  function  zeros  in  still  air.  Using  the  approximate 
expression  for  NhQ  and  the  approximate  cubic  rooting  employed  in  Reference  4-1 , the  zero 
1/Th  | may  be  expressed  as 
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FIGURE  4-6.— EFFECT  OF  MEAN  WIND  MAGNITUDE  ON  AL  TITUDE  TRANSFER 
FUNCTION  ZEROS-NO  CROSSWIND ' 


The  relevant  parameter  is  the  ratio  of  mean  wind  speed  to  airspeed.  A tailwind  will  tend  to 
destabilize  the  zero  and  a headwind  will  tend  to  stabilize  it.  However,  the  term  gM' /Mo  may 
be  approximated  as 


sMu  _ 2gCl-o 


u a ,C 
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This  term  is  quite  small,  except  for  STOL  aircraft,  anefc  is  on  the  order  of  0.1  for 
conventional  aircraft  during  landing  approach.  Hence,  it  may  be  concluded  that  the  effect  of 
the  mean  wind  speed  on  altitude  control  is  negligible  for  conventional  aircraft  and  possibly 
moderate  for  STOL  aircraft. 
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This  apparent  change  of  the  point  of  operation  on  the  thrust  required  curve  is  quite  real  and 
can  perhaps  be  explained  better  physically  with  the  aid  of  Figure  4-7.  As  the  flight  path 
with  respect  to  the  air  mass  ( 0-a ) is  decreased,  the  speed  at  which  the  change  of  thrust 
required  with  respect  to  airspeed  is  zero  shifts  to  lower  speed.  More  generally,  as  (8 -a)  is 
decreased,  the  ciiange  of  thrust  required  with  respect  to  airspeed  at  a given  airspeed 
increases.  The  relationship  between  the  flight  path  with  respect  to  the  earth  and  $ - a.  for 
small  angles  is 
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FIGURE  4-7.-CHANGE  OF  b(TM')REQ/bVA  WITH  FLIGHT  PATH 

This  relationship  is  derived  in  Appendix  4A  and  is  plotted  on  Figure  4-8.  If  the  same 
negative  glideslope  with  respect  to  the  earth  is  maintained,  such  as  for  tracking  a glideslope 
beam,  an  increasing  tailwind  decreases  the  glideslope  (more  negative)  with  respect  to  the  air 
and  shifts  operation  to  a lower  thrust  required  curve,  having  a more  positive  slope  at  the 
same  airspeed.  The  increase  in  3(Tj^gQ/W)/dV^  corresponds  to  the  increase  of  1/Thj  for 
the  same  taiiwind  increase. 
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4.2. 1.1.2  Effects  of  Mean  Wind  Shear-The  small  perturbation  body  axis  components  of  the 
mean  wind  shear  are  given  by 
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The  shear  components  are  made  up  of  contributions  from  the  variation  of  mean  wind 
magnitude  with  altitude  and  the  variation  of  mean  wind  heading  with  altitude.  The  latter 
effect  will  cause  a component  of  shear  even  if  the  mean  wind  magnitude  is  invariant  with 
altitude.  Nothing  can  be  said  about  the  relative  contribution  of  the  two  sources  of  shear 
without  specifying  wind  heading  relative  to  airplane  heading.  However,  if  the  heading  shear 
effect  dominates,  the  absolute  magnitudes  of  the  shear  components  are  likely  to  be  small. 

The  mean  wind  shear  introduces  effective  aerodynamic  derivatives  proportional  to  vertical 
displacement  and  the  integral  of  pitch  attitude.  In  general,  all  six  degrees  of  freedom  will  be 
coupled  in  the  presence  of  a shear,  even  though  the  longitudinal  and  lateral-directional 
degrees  of  freedom  are  uncoupled  in  still  air. 
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Longitudinal  motion  is  uncoupled  from  lateral-directional  motion  by  assuming  a wind 
heading  relative  to  airplane  heading  that  causes  the  lateral  component  of  shear  to  be  zero. 
For  reasonable  values  of  the  heading  shear,  this  will  mean  the  wind  heading  is  nearly  aligned 
to  the  flight  path.  Positive  values  of  the  longitudinal  shear  component  now  correspond  to  an 
increase  in  tailwiri  v a decrease  of  headwind  with  increasing  altitude.  The  effects  of  the 
longitudinal  shear  will  be  considered  in  the  absence  of  a mean  wind  magnitude.  Thus,  the 
condition  considered  is  near  the  transition  from  a tailwind  to  a headwind  or  from  a 
headwind  to  a tailwind  for  changes  of  altitude.  The  separate  effects  of  mean  wind 
magnitude  and  shear  can  then  be  considered  to  be  approximately  additive. 

The  longitudinal  equations  and  characteristic  equation  for  the  assumptions  made  are 
provided  on  Figure  4-9.  Similar  to  that  done  for  the  mean  wind  magnitude,  the 
characteristic  equation  can  be  expressed  in  terms  of  the  characteristic  equation  for  still  air 
plus  a term  proportional  to  the  longitudinal  component  of  shear. 

The  first  observation  that  can  be  made  is  that  the  shear  introduces  a new,  fifth  longitudinal 
root.  Unless  the  aircraft  is  capable  of  high  L/D  at  very  low  speeds  (such  as  for  STOL 
aircraft), 


\,vx«zu<0 

and  the  stability  of  the  new  root  is  governed  by  thr  product  of  the  change  in  pitch 
acceleration  with  speed  and  the  longitudinal  wind  shear.  If  the  airplane  is  dynamically  stable 
in  still  air,  then,  for  small  components  of  wind  shear, 


duw 

Mu  < 0 , stable  fifth  root 

duw 

Mu  > 0 , unstable  fifth  root 

For  STOL  aircraft,  where 


xuzft-xazu>0 


the  reverse  it  true.  j 

At  low  Mach  numbers,  the  rigid  aerodynamic  contribution  to  Mu  is  generally  negligible.  The  ! 

primary  effects  are  from  the  moment  arm  of  the  center  of  gravity  to  the  engines,  the  | 

variation  of  thrust  with  speed,  and  aeroelastic  effects.  The  moment  arm  effect  will  cause 

non-zero  Mu  without  thrust  changes  with  speed  at  constant  throttle  setting.  For  engines 

mounted  below  the  center  of  gravity,  the  moment  arm  effect  by  itself  is  positive.  If, 

additionally,  thrust  decreases  with  increasing  speed,  as  for  high  bypass  ratio  engines,  there 

will  be  a second  negative  increment.  Positive  Mu  is  considered  to  be  statically  stabilizing, 

since  when  an  airplane  speeds  up,  it  will  pitch  up  and  cause  the  airplane  to  slow  down  due  | 

to  the  gravity  component.  At  very  low  speeds,  the  propulsion  effect  usually  dominates.  For  $ 
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FIGURE  49.-EFFECT  OF  WIND  SHEAR,  NO  CROSSWIND 
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STOL  aircraft  employing  propulsive  lift  concepts,  strong  propulsion-system-induced 
aerodynamic  effects  may  occur.  For  aircraft  without  irreversible  controls,  additional  effects 
are  introduced  by  hinge  movements  and  mass  balancing.  Aircraft  with  propellers  have 
stabilizing  effects  due  to  propeller  wash.  Due  to  the  difficulty  in  determining  the  sign  of  Mu, 
many  authors  assume  that  it  is  zero,  but  rarely  is  this  the  case.  If  Mu  should  happen  to  be 
zero,  the  fifth  root  appears  at  the  origin. 

More  general  information,  involving  fewer  restrictions,  can  be  obtained  through  root  locus 
analysis.  That  part  of  the  characteristic  equation  proportional  to  the  wind  shear  component 
represents  the  root  locus  zeros  for  variations  of  the  wind  shear  component.  Some 
information  on  the  nature  of  these  zeros  can  be  obtained  from  a short  period  approximation 
to  the  equations.  When  the  speed  degree  of  freedom  and  the  'o.ig’tudinal  acceleration 
equation  are  dropped  for  the  short  period  approximation,  the  characteristic  equation  is 
expai  -ed  as  shown  on  Figure  4-9.  For  the  wind  shear  root  iocus  there  are  two  zeros, 
given  by: 


Some  parameters  inside  the  radical  may  be  rewritten  in  terms  of  the  airplane’s  still  air 
characteristics: 
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Thus,  the  short  period  zeros  are  given  by 
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The  quantity  «sp()/(Mq  + Md)2*s  gfeater  than  one-  A crude  approximation  to  the  phugoid 
natural  frequency  is  given  by 


f-gzu 


WPh0  J UQ 


= Jl-*- 
u0 


for  small  Mu  and  sufficient  static  stability.  Hence,  the  quantity  inside  the  radical  is 
approximated  ^y 


1 - 


4a,sp0 
(Mq  + Ma)2 


which  will  be  negative  for  aircraft  with  stable  maneuver  margins.  The  short  period  zeros  for 
the  wind  shear  root  locus  are  complex  with  stable  real  parts.  The  root  locus  is  shown  on 
Figure  4-10.  An  increasing  tailwind  (or  decreasing  headwind)  with  altitude  will  cause  an 
unstable  real  root.  An  increasing  headwind  with  altitude  will  cause  a lowly  damped 
oscillatory  pair  having  a positive  damping  ratio  provided 
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The  short  period  approximation  generally  predicts  the  behavior  of  the  root  locus  away  from 
the  origin.  To  determine  the  root  locus  near  the  origin,  and  thus  the  effects  of  wi-  ’ ;hear  on 
the  phugoid,  three-degree-of-freedom  analysis  must  be  used.  It  may  he  noticed  Figure 
4-9  that  the  coefficients  for  the  polynomial  representing  the  short  period  zeros  arc  the  same 
as  the  first  three  coefficients  for  the  coefficient  representing  the  three-degree-of-freedom 
zeros.  This  indicates  that  the  third  zero  is  much  smaller  than  the  short  period  zeros  and  that 
the  short  period  expression  for  the  high  frequency  zeros  is  accurate  for  the  three 
degree-of-freedom  case.  The  location  of  the  third  zero  may  be  approximated  by: 
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FIGURE  4-10.-WIND  SHEAR  ROOT  LOCUS,  SHORT  PERIOD 
APPROXIMATION,  NO  CROSSWIND 
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There  are  many  possible  relative  locations  of  the  phugoid  roots  and  the  low  frequency  zero. 
The  wind  shear  root  loci  for  some  of  these  combinations  are  shown  on  Figure  4-1 1.  Some 
conclusions  that  can  be  drawn  from  Figure  4-1 1 are: 


• The  primary  effect  of  the  wind  shear  on  the  phugoid  roots  is  to  alter  the  phugoid 
frequency. 

• The  effect  of  the  wind  shear  depends  on  whether  the  zero  is  in  a stable  or 
unstable  location.  For  a stable  location,  increasing  duyy/dh  (from  zero)  increases 
phugoid  natural  frequency  and  stabilizes  the  fifth  root  and  decreasing  du^/dh 
reduces  phugoid  natural  frequency  and  destabilizes  the  fifth  root.  An  unstable 
zero  location  reverses  the  effect. 

• Unstable  oscillatory  roots  may  form  from  the  joining  of  one  phugoid  root  and  the 
fifth  root. 

• The  stability  of  the  phugoid  roots  for  high  jdu^/dh|  when  phugoid  natural 
frequency  is  increased  is  determined  by  whether  the  asymptote  is  in  a stable  or 
unstable  location.  The  location  of  the  asymptote  is  given  by: 

s 3s  J Mq  + +4  £(phugoid  roots)  - Mu  ^Xa  - Xu 


The  first  term,  a measure  of  the  relative  locations  of  the  short  period  roots  and 
zeros,  will  generally  dominate. 

For  all  conditions,  an  unstable  root  or  roots  due  to  a wind  shear  is  possible.  However,  there 
are  stability  parameters  which  will  maximize  the  airplane’s  tolerance  to  shears: 

• Stable  still  air  phugoid  roots  and 


gMu  (XQZU  - XuZa) 
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positive  and  small  (unstable  zero).  This  minimizes  the  instability  due  to  negative 
dCfy/dh  and  maximizes  the  gain  margin  for  positive  dify/dh. 

• Large  (M^+  M^) -This  assures  a stable  location  for  the  ±90° asymptote. 

The  sensitivity  of  the  root  locations  to  wind  shear  has  been  assessed  in  Reference  4-5  by 
employing  the  phugoid  approximation.  The  angle  of  attack  is  assumed  to  be  unaffected  bv 
the  phugoid  and  changes  of  pitching  moment  are  assumed  to  be  negligible.  After  dropping 
the  vertical  velocity  degree  of  freedom  and  the  pitch  acceleration  equation,  the  equations 
reduce  to  those  shown  on  Figure  4-9.  The  resulting  characteristic  equation  for  phugoid 
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FIGURE  4-11. -WIND  SHEAR  ROOT  LOCUS,  L OW  FREQUENCY  BFHAVIOR,  NO  CROSSWIND 


motion  on  Figure  4-9  is  identical  to  that  derived  in  Reference  4-5.  The  phugoid  damping 
(-fph  Wph)  *s  see"'  to  unaffected  by  the  shear.  The  phugoid  natural  frequency  can  be 
expressed  as 

2 _ 2 

wph  ” wphQ  + uq  dh 


where  Wpho^  ’s  the  phugoid  natural  frequency  in  still  air.  The  change  in  the  square  orthe 
phugoid  natural  frequency  with  wind  shear  is  seen  to  be  independent  of  the  aircraft 
configuration  (except  when  strong  aerodynamic  contributions  to  Zu  and  Xy  exist,  such  as 
for  powered  lift  STOL  aircraft)  and  is  most  sensitive  at  the  lowest  speeds.  For  example,  for 
a still  air  phugoid  natural  frequency  of  0.1  and  an  approach  speed  120  knots,  an  increasing 
headwind  with  increasing  altitude  of  18.7  kt/100  ft  is  predicted  to  drive  one  phugoid  root 
unstable.  The  phugoid  root  loci  for  this  simplified  analysis  are  shown  on  Figure  4-12. 

A decreasing  tailwind  (or  increasing  headwind)  with  increasing  altitude  ic  seen  to  always 
tend  to  cause  an  unstable  or  more  unstable  real  root,  and  the  fifth  root  from  the 
three-degree-of-freeciom  analysis  is  missing. 

The  phugoid  approximation  leads  to  a root  locus  at  low  frequencies  similar  to  that  which 
would  be  obtained  by  the  three-degree-of-freedom  analysis  with  Mu  = 0 (which  is  an 
assumption  of  the  phugoid  approximation)  except  that  the  location  of  the  asymptote  for 
oscillatory  phugoid  roots  is  deteimined  by  the  still  air  phugoid  roots  using  the  phugoid 
approximation  rather  than  by  the  short  period  poles  and  zeros  for  the  three-degree-of- 
freedom  analysis.  The  three-degree-of-freedom  analysis  pi  edicts  that  the  effects  of  increasing 
headwind  and  tailwind  with  altitude  are  reversed  with  the  low  frequency  zero  in  an  unstable 
position.  Additionally,  the  location  of  the  low  frequency  zero  relative  to  the  still  air 
phugoid  roots  affects  the  sensitivity  of  root  locations  to  a wind  shear.  In  general,  the 
movement  of  the  roots  will  be  less  sensitive  to  wind  shears  than  is  predicted  by  the  phugoid 
approximation. 

An  analysis  on  the  effects  of  wind  shears  has  also  been  conducted  in  Reference  4-6,  using  a 
substantially  different  set  of  equations.  There,  it  is  implied  that  wind  shears  have  no  effect 
on  the  short  period  for  level  flight,  However,  the  equations  in  Reference  4-6  do  not  provide 
for  the  existence  of  the  z or  vertical  translation  derivatives  provided  on  Figure  44.  and  the 
existence  of  which  is  acknowledged  in  Reference  4-7.  The  root  locus  for  wind  shear  is  the 
same  as  that  for  the  phugoid  approximation  on  Figure  4-1 1 even  though  Mu  is  not  assumed 
to  be  zero. 

For  the  case  where  the  longitudinal  component  of  shear  is  zer  > but  the  lateral  component 
r,.  /-zero,  longitudinal  motion  will  be  unaffected  by  the  shear,  but  lateral-directional 
motion,  from  Figure  44,  appears  to  be  dependent  upon  both  the  shear  and  longitudinal 
motion.  However,  when  the  detei.ninant  of  the  characteristic  equations  is  expanded,  all 
terms  containing  the  lateral  component  of  sher.r  cancel,  leaving  lateral-directional 
characteristic  motion  invariant  with  shears.  The  seme  conclusion  can  be  ’.cached  for  any 
heading  of  the  mean  wind  for  the  assumptions  specified  (particular  dependence  is  on  the 
assumption  of  wings  initially  level). 
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The  longitudinal  component  of  wind  shear  also  alters  the  numerators  of  the  longitudinal 
responses  to  control  input  transfer  functions.  If  the  control  input  is  considered  to  be 
column  (or  elevator),  the  speed  transfer  function  has  a free  s in  the  numerator  as  before, 
but  the  attitude  and  vertical  velocity  numerators  are  altered. 

As  shown  on  Figure  4-13,  a positive  shear  decreases  the  high  frequency  zero  (1/T02)» 
commonly  called  “!**,”  and  is  actually  approximated  by  the  change  of  lift  with  vertical 
velocity  (Lw),  but  increases  the  low  frequency  zero.  The  former  effect  is  the  same  as  a 
reduction  of  the  lift  curve  slope.  The  high  frequency  zero  governs  the  amplitude  of  the  pitch 
attitude  response  at  frequencies  near  the  short  period,  and  too  low  a value  can  give  the 
appearance  of  the  airplane  being  excessively  sensitive.  The  high  frequency  zero  is  also  the 
inverse  of  the  flight  path  to  pitch  attitude  lag  time  constant,  and  low  values  can  cause 
difficult  altitude  control.  However,  the  change  in  the  0/7  lag  :s  due  solely  to  the  quickening 
of  the  attitude  response  for,  as  shown  on  Figure  4-13,  the  altitude  response  to  control  input 
is  unaffected  by  the  longitudinal  component  of  shear. 

The  low  frequency  zero  influences  the  ability  of  the  pilot  to  stabilize  the  phugoid  using 
pitch  attitude  feedback.  Negative  shears  can  cause  closed  loop  phugoid  instability. 


Altering  the  high  frequency  zero  also  has  the  effect  of  changing  the  short  period  attitude  to 
column  gain.  A positive  shear  component  will  provide  an  apparent  increase,  in  stick  force  per 
g.  Pilots  will  prefer  a higher  optimum  stick  face  per  g in  negative  shears  (increasing 
headwind  with  increasing  altitude)  than  for  st»!i  air. 
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The  longitudinal  component  of  shear  does  not  affect  lateral-directional  motion.  When  the 
wind  heading  is  such  that  the  longitudinal  component  is  zero  an d the  lateral  component  is 
non-zero,  the  equations,  developed  from  those  on  Figure  44,  appear  to  have  lateral- 
directional  motion  affected  by  longitudinal  motion  (through  the  z and  j 9 derivatives 
proportional  to  the  lateral  component  of  tne  shear).  However,  when  the  determinants  for 
the  characteristic  motion  and  the  numerators  of  the  control  transfer  functions  are 
expanded,  all  terms  containing  the  shear  cancel  and  lateral-directional  motion  is  left 
unaffected. 

4.2. 1 .2  Effects  of  Mean  Wind,  Distributed  Lift 

If  an  airplane  is  at  a non-zero  bank  angle  in  the  presence  of  a wind  shear,  the  airspeed  on 
one  wing  will  be  greater  than  that  on  the  other.  If  the  airplane  is  at  a pitch  attitude,  the 
airspeeds  at  the  wing  and  tail  will  be  different.  These  distributed  lift  effects  introduce  forces 
and  moments  proportional  to  the  wind  shear. 

Reference  4-7  has  classified  the  distributed  lift  effects  of  a mean  wind  shear  according  to 
those  which  produce  a change  in  the  conventional  stability  derivatives  and  those  which 
introduce  new  effective  aerodynamic  derivatives.  In  the  former  classification  fall  corrections 
to  the  angle  of  attack,  sideslip,  and  control  power  derivatives  caused  primarily  by  a dynamic 
pressure  at  the  tail  different  from  that  at  the  center  of  gravity. 
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FIGURE  4-1 3. -EFFECT  OF  LONGITUDINAL  COMPONENT  OF  SHEAR  ON 
CONTROL  TRANSFER  FUNCTIONS 
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New  derivatives  introduced  are  such  as  rolling  and  yawing  moment  derivatives  with  respect  to 
bank  angle  proportional  to  the  shear,  and  the  wing  contributions  to  derivatives  with  respect 
to  yaw  rate  (Lr  and  Nr).  Thus,  the  new  terms  are  equivalent  to  introducing  angular 
components  of  wind,  as  shown  on  Figure  4-14.  When  the  change  of  the  shear  with  respect  to 
altitude  is  small  compared  to  the  dimensions  of  the  aircraft,  the  distribution  of  the  wind 
across  the  airplane  is  well  approximated  by  a linear  distribution  with  a slope  computed  at 
the  center  of  gravity.  The  effect  is  the  same  as  the  airplane  rolling  in  the  opposite  direction 
in  a uniform  wind  field.  That  is, 


LpPwa£(LP)WING 


(-» 


Wind  shear 


O Wiu 

Slope  = 


Wiu  at  C G- 


Wind  velocity  at  left  wing  tip= 

Wind  velocity  at  right  wing  tip  = 

*«CG  ^ T * "WCG  - Tfc*  W 

FIGURE  4-14.— WIND  SHEAR  DISTRIBUTION  ACROSS  AN  AIRPLANE  WING 
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There  will  also  be  a contribution  to  LpPyy  from  a vertical  distribution  of  the  lateral 
component  of  wind  over  the  vertical  tad.  Thus,  the  ?~ore  complete  expression  is 

/ 3ww\  /3VW\ 

lppw  _ (Lp\ving  v Hy~J  * '^Vertical  Viz/ 


In  general,  all  thiee  components  of  angular  velocity  will  be  generated  from  the  body  axis 
gradient  of  wind  velocity.  The  components  of  the  gradient  can  be  expressed  by 


axw  an  x = u,  v,  w 

~bl  oh"  W ' £ = *•  y« z (body  axis> 


The  derivatives  of  the  body  axis  wind  components  are  developed  from  the  mean  wind  axis 
to  body  axis  transformation,  and  are  shown  on  Figure  4-15.  The  change  of  altitude  from  the 
center  of  gravity  to  any  point  on  the  airplane  is  expressed  using  the  body  axis  dimensions 
and  the  body  axis  to  earth  axis  transformation. 

For  linear  analysis  of  stability,  the  perturbations  of  the  effective  angular  wind  components, 
or  the  perturbations  of  the  body  axis  gradient  of  wind,  are  of  interest.  These  are  shown  on 
Figure  4-15.  For  the  initial  conditions  of  wings  level  and  level  flight  (Pq  = 0 for  the  stability 
axis  system),  the  non-zero  terms  can  be  expressed  in  terms  of  the  longitudinal  and  lateral 
components  of  shear  and  the  perturbations  of  pitch  attitude,  heading,  and  bank  angle.  When 
these  terms  are  combined  to  form  the  effective  wind  angular  velocity  perturbances,  only  the 
effective  yaw  and  roll  rates  are  non-zero.  In  general,  for  arbitrary  airplane  attitudes,  all  the 
terms  in  the  wind  angular  velocities  will  be  non-zero,  but  the  other  terms  will  be 
negligibly  small. 


The  perturbation  yawing  and  rolling  moments  due  to  wind  yaw  and  roll  rates  may  be 
written  as: 
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£/<?<;/?£  4- 75.  -PERTURBA  TIONS  OF  EFFECTIVE  ANGULAR  COMPONENTS  OF  MEAN  WIND 
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(V  and  W subscripts  on  aerodynamic  derivative's  refer  to  vertical  tail  and  wing  contributions, 
respectively).  The  6 prefixes  have  been  dropped  with  the  recognition  that  variables  are  small 
perturbations. 

The  effective  bank  angle  derivatives  are  as  described  in  Reference  4-7..  The  pitch  attitude 
derivatives  provide  an  apparent  dependence  of  lateral-directional  motion  upon  longitudinal 
motion,  but  when  the  determinants  of  the  six  simultaneous  equations  are  expanded  these 
derivatives  are  found  to  affect  neither  characteristic  motion  nor  numerators  of  control 
transfci  functions  and  can  be  ignored.  The  remaining  distributed  lift  derivatives  are  all 
proportional  to  the  longitudinal  component  of  the  mean  wind  shear. 

The  distributed  lift  effect  is  the  only  mean  wind  effect  predicted  to  alter  lateral-directional 
motion.  Substituting  the  expressions  for  the  effective  angular  wind  velocities  into  the 
equations  on  Figure  4-2  yields  the  characteristic  equations  on  Figure  4-16.  The  first  effect 
that  may  be  noted  is  that  the  distributed  lift  effect  in  a wind  shear  produces  a new, 
fifth  root. 
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FIGURE  4- 16.  -DISTRIBUTED  LIFT  EFFECTS  OF  LONGITUDINAL  WIND  SHEAR 
ON  CHARACTERISTIC  LATERAL-DIRECTIONAL  MOTION 
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For  small  values  of  the  longitudinal  component  of  wind  shear,  the  terms  proportional  to  the 
square  of  the  longitudinal  component  of  shear  may  be  ignored.  The  terms  proportional  to 
the  shear  form  a cubic  and  the  signs  of  the  coefficient  are  given  by: 

F,  (s)  = a(s3+^s2+£s+;*) 


where 


b 

a 


>0 


£ (>0  ’ 

a <0  , 


Lp  small  negative  or  positive 
large  negative 


i 


The  roots  of  the  polynomial  multiplying  the  longitudinal  shear  component  form  the  zeros 
of  the  root  locus  for  variations  of  the  wind  shear.  There  must  be  at  least  one  of  these  zeros 
on  the  real  axis  in  an  unstable  location. 

To  pin  more  understanding  of  the  root  locus  characteristics,  a roll  mode  approximation  is 
made.  The  heading  and  side  velocity  terms  are  dropped  and  only  the  roll  equation  is 
retained.  The  resulting  equation  on  fig" re  4-16  provides  for  the  roll  mode  and  a second  root 
near  the  origin.  The  wind  shear  root  locus  for  the  roll  mode  approximation  is  shown  on 
Figure  4-17.  There  it  is  seen  that  a positive  shear  component  reduces  the  roil  mode  time 
constant  and  provides  for  an  unstable  real  root.  A negative  shear  component  provides  real 
roots  that  eventually  join  and  form  an  oscillatory  pair. 

A second  approximation  that  can  be  made  is  the  lateral  oscillation  or  Dutch  roll 
approximation.  For  the  Dutch  roll  mode,  sideslip  and  heading  are  nearly  equal  and  opposite. 
An  approximation  to  the  product  of  the  Dutch  roll  mode  2nd  the  roll  mode  time  constant 
can  be  made  by  assuming  ^ = -0  and  by  dropping  the  side  acceleration  equation.  The 
equations  for  this  approximation  are  shown  on  Figure  4-16.  An  investigation  of  the 
quadratic  for  the  root  locus  zeros  for  the  lateral  oscillation  approximation  indicates  that  the 
zeros  are  a stable  oscillatory  pair  for  small  negative  or  positive  or  two  real  roots,  one 
unstable,  for  large  negative  L^.  The  root  locus  for  the  Dutch  roll  approximation  is  shown  on 
Figure  4-17.  When  Lp  is  small,  the  character  of  the  roll  mode  time  constant  and  the  fifth 
root  are  as  predicted  by  the  root  locus  for  roll  mode  time  constant  approximation.  A 
positive  shear  component  decreases  Dutch  roll  natural  frequency  and  may  drive  the  Dutch 
roll  unstable.  A negative  shear  increases  Dutch  roll  natural  frequency  and  damping.  When  Lp 
is  large  negative,  the  effect  of  the  shear  on  the  Dutch  roll  mode  is  reversed.  Sufficiently  large 
values  of  negative  shears  will  drive  the  Dutch  roil  mode  unstable. 
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FIGURE 4-17.-ROOT  LOCUS  OF  LA TERAL-DIRECTIONAL  CHARACTERISTIC 
MOTION  DUE  TO  WIND  SHEAR 
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Neither  of  the  approximations  predicted  the  third  root  locus  zero.  The  third  zero  location 
may  be  approximated  from  the  ratio  of  the  constant  root  locus  terms  for  the 
three-degree-of-freedom  equation  and  the  lateral  oscillation  approximation  equation: 


g (Lj3Npy  * LPyNff) 
S~u0  (NrwL/TL rwN0) 


For  small  negative  or  positive  L^,  the  location  will  be  unstable.  For  large  negative  Lp,  the 
location  is  unstable.  Combined  with  the  zeros  from  the  Dutch  roll  approximation,  there  will 
always  be  one  unstable  real  zero.  Now,  the  root  locus  for  the  three-degrec-of-freedom  case 
may  be  drawn  and  is  shown  on  Figure  4-17. 

For  the  three-degree-of-freedom  analysis,  the  wind  shear  root  locus  exhibits  the  following 
characteristics: 

• A positive  longitudinal  shear  component  increases  the  Dutch  roll  natural 
frequency  and  damping,  increases  the  roll  mode  time  constant,  stabilizes  the  spiral 
mode,  and  provides  for  an  unstable  fifth  root  no  matter  what  the  size  of  Lp.  The 
instability  of  the  fifth  root  is  less  than  predicted  by  the  lateral  oscillation 
approximation. 

• A negative  longitudinal  shear  component  decreases  Dutch  roll  natural  frequency 
and  damping,  decreases  the  roll  mode  time  constant,  and  causes  the  spiral  mode  and 
the  fifth  root  to  form  an  oscillatory  pair.  For  small  Lp  the  low  frequency 
oscillatory  pair  may  be  unstable  and  the  Dutch  roll  stable.  For  large  negative  Lp 
the  low  frequency  oscillatory  pair  will  be  unstable  for  a sufficiently  large  negative 
shear  component. 

Clearly,  the  important  parameter  governing  the  stability  of  the  Dutch  roll  mode  is  L p,  the 
dihedral  effect.  Small  Lp  stabilizes  the  still  air  Dutch  roll  mode  and  ensures  that  the  Dutch 
roll  will  be  stable  in  wind  shears.  However,  there  is  a tradeoff  between  the  Dutch  roll  and 
the  spiral/fifth  root.  Small  Lp  destabilizes  the  spiral  in  still  air  and  causes  an  unstable 
oscillatory  pair,  formed  by  the  spiral  and  fifth  root,  in  the  presence  of  a wind  shear.  The 
optimum  value  of  Lp  for  operation  in  shears  is  likely  to  be  a compromise,  just  as  it  normally 
is  for  still  air. 

The  distributed  lift  effects  have  not  introduced  any  new  explicit  terms  describing  aircraft 
size.  The  effects  of  size  are  contained  within  the  aerodynamic  derivatives. 

Perhaps  the  most  important  lateral-directional  transfer  function  is  the  bank  angle  to  control 
input  (wheel)  transfer  function.  The  numerator  of  this  transfer  function  is  second  order.  As 
shown  on  Figure  4-18,  the  distributed  lift  effects  of  wind  shear  introduce  a new  real  root. 
Positive  shears  reduce  the  frequency  of  the  still  air  oscillatory  pair  zeros.  A fundamental 
handling  qualities  requirement  for  these  zeros  is  that  their  natural  frequency  be  less  than  or 
equal  to  that  Tor  the  Dutch  roll  inode  to  ensure  that  closed  loop  control  on  bank  angle  do 
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FIGURE  4- 18.— BANK  ANGLE  TO  CONTROL  TRANSFER  FUNCTION  ZEROS, 
EFFECT  OF  WIND  SHEA  <? 
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riot  result  in  high  frequency  unstable  roots  but  that  the  difference  not  be  so  large  as  to  cause 
a roll  rate  reversal  (Ref.  4-4).  Figures  4-17  and  4-18  show  that  a headwind  increasing  with 
increasing  altitude  decreases  Dutch  roll  natural  frequency  and  increases  the  frequency  of  the 
zeros.  Thus,  for  a sufficiently  large  value  of  (du^/dh),  aty  /a)^  > 1 and  there  will  be  a 
tendency  towards  closed  loop  instability,  equivalent  to  pilot-induced  instability. 

The  distributed  lift  effects  of  the  longitudinal  wind  shear  component  affect  the  numerators 
of  all  the  lateral-directional  transfer  functions  and  may  need  to  be  considered  for  the  design 
of  feedback  systems,  eithei  automatic  or  through  the  pilot. 

4.2. 1.3  Effects  of  Turbulence 


Turbulence  velocities,  unlike  the  mean  wind,  are  not  described  uniquely  with  time  or  space. 
Rather,  the  description  is  stochastic  and  affects  the  linear  equations  as  forcing  functions.  If 
once  again,  a component  of  wind  is  equated  to  the  sum  of  mean  wind  and  turbulence, 

Xw  = Xw  + xT 


where  X = u,  v,  w. 

The  turbulence  terms  on  Figure  4-2  are  placed  on  the  right-hand  s:de  of  the  equation.  When 
turbulence  and  mean  wind  are  both  present,  the  effective  aerodynamic  derivatives  due  to 
the  mean  wind  are  included  on  the  left  side  of  the  equation. 

Assuming  the  mean  wind  shear  to  be  zero  and  representing  the  airplane  at  a point  (no 
distributed  lift  effects),  the  relevant  linear  equations  for  analyzing  the  effects  of  turbulence 
are  those  on  Figure  4-19.  From  these  equations,  transfer  functions  of  aircraft  motion  with 
respect  to  turbulence  components  are  computed. 

The  transfer  functions  define  aircraft  motion  for  arbitrary  turbulence  input.  Together  with 
the  turbulence  spectra,  the  airplane  motion  due  io  turbulence  is  defined.  The  mechanism  for 
relating  the  two  is  the  “output  spectrum.’’ 

The  transfer  functions  and  the  turbulence  spectra  combine  characteristics  to  permit 
consideration  to  a frequency  range,  outside  of  which  characteristics  of  turbulence  or  the 
transfer  functions  are  less  important.  This  “frequency  range  of  interest”  is  important  for 
permitting  the  simplification  of  models  and  simulation  techniques.  Two  important 
parameters  which  influence  airplane  response  within  the  frequency  range  of  interest  are 
speed,  used  to  transform  spacial  to  temporal  frequency,  and  altitude,  upon  which 
turbulence  characteristics  are  dependent. 

The  final  effects  of  turbulence  considered  are  the  distributed  lift  effects  and  their 
representation.  That  is,  because  the  aerodynamic  characteristics  do  not  exist  at  a point  and 
because  the  spacial  distribution  of  turbulence  is  not  uniform  over  the  airplane  at  a given 
point  of  time;  representing  thre^  linear  components  of  turbulence  at  the  airplane  center  of 
gravity,  implied  in  the  equations  of  Figure  4-19,  may  not  be  sufficient. 
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4.2.1. 3.1  The  Output  Spectra- The  variance  of  airplane  motion  due  to  turbulence  may  be 
determined  from  the  area  under  the  output  power  spectra  in  the  same  manner  as  the 
variance  of  turbulence  is  determined  by  the  input  spectra.  When  there  is  a single  random 
input,  the  output  power  spectrum  is  defined  (Ref.  4-7)  as: 

4>0(cj)  = M2  (w)  4>j  (to) 

where  M(to)  is  the  amplitude  frequency  response  of  the  output  to  input  transfer  function 
and  4>j(cu)  is  the  input  power  spectrum.  That  is,  simply  multiply  the  square  of  the 
frequency  response  by  the  input  power  spectrum. 

If  there  arc  more  than  one  uncoi  related  random  inputs, 


4>0  = £ Mj^w)  *,.(«) 

i=l 

For  example,  if  the  power  spectrum  of  normal  load  factor  is  desired  and  there  are  three 
uncorreiated  linear  components  of  turbulence, 


2 2 


If,  in  addition,  the  random  inputs  are  not  uncorreiated,  the  output  spectra  must  include  the 
effects  of  the  cross-spectra.  According  to  Reference  4-7: 


n n 


4>0(<°) = Y Y 4>i  (w)Gj(M 

k=l  2=1  i 


Where  G (i<o)  is  th"  complex  frequency  response  and  G*(iu>)  is  its  complex  conjugate.  For 
three  correlated  components  of  turbulence,  the  normal  load  factor  power  spectrum  is 
defined  by: 
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4,nzCto)  = | ^(ito)|  *Ur(w)+|^(iw)|  ^(w) 


The  output  spectra  provide  the  means  for  analytically  estimating  the  effects  due  to 
turbulence.  In  particular,  the  normal  load  factor  spectrum  is  used  in  loads  analysis.  It  is 
generally  assumed  that  zll  the  turbulence  cospectra  terrns  are  negligible  (not  necessarily  true 
at  low  altitudes),  that  the  load  factor  to  lateral  turbulence  transfer  function  is  zero  (not  true 
when  spoilers  are  used  for  lateral-directional  stability  augmentation),  and  that  the  load 
factor  due  to  the  longitudinal  turbulence  component  is  relatively  small  (not  true  at  very  low 
speeds  where  it  will  dominate). 

There  is  no  simple  rule  relating  output  variance  to  input  variance.  If  a turbulence  spectrum 
were  a constant  with  all  frequencies,  tbus  providing  an  infinite  turbulence  variance,  the 
output  variance  would  be  finite  so  long  as  the  output  to  turbulence  frequency  response  has 
a high  frequency  asymptote  that  decreases  with  increasing  frequency.  Furthermore,  it  is 
insufficient  to  use  the  magnitude  of  the  input  variance  or  covariance  to  determine  whether 
or  not  that  input  has  a significant  effect.  If  the  input  had  a large  variance  but  one  which  was 
concentrated  at  a frequency  where  the  appropriate  transfer  function  had  a negligible 
frequency  response,  the  effect  of  the  input  may  be  negligible.  To  be  significant,  large 
contributions  to  the  input  variances  must  occur  at  the  same  frequencies  where  the  transfer 
function  frequency  response  is  large.  In  effect,  the  input  spectrum  and  the  frequency 
response  provide  mutual  filtering. 

4.2. 1.3.2  Frequency  Range  of  Interest- The  concept  of  the  output  spectrum  can  be  used  to 
show  that  there  is  a frequency  range  of  interest  above  and  below  which  accurate 
representation  of  the  airplane  and  turbulence  is  not  important. 

Firsi,  it  may  be  recalled  that  the  contribution  of  a frequency  range  to  the  turbulence 
variance  is  the  area  under  the  spectrum  multiplied  by  frequency  when  plotted  against  the 
logarithm  of  frequency.  Such  plots  for  the  Von  Karman  spectra  are  presented  on 
Figure  4-20. 
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FIGURE  4-20.-DENSITY  OF  TURBULENCE  VARIANCE, 


At  high  and  increasing  frequencies,  the  contribution  of  successive  frequency  octaves  to  the 
total  turbulence  variance  decreases  until,  above  some  frequency,  the  contribution  of  all 
higher  frequencies  is  negligible.  Similarly,  the  contribution  of  successively  lower  frequencies 
at  low  frequencies  diminished  until  at  some  low  frequency  the  contribution  of  all  lower 
frequencies  is  negligible. 

If  a transfer  function  between  an  output  parameter  and  an  input  turbulence  component 
were  a constant  (invariant  with  frequency),  the  output  spectrum  shape  would  be  the  same  as 
the  input  spectrum  shape  and  once  again  there  would  be  frequencies  above  and  below  which 
the  contribution  to  the  output  spectrum  would  be  negligible.  This  argument  can  be 
generalized.  If,  at  high  frequencies,  a transfer  function  has  an  asymptote  that  is  constant  or 
decreases  with  frequency,  the  output  spectrum  will  decrease  with  frequency  at  high 
frequencies  and  there  will  be  some  frequency  above  which  the  contributions  of  higher 
frequencies  to  the  output  variance  will  be  negligible.  Similarly,  if  the  transfer  function  is 
constant  or  increases  with  frequency  at  low  frequencies,  there  will  be  a lower  frequency 
limit  below  which  variance  contributions  are  negligible.  The  intermediate  frequency  region 
in  which  contributions  to  the  output  variance  are  not  negligible  constitutes  the  frequency 
range  of  interest  for  that  particular  output  parameter. 

The.  frequency  range  of  interest  for  a particular  output  parameter  will,  in  general,  depend  on 
the  entire  output  spectrum  shape,  but  upper  and  lower  frequency  limits  tend  to  vaiy  with 
the  high  and  low  asymptotic  character  of  the  transfer  functions.  If  an  asymptote  of  a 
transfer  function  is  given  by  0/1  = ks11,  then  the  output  spectra  asymptotes  are: 


high  frequencies 
low  frequencies 


The  upper  frequency  limit  decreases  as  n becomes  more  negative  and  the  'ower  frequency 
limit  increases  as  n becomes  more  positive. 

To  ensure  there  are  frequency  ranges  of  interest  for  all  output  parameters,  it  must  be 
ensured  that  the  transfer  functions  for  all  parameters  do  not  have  frequency  responses  that 
increase  at  high  frequencies  or  decrease  at  low  frequencies.  In  general,  there  are  position, 
velocity,  and  acceleration  parameters  to  be  considered.  However,  upper  frequency  limits  for 
velocities  and  accelerations  are  ensured  if  the  corresponding  position  transfer  functions 
decrease  at  least  as  fast  as  s^  at  high  frequencies. 

The  high  and  low  frequency  asymptotes  for  the  linear  and  angular  position  transfer 
functions  derivable  from  the  equations  on  Figure  4-19  are  presented  in  Table  4-1 . All  vary  at 
high  frequencies  as  s‘z  except  for  the  61  Wj  transfer  function.  However,  the  high  frequency 


gain  for  that  transfer  function  is  M^,  which  does  not  actually  qualify  as  a point  lift  term 
since  it  is  due  to  the  finite  time  required  for  downwash  produced  by  a lifting  surface  to 
reach  a trailing  lifting  surface.  Hence,  for  a point  lift  representation,  swj  should  not  be 
considered  a turbulence  parameter.  The  distributed  lift  effects  shall  be  considered 
separately.  It  may  be  noted  that  there  must  be  an  upper  frequency  limit  to  ensure  a finite 
output  variance. 

Three  transfer  functions  on  Table  4-1  do  not  satisfy  the  low  frequency  asymptote 
requirements:  h/w-p,  Ax/uy,  and  Ay/vy,  parameters  corresponding  to  inertial  linear 
position.  These  decrease  with  increasing  frequency  at  low  frequencies.  This  would  appear  to 
invalidate  a lower  frequency  limit.  However,  these  transfer  functions  are  open  loop  transfer 
functions.  Pilots  and  reasonable  autopilot  designs  can  effectively  eliminate  the  turbulence 
disturbances  at  sufficiently  low  frequencies.  Hence,  for  closed  loop  considerations,  there  is  a 
frequency  below  which  the  open  loop  spectrum  is  unimportant,  whether  or  not  the  open 
loop  spectrum  has  a significant  contribution  to  the  open  loop  variances  below  that 
frequency. 

It  is  difficult  to  generalize  on  a frequency  range  of  interest  for  all  motion  parameters. 
Accelerations  are  significant  at  higher  frequencies  than  displacements,  and  vice  versa.  Tc 
define  a single  frequency  range,  the  highest  and  lowest  frequencies  must  be  applicable  for 
any  of  the  response  parameters  and  will  necessarily  be  conservative  for  any  single  parameter. 

In  the  absence  of  structural  modes,  transfer  functions  will  generally  not  increase  much 
above  the  short  period  or  Dutch  roll  frequencies.  The  upper  frequency  limit  may  then  be 
considered  as,  say,  a decade  beyond  the  lesser  of  the  short  period/Dutch  roll  natural 
frequency  or  the  highest  turbulence  break  frequency. 

Pilot  or  autopilot  closed  loop  turbulence  effects  are  likely  to  be  negligible  below  about  0.01 
rad/sec  in  the  absence  of  lowly  damped  oscillatory  roots  near  or  below  that  frequency. 

4.2.  '.3.  ~ Distributed  Lift  Effects  of  Turbulence-\Jp  to  this  point,  turbulence  has  been 
represented  as  though  the  aerodynamics  of  the  airplane  were  concentrated  at  the  airplane’s 
center  of  gravity.  Alternately,  the  representation  incorporates  a uniform  turbulence  field 
over  the  airplane  such  that  the  components  of  turbulence  are  invariant  with  position:  a 
temporal  change  in  turbulence  at  the  center  of  gravity  is  accompanied  by  identical  changes 
of  turbulence  components  on  all  other  locations  on  the  airplane.  As  neither  of  these 
descriptions  is  correct,  the  point  representation  is  at  best  ar.  approximation  that  assumes 
that  the  airplane  dimensions  are  “vanishingly  small  with  respect  to  the  wavelengths  of  all 
significant  spectral  components”  (Ref.  4-7).  That  is,  the  point  representation  may  be 
expected  to  be  most  valid  for  very  long  turbulence  wavelengths.  If  the  frequency  range  of 
interest  is  only  at  low  frequencies,  then  the  point  representation  may  well  be  valid. 

Reference  4-7  has  examined  the  validity  of  the  point  representation.  The  position  is  taken 
that  the  representation  is  valid  below  some  frequency.  For  the  longitudinal  spacial 
frequency  component  of  turbulence,  the  representation  is  considered  valid  until  the 
complex  amplitude  of  the  lift  on  a finite  wing  flying  through  a sinusoidal  inclined  wave  of 
upwash  deviates  too  far  from  the  response  at  zero  frequency.  From  a theoretical  solution,  the 
region  of  validity  is  given  as 


flj  c/2  < 0.05 

where  c/2  is  the  nondimensional  or  reduced  frequency,  k, 

k = wc/2Va 

Alternately,  the  point  representation  for  chordwise  distributions  of  turbulent  velocities  is 
good  for 


Xj/ c >60 

For  a mean  chord  of  20  feet,  turbulence  wavelengths  in  the  longitudinal  direction  less  than 
1200  feet  must  not  lie  in  the  frequency  range  of  interest. 

The  wavelength  limitation  in  terms  of  mean  chord  must  be  considered  a rough  guide.  The 
limitation  is  most  certainly  dependent  upon  wing  geometry.  For  a wing  with  a zero  taper 
ratio,  the  specified  wavelength  limitation  is  likely  valid  for  outboard  sections  but  invalid  for 
inboard  sections  where  the  chord  may  be  substantially  larger  than  the  mean.  Also,  this  guide 
considers  distributed  lift  effects  over  the  wing  only;  there  are  also  strong  aerodynamic 
effects  due  to  the  nonuniform  distribution  between  the  wing  and  the  tail.  The  length  of  the 
aircraft  is  a sufficient,  but  perhaps  not  necessary,  dimension  F.r  testing  the  validity  of  the 
point  representation.  In  any  event,  the  order  of  magnitude  of  the  maximum  valid 
wavelength  indicates  possible  error  by  the  point  representation  in  at  least  the  frequency 
region  of  short  period  motion. 

For  the  lateral  spacial  frequency  component,  the  point  representation  is  found  in  Reference 
4-7  to  be  accurate  within  10%  up  to  the  reduced  frequency 

fl2b/2<l 


or 


X2/b  > it. 

Thus,  the  point  repres~itation  for  lateral  distributions  of  turbulence  is  far  more  restrictive 
than  for  longitudinal  distributions. 

The  accuracy  of  the  point  approximation  for  vertical  distributions  or  turbulence  is  not 
considered  in  Reference  4-7  but  is  often  assumed  acceptable  either  through  representation 
of  the  airplane  as  being  two-dimensional  or  by  assuming  that  the  effects  of  the  vertical 
distribution  arc  negligible. 

Perhaps  the  most  rigorous  method  of  attacking  the  general  problem  is  the  panel  method. 
The  surfaces  of  the  aircraft  are  divided  into  many  small  panels  having  dimensions 
sufficiently  small  that  the  point  aerodynamic  representation  for  a single  panel  is  accurate. 
The  aerodynamics  of  any  one  panel  are  coupled  with  those  of  all  other  panels  through  the 
aerodynamic  influence  coefficients  (downwash  in  panel  i due  to  lift  on  panel  j).  The  total 
forces  and  moments  are  found  by  summing  the  contributions  of  each  of  the  panels.  The 
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force  and  moment  power  spectra  may  then  be  computed  from  the  output  spectrum  concept 
involving  input  spectra  for  each  of  the  panels  and  cospectra  between  each  pair  of  panels. 

The  panel  method  is  similar  to  that  used  for  load  analysis  and  permits  the  inclusion  of 
unsteady  aerodynamic  effects  and  structural  modes.  Accuracy  from  this  method  is  limited 
only  by  the  limitations  of  the  modeling,  the  capabilities  of  the  computer,  the  accuracy  of 
the  mathematical  routines,  and  the  accuracy  of  linearization.  Solution  by  this  technique  is, 
however,  quite  laborious.  A large  amount  of  time  is  required  for  modeling,  the  cospectra 
tend  to  be  quite  complex,  and  solution  of  the  large  number  of  simultaneous  equations  is 
performed  in  the  frequency  domain  and  is  quite  slow  and  expensive.  Seldom  are  the  full 
distributed  lift  effects  represented,  even  for  loads  analysis.  Simplification  is  possible, 
however,  through  recognizing  that  the  input  power  spectra  are  the  same  for  each  panel  and 
that  the  input  cospectra  for  all  panels  separated  laterally  by  the  same  distance  are  the  same. 
The  cospectra  for  two  paths  separated  laterally  are  derived  and  presented  for  the  Von 
Karman  spectra  in  Reference  4*8.  Physical  interpretation  is  difficult  using  this  method,  but 
Reference  4-9  provides  some  of  the  possible  mathematical  simplifications  and  some  general 
results. 

Direct  application  of  the  panel  method  to  simulator  usage  is  out  of  the  question. 
Computational  time  and  computer  storage  requirements  are  beyond  the  scope  of  digital 
real-lime  solution,  particularly  for  simulation  of  nonlinearities.  The  technique  may  lead  to 
the  design  of  approximate  filters  or  forms  of  force  and  moment  spectra  that  could  be  used 
in  place  of  turbulence  spectra.  Such  applications  are  not  well  adapted  for  low  altitude 
simulation,  where  relatively  large  speed  changes  and  turbulence  changes  with  altitude  occur. 
The  applications  would  also  tend  to  be  quite  configuration  dependent. 

A much  simpler  and  more  physically  understandable  technique  has  been  developed  by 
F.tkin.  As  first  presented  in  Reference  4-10,  the  distribution  of  a turbulence  component  over 
an  airplane  is  expressed  using  a Taylor-series  expansion  about  the  center  of  gravity.  For  a 
two-dimensional  representation  of  the  airplane,  the  vertical  component  is  represented  by: 
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All  derivatives  arc  evaluated  at  the  center  of  gravity.  The  zero  order  term  corresponds  to 
turbulence  for  a point  lift  representation.  Thus,  the  method  superimposes  the  distributed 
lift  effects  upon  the  point  representation  effects. 


The  first  order  derivatives  are  equivalent  to  introducing  angular  velocity  components  of 
turbulence,  just  as  was  done  for  the  mean  wind  distributed  lift  effects: 


0Wt  3Wr 

-*T=<1T'  -w—'n 


In  Reference  4-10,  the  second  order  derivatives  with  respect  to  x and  y are  interpreted  as 
a parabolic  downwash  distribution  and  the  second  order  xy  derivative  is  described  as 
periodic  cambering  at  each  section,  with  amplitude  of  the  camber  proportional  to  y and 
antisymmetric  with  respect  to  the  airplane  centerline.  Interpretations  of  higher  order 
derivatives  are  much  more  difficult. 

In  Reference  4-10,  Taylor-series  derivatives  up  to  the  second  order  arc  retained,  but  in  his 
subsequent  publications  (Refs.  4-11,  -12  and  -7)  Etkin  has  restricted  his  attention  to  the 
zero  and  first  order  terms.  From  Reference  4-12:  “Generally  speaking,  since  the  input 
spectra  corresponding  to  [second  order  derivatives!  are  relatively  so  weak,  it  appears  that 
rough  estimates  of  the  second  order  derivatives  will  serve  well  enough  for  analysis.  A note  of 
caution  must  be  sounded  in  this  connection,  however,  when  elastic  modes  of  the  aircraft  are 
involved,  for  then  the  second  order  terms  may  be  more  important.”  The  distributed  lift 
effects  are  thus  represented  entirely  by  angular  components  of  turbulence,  implying  that  the 
turbulence  field  is  linearly  distributed  about  the  center  of  gravity. 

If  an  extension  from  the  two-dimensional  representation  to  the  three-dimensional 
description  is  made  (accounting  for  the  finite  size  of  the  vertical  tail),  the  incremental 
distributed  lift  effects  are  represented  not  only  by  effective  angular  velocities  acting  on  the 
wing,  but  also  by  using  effective  angular  velocities  acting  on  the  vertical  tail: 


Wing  angular  velocities 
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The  total  effective  angular  velocity  is  made  up  from  the  wing  and  tail  terms  weighted  by 
their  relative  aerodynamic  contributions.  For  example, 


or, 


(C/p)w  / 9wt\  , (C/p)v  /3vt\ 
c/  V 3y  / c/p  \ 9z  / 


The  aerodynamic  (relative  to  the  air  mass)  angular  velocities  are  made  up  from  the  angular 
velocity  of  the  airplane  relative  to  the  earth  less  the  angular  velocity  of  the  wind  relative  to 
the  earth.  For  example, 


PA  = P - Pt 

This  is  the  same  technique  as  used  for  the  mean  wind  distributed  lift  effects. 

Having  determined  that  distributed  lift  effects  may  be  represented  by  angular  components 
of  turbulence,  it  remains  to  specify  the  power  spectra  of  the  angular  components  and  their 
cospectra  with  the  linear  components. 

In  Reference  4-12,  it  is  shown  that  the  three-dimensional  power  spectrum  of  a displacement 
derivative  of  a turbulence  component  is  given  by 


^ 3*i  = "“k2Vi 


and  the  cospectra  are  given  by 


09X;  = ink  0XjX: 


where 

i,  j,  k = 1,  2,  3 

Xj  = uT 

X2  = VT 

X3  = wT 
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The  one-dimensional  spectra  are  obtained  by  successive  integrations  with  respect  to  the 
transverse  spacial  frequencies.  For  the  cospectra  and  power  spectra  involving  derivatives 
with  respect  to  the  longitudinal  coordinate,  the  following  simple  relationships  result: 


*ixax<ni)  = ni2*xx  (fy) 

9x  9x 

*9y/fil)  = inl  *xx(«j) 

9xA 


The  one-dimensional  expression  for  derivatives  with  respect  to  the  transverse  components 
coordinates  is  more  complex.  One  bad  result  from  this  procedure  occurs:  The  variance  of 
the  effective  angular  components  of  turbulence  is  infinite  due  to  the  Sl\^  asymptote  of  the 
power  spectra  for  the  turbulence  component  spacial  derivatives.  The  explanation  is  that  a 
first  order  Taylor-series  approximation  is  inadequate  at  high  frequencies.  A physical 
interpretation  is  provided  with  the  aid  of  Figure  4-21.  At  low  frequencies,  the  linear 
turbulence  field  representation  over  the  airplane  dimensions  is  accurate  and,  in  fact,  exact  at 
zero  frequency.  At  short  wavelengths,  the  linear  approximation  is  poor  and  estimating  the 
distribution  by  the  slope  of  turbulence  velocities  at  the  origin  drastically  overpredicts  the 
effects  of  the  distribution.  At  low  frequencies,  the  updraft  on  one  wing  combines  with  the 
downdraft  on  the  other  wing.  At  high  spacial  frequencies,  updrafts  on  one  wing  are 
counterbalanced  with  downdrafts  on  the  same  wing  as  well  as  downdrafts  on  the  opposite 
wing.  At  infinite  frequencies,  the  net  rolling  moment  must  be  zero.  The  linear 
approximation,  however,  increases  the  rolling  moment  with  increasing  frequencies. 

To  account  for  the  maximum  frequency  limitation  of  the  linear  gust  field  representation, 
the  three-dimensional  spectra  have  been  truncated  at  the  maximum  frequencies  before 
integrating  with  respect  to  the  transverse  spacial  frequency  components  in  References  4-10 
and  4-12.  This  is  analogous  to  abruptly  reducing  the  one-dimensional  spectra  to  zero  at 
some  frequency. 

Truncation  of  the  three-dimensional  spectra  not  only  affects  the  effective  angular  velocity 
spectra,  but  also  the  linear  velocity  power  spectra.  That  is,  the  lift  on  a finite  airplane  due  to 
a turbulence  field  is  less  than  that  from  a point  lift  representation.  This  can  be  demonstrated 
by  a simple  example  using  the  output  spectra  concept.  Consider  a two-panel  representation 
of  the  airplane  whereby  a panel  represents  half  of  the  wing.  Over  each  panel,  the  turbulence 
is  considered  to  be  uniform.  The  power  spectrum  of  lift  due  to  vertical  turbulence  is 
given  by : 
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The  power  spectra  for  turbulence  on  the  left  and  right  wings  are  equal  (4>w_  = <|>w  ), 

* L * R 

and  the  derivatives  of  lift  produced  by  each  half  of  the  wing  with  respect  to  vertical 
turbulence  are  equal  to  each  other  and  half  the  airplane’s  entire  lift  derivative: 


Thus, 


3L,  3LR 

3wj  ~ 3wj  2 Uq 


The  point  lift  representation  expression  is 


The  two  expressions  are  equal  only  if  = 4>w.  This  030  happen  only  if  the  two  panel 

centers  coincide.  It  is  a sufficient  approximation  if  the  distance  between  the  two  panel 
centers  is  close  with  respect  to  the  scale  of  turbulence.  The  cospectra  for  two  paiallel 
turbulence  velocities  separated  laterally  have  been  developed  for  the  Von  Karman  spectra  in 
Reference  4-8.  The  analytic  form  of  these  spectra  are  quite  complex,  but  they  are 
reproduced  on  Figure  4-22  for  various  ratios  of  separation  distance  to  turbulence  integral 
scale.  A 20%  error  at  low  frequencies  occurs  for  separation  of  the  panel  control  points  equal 
to  about  30%  of  the  integral  scale.  For  straight,  untapered  wings  (mean  chord  at  the  middle 
of  the  semispan),  a significant  reduction  of  the  lift  spectrum  (10%  error)  occurs  when  the 
wing  span  is  greater  than  60%  of  the  integral  scale. 

Of  course,  a two-panel  representation  is  quite  crude  and  more  panels  will  require  knowledge 
of  the  section  lift  curve  slo;.  cs.  The  equations  that  result  from  more  panels  are  vastly  more 
complicated,  but  will  reduce  to  the  point  representation  for  very  small  distances.  As 
previously  discussed,  the  panel  method  is  not  considered  suitable  for  simulation. 
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The  Fourier  component  method  treats  the  effects  of  distributed  lift  on  the  force  spectra  by 
truncating  the  frequencies  over  which  integration  of  the  three-dimensional  spectra  is 
performed  to  achieve  the  one-dimensional  spectra.  That  is, 
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where  Sl'2,  ^3  = maximum  frequencies  for  which  representation  is  valid  to  account  for  the 
lateral  dimensions  rather  than 
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as  used  for  the  point  representation.  The  spectra  4>jj  (J2j)  then  becomes  the  effective 
one-dnnensional  power  spectrum  associated  with  the  first  order  Fourier-series  approxima- 
tion. The  power  spectra  that  result  from  finite  spanwise  dimensions  are  presented  on  Figures 
4-23,  -24,  and  -25,  for  the  Dryden  spectra,  taken  from  Reference  4-12.  The  spectra  are  seen 
to  be  reduced  at  high  frequencies  with  decreased  maximum  transverse  spacial  frequency. 
These  spectra  must  be  considered  as  approximate,  since  truncation  eliminates  all 
contributions  of  higher  frequencies  while  it  is  likely  that  higher  frequencies  have 
continuously  diminishing  contribution  to  the  effective  turbulence  velocity  power  spectra. 
This  inadequacy  of  truncation  has  been  noted  in  Reference  4-7  with  reference  to  the  rigid 
body  response  to  turbulence:  "It  is  probably  better,  and  certainly  rimpler,  to  use  the  basic 
(not  truncated)  one-dimensional  spectra  on  the  grounds  that  including  the  small 
contribution  with  an  inaccurate  theory  is  better  than  leaving  them  out  altogether.” 

The  spectra  on  Figure  4-25  cannot  be  compared  directly  with  that  on  Figure  4-22.  Rather, 
the  effects  of  the  spectra  on  Figure  4-25  plus  the  effects  of  the  spectra  for  the  angular 
components  of  turbulence  are  compared  to  tH  effects  of  the  spectra  on  Figure  4-22. 

Reference  4-7  has  compared  the  first  order  Taylor-series  method  to  a theoretical  solution 
for  lift,  pitching  moment,  and  rolling  moment  of  a wing  in  a turbulence  field  and  has 
concluded  that  without  incorporating  unsteady  aerodynamics,  the  first  order  Taylor-series 
method  is  accurate  for 


flj  < 1/c  or  \ 1 > 2jtZj 

Sl2  < 2/b  or  Xj  >ffb 

•^us,  ihe  first  order  Tay  lotteries  method  represents  a factor  of  10  improvement  for 
distributions  along  the  x axis  over  the  point  approximahon,  but  provides  no  improvement 
for  fpanwise  disturoances.  That  is,  althougr.  the  effective  turbulence  roll  rate  may  be 
•'ificant,  its  inclusion  provides  no  improvement  over  the  results  from  assuming  the 
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spanwise  dimensions  are  zero.  Other,  more  complex  methods,  can  be  used  to  approximate 
the  spanwise  distribution  but  tend  to  be  heavily  dependent  upon  airplane  configuration  and 
flight  condition.  As  a consequence,  the  spanwise  lift  distribution  effects  will  not  be 
included.  This  does  not  mean  that  turbulence  will  not  produce  rolling  moments;  strong 
rolling  moments  due  to  turbulence  are  produced  through  L^,  the  dihedral  effect,  and  the 
lateral  component  of  turbulence. 

The  significance  of  the  roll  component  of  turbulence  at  low  frequencies  can  be  evaluated  by 
examining  the  rolling  moment  spectra,  assuming  rolling  moment  is  due  only  to  roll  rate  and 
sideslip.  (Ignore  yaw  rate  terms,  the  object  is  to  compare  the  relative  importance  of  roll  rate 
and  sideslip.) 


*c*  - ^[vsi2+MVsb]2 


It  may  be  noted  that  no  correlation  between  the  effective  turbulence  roll  rate  and  the  lateral 
component  of  turbulence  is  included,  correctly  implying  that  the  two  are  perfectly 
uncorrelated. 

The  aerodynamic  derivatives  may  be  written  in  terms  of  C/^and  C/0  (p  = nondimensional 
roll  state,  p = pb/2V)  to  remove  some  of  their  dependence  upon  speed: 
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To  conclude  that  the  effective  turbulence  roll  rate  is  insignificant  in  the  region  of  validity 
for  the  first  order  Taylor-series  representation,  it  must  be  concluded  that 


At  low  frequencies,  4>-,  ^ = q=  0v^Lv/2?r.  The  turbulence  roll  rate  spectrum  is  presented 
on  Figure  4-26,  as  taken  troin  Reference  4-12.  The  low  frequency  gain  of  this  spectrum  has 
been  cross-plotted  on  Figure  4-27  as  a function  of  the  lateral  cutoff  spacial  frequency.  This 
gain  is  on  the  order  of  4>p|j2|  = n - aw“/Lw-  Thus 
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Assuming  level  flight  and  using  the  requirement  of  isotropy  at  high  spacial  frequencies, 

Lv/Lw  = (ov/0w)3' 

b2  _ 7r  / b \2  I 
4 *v  2 \Lw/  (ov/aw)5 


At  high  altitudes,  the  integral  scale  of  vertical  turbulence  will  be  large  compared  to  the  span 
and  this  term  will  be  very  small.  At  low  altitudes,  the  vertical  turbulence  integral  scale  may 
be  less  than  the  span,  but  the  ratio  of  the  lateral  to  vertical  turbulence  rms  levels  will 
increase  from  one  to  two,  and  the  overall  effect  will  once  again  produce  a small  term.  Thus, 
so  long  as  C/A/C»  is  not  large,  the  turbulence  roll  rate  effect  will  be  negligible  at  low 
frequencies.  p 

The  roll  damping  derivative  is  determined  by  the  lift  distribution  and  the  wing  geometry. 
Speed  effects  occur  only  through  compressibility  effects.  A reasonable  number,  for  C/A, 
from  the  data  in  Reference  4-1 1 , is  -0.4.  p 

The  dihedral  effect  has  primarily  two  parts,  one  due  to  the  geometric  dihedral  and  another 
proportional  to  the  lift  coefficient  and  due  to  the  crossflow  across  the  fuselage.  The  latter 
term  will  usually  dominate  at  low  speeds.  A reasonable  estimate  for  the  proportionality 
constant,  from  the  data  in  Reference  4-1 1 , is  -0.2.  Thus 


C/„  ^ - 0.2  C, 


- 0.2  W/S 


For  a wing  load  of  100  lb/tt2,  will  be  about  the  same  magnitude  as  CfA  for  a speed  of 
about  1 20  knots.  This  ignores  the  geometric  dihedral  effects,  which  will  tend  to  increase  the 
speed  at  which  CjA  = Cy  . 

Reduced  speeds  cause  increased  C . Thus,  it  is  concluded  that  the  roll  damping  term  is 
unlikely  to  be  greater  than  the  dihedral  effect  for  landing  approach.  Even  though  this 
conclusion  is  reached  by  some  very  crude  analysis,  it  is  unlikely  that  C»a/C.  will  become 
sufficiently  large  to  overcome  the  smallness  of  * p ‘0 


at  low  frequencies. 
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The  result  js  agreement  that  the  roll  rate  spectrum  is  unlikely  to  have  significant  effects  in 
the  range  of  frequencies  fry.  which  it  is  valid. 

It  remains  to  represent  gust  penetration.  As  stated,  the  turbulence  pitch  and  yaw  rate 
spectrum  are  given  by: 
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These  relationships  are  provided  in  Reference  4-12  but  are  accurate  only  for  large 
wavelengths  and  must  be  attenuated  for  decreasing  wavelengths.  Rather  than  truncating  the 
spectra,  they  will  be  filtered.  Reference  4-1  i suggests  that  the  unfiltered  spectra  are  good 
for  wavelengths  greater  than  eight  times  the  relevant  length,  bared  on  eight  straight  lines 
providing  a fair  approximation  to  a sine  wave.  The  filter  time  constant  is  thus 
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and  the  pitch  and  yaw  rate  power  spectra  become 


These  spectra  have  the  same  form  as  those  in  Reference  4-1 3 and  are  presented  on 
Figure  4-28. 


If  the  linear  components  of  turbulence  are  produced  by  a temporal  process,  then  the  correct 
cospectra  and  power  spectra  are  produced  by 
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The  time  rate  of  change  of  linear  turbulence  velocities  is  similar  to  that  of  the  angular 
velocities: 
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The  angular  turbulence  velocities  are  combined  with  the  angular  inertial  velocities  to  provide 
angular  velocities  of  the  aircraft  with  respect  to  the  air  mass.  These  in  turn  are  used  to 
compute  the  aerodynamic  forces  and  moments.  That  is, 


ACm  cmq  qA  + cm(j  “A 

= Cmq(q-qT>  + Cm^«-£iT) 


Although  the  forebody  has  aerodynamic  loads,  the  major  contributions  to  forces  and 
moments  are  produced  by  the  wing  and  tail.  Consequently,  the  relevant  length,  8,  should  be 
the  distance  from  the  wing  aerodynamic  center  to  the  tail  aerodynamic  center. 


i 


% 


k 


$ 

!* 


WMW  ^ V 


An  alternate  method  for  representing  gust  penetration  can  be  developed  from  the  panel 
method.  Using  Taylor’s  hypothesis,  the  turbulence  velocity  on  any  point  on  the  x axis  can 
be  described  in  terms  of  the  turbulence  velocity  at  the  center  of  gravity  by: 
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Where  x is  the  distance  from  the  aircraft,  positive  forward.  This  equation  simply  represents 
a transport  lag;  the  turbulence  velocity  remains  constant  at  a fixed  poJnt  with  respect  to  the 
air  mass  and  the  airplane  passes  that  point. 


The  transport  lag  may  be  approximated  by  a series  of  filters,  or,  for  digital  computers,  a 
logic  statement  can  store  previously  computed  turbulence  velocities.  To  use  the  transport 
lag,  the  x axis  of  the  airplane  is  broken  into  small  bands  with  the  airplane’s  aerodynamics 
concentrated  at  the  centers  of  each  band.  The  aerodynamic  derivatives  of  each  band  are 
modified  by  the  turbulence  velocity  at  that  point  and  the  total  forces  and  moments  become 
the  sum  of  the  contributions  by  e«ch  band. 
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I'  Generally,  the  distribution  of  aerodynamics  over  the  length  of  the  airplane  is  not  available 
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The  effective  airplane  angle  of  attack  is  found  by 
attack  by  their  aerodynamic  contributions: 
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Acm  = "Cma  VA 


weighting  the  wing  and  tail  angles  of 


A first  order  approximation  to  the  transport  lag  is  given  by 
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The  effective  turbulence  velocity  can  then  be  found  by  filtering  the  eg  turbulence  velocity: 


At  low  frequencies,  the  expression  is  the  same  as  the  point  representation.  Since -the  wing 
body  pitching  moment  slope  is  generally  unstable  (positive),  the  h:gh  frequency  effective 
turbulence  velocity  is  amplified.  This  effective  turbulence  velocity  is,  however,  the  effective 
velocity  for  computing  only  pitching  moment.  / 

The  transport  lag  method  represents  the  wing  and  the  fail  as  points.  The  frequency 
improvement  for  a perfect  transport  lug  representation  over  point  airplane  representation  is 
a factor  of  28 j/c  or  is  valid  for 
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which  may  not  be  as  good  as  the  first  order  Taylor-series  restriction  of 
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depending  on  the  relative  magnitude  of  the  mean  chord  and  the  tail  length.  Actually,  this 
comparison  is  somewhat  deceiving,  for  the  criterion  was  developed  for  lift  distribution  over 
a wing,  not  between  wing  and  tail. 

Additionally,  the  fi  st  order  filter  approximation  to  the  transport  lag  is  not  perfect.  If  a 15° 
phase  error  is  tolerable,  then  the  first  order  approximation  is  accurate  to  about 


< 1.7 % 

as  can  be  determined  from  Figure  4-29.  Accuracy  to  higher  frequencies  can  be  obtained  by 
using  higher  order  terms  from  the  Pade  polynomial,  shown  on  Figure  4-29. 

The  two  methods  (transport  lag  and  Taylor  series)  may  be  combined.  The  lift  distribution 
over  the  wing  and  tail  may  be  provided  separately  using  the  Taylor-series  method.  The 
turbulence  at  the  eg  and  the  tail  aerodynamic  center  would  be  related  by  the  transport  lag. 
The  tail  dimensions  are  generally  small  enough  that  the  lift  distribution  across  the  tail  may 
be  ignored.  For  example,  the  pitching  moment  represented  by  this  method  would  be: 
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This  combined  method  is  accurate  for 


< 1/c 

and  improvement  over  the  point  representation  by  a factor  of  10  £r/cr. 

If  10  rad/sec is  representative  of  the  maximum  frequency  of  interest,  the  simplest  method 
providing  accurate  representation  of  gust  penetration  may  be  described  in  terms  of  the 
airplane’s  dimensions  and  airspeed: 


VVA  < a005 
VVA  < °-05 

cr/va  <0.01 
cR/VA  <0.1 


point  representation 
first  order  Taylor  series 
transport  lag 

transport  lag  and  first  order  Taylor  series 


For  most  aircraft,  even  the  best  feasible  method  is  marginal. 


4.2. 1.3.4  Unsteady  Aerodynamics  The  lift  from  a surface  does  not  change  instantaneously 
for  an  instantaneous  change  of  angle  of  attack.  The  lift  growth  over  time  is  subject  matter 
for  the  field  of  unsteady  aerodynamics. 
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FIGURE 4-29.-TRANSPORT LEAD  (LAG)  APPROXIMATIONS 


Rigorous  representation  of  unsteady  aerodynamics  is  difficult  given  unlimited  time,  and  can 
certainly  be  excluded  for  application  to  real  time  or  faster  simulation.  However, 
approximate  representation  for  whole  wings  (as  opposed  to  panels)  is  possible  through  the 
use  of  the  Kiissner  and  Wagner  functions. 

The  need  for  two  different  functions  reflects  the  difference  in  lift  growth  for  angle  of  attack 
changes  due  to  airplane  motion  and  winds.  Both  functions  aie  developed  from  two- 
dimensional  airfoil  theory  and  are  corrected  for  finite  wings  by  the  lift  curve  slope.  Wagner’s 
and  Kiissner’s  functions  for  the  nondimensional  lift  time  responses  (ACL(t))/ACL(t-+«>))  to 
step  changes  of  inertial  and  gust  vertical  velocities,  respectively,  are  shown  on  Table  4-2,  as 
taken  from  Reference  4-14. 

The  functions  of  Table  4-2  are  for  incompressible  speeds.  The  aspect  ratio  is  used  merely  to 
reflect  the  three-dimensional  lift  curve  slope.  Thus,  the  selection  of  a function  should  be 
based  on  lift  curve  slope.  The  normalized  lift  to  angle  of  attack  transfer  functions  have  been 
derived  from  the  temporal  functions  and  are  also  listed  on  Table  4-2. 

Although  the  Kiissner  and  Wagner  functions  describe  the  transient  lift,  the  normalized 
transfer  functions  may  be  used  to  filter  the  input.  That  is, 
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The  Wagner  function  modifies  the  inertial  vertical  velocity  and  Kiissner’s  function  modifies 
the  vertical  component  of  wind.  The  two  are  modified  to  form  the  modified  vertical 
velocity  with  respect  to  the  air  mass  and  this  in  turn  determines  lift.  The  same  procedure 
can  be  used  for  nonlinear  data:  the  modified  aerodynamic  angle  of  attack  is  used  to  enter 
the  nonlinear  tables. 

As  shown  on  Table  4-2,  the  lift  growth  functions  depend  on  the  mean  aerodynamic  chord 
and  the  airspeed  (combined  to  represent  the  time  required  to  travel  one  semichord),  as  well 


TABLE  4-2.— LIFT  GROWTH  FUNCTIONS  FOR  MACH  = 


as  the  lift  curve  slope.  The  wing  and  tail  have  different  chords,  so  there  arc  different 
functions  for  the  wing  and  the  two  tails.  Consequently,  use  of  the  lift  growth  functions 
requires  separate  wing  (or  wing-body)  and  tail  aerodynamics  and  the  buildup  of  tail  angle  of 
attack  (or  sideslip  angle). 

Angle  of  attack  is  not  the  only  term  that  must  be  modified:  pitch  rate,  roll  rate,  yaw  rate, 
and  sideslip  derivatives  have  contributions  due  to  the  angle  of  attack  and  sidesiip  angle 
distribution  over  the  wing  and  tail  and  can  be  modified  in  the  same  manner  as  angle  of 
attack. 

Representation  of  the  unsteady  aerodynamics  has  the  effect  of  extending  the  frequency  to 
which  the  effects  of  turbulence  are  accurately  represented.  Reference  4-7  states  that  using 
unsteady  aerodynamics  with  the  first  order  Taylor-series  representation  of  gust  penetration 
extends  the  maximum  frequency  at  which  total  lift  is  correctly  represented  by  one  decade. 
The  Kussner  and  Wagner  functions  only  approximate  unsteady  effects,  and  the  improve- 
ment is  likely  to  be  somewhat  less. 

Above  some  frequency,  the  Kussner  and  Wagner  functions  are  likely  to  give  erroneous 
answers,  no  matter  what  distributed  lift  effects  of  turbulence  are  used.  Each  panel,  or  region 
of  the  wing,  will  have  unsteady  aerodynamic  characteristics  different  from  those  of  other 
panels  and  different  from  the  Kiissner-Wagner  functions.  Although  using  the  same  lift 
growth  functions  for  each  panel  may  give  correct  effects  on  airplane  center  of  gravity 
motion,  only  by  coincidence  will  the  effects  on  high  frequency  structural  modes  be  cotect. 

Although  approximating  unsteady  aerodynamics  increases  the  frequency  at  which  the 
aerodynamic  representation  is  valid,  it  remains  to  be  determined  whether  that  frequency 
improvement  is  necessary. 

The  amplitude  frequency  response  asymptotes  of  the  lift  growth  transfer  functions  are 
plotted  on  Figure  4-30.  The  frequency  at  which  attenuation  of  the  lift  response  begins  is 
proportional  to  the  airspeed  to  mean  chord  ratio  and  is  reduced  by  an  increasing  lift  curve 
slope.  Greater  attenuation  of  the  lift  due  to  gust  occurs  at  the  higher  frequencies.  For  an 
aspect  ratio  of  6 (C^  = attenuation  begins  at 

« = 0.6V  A/c 

If  10  rad/sec  is  representative  of  the  maximum  frequency  of  interest,  lift  growth  effects  are 
insignificant  for 


VA/c  >16.7 

If  an  airplane  has  a 15-foot  mean  chord,  lift  gi:.wth  representation  is  unnecessary  for 
approach  speeds  above  about  1 50  knots.  Lift  growth  effects  become  more  significant  at 
lower  altitudes  due  to  the  possible  decrease  in  the  maximum  frequency  of  interest,  caused 
by  the  decreasing  integral  scales. 

For  many  types  of  aircraft,  whether  or  not  to  include  lift  grow:*’,  effects  is  likely  a marginal 
decision.  For  the  Boeing  747,  attenuation  is  expected  to  begin  at  about  w = 5.2  rad/sec  or 


ftj  = 0.02  rad/ft.  For  the  Boeing  SST,  a delta  wing  aircraft  with  an  unusually  large  chord, 
the  frequency  is  about  cc  = 4 rad/sec  or  = 0.016  rad/ft.  For  a commercial  STOL 
configuration,  the  frequencies  are  w = 4.7  rad/sec  or  = 0.035.  Although  these  aircraft 
are  radically  different,  their  frequencies  for  the  onset  of  lift  growth  attenuation  are  not 
dissimilar,  reflecting  tendency  of  large  mean  chords  and  low  lift  curve  slopes  to  be 
associated  with  high  approach  speeds. 

It  is  concluded  that  lift  growth  should  be  included  for  the  wing  unless  analysis  reveals  its 
effects  to  be  negligible.  Lift  growth  need  not  be  included  for  tail  aerodynamics.  Although 
the  inclusion  of  lift  growth  attenuates  wing  lift,  it  cannot  be  concluded  that  excluding  lift 
growth  is  conservative,  for  tnat  conclusion  depends  on  the  phase  between  wing  and  tail 
terms.  A reasonable  representation  of  lift  growth  may  be  based  on  Figure  4-30,  interpolating 
the  asymptotes  using  the  lift  curve  slope. 

4.2.1. 3.5  Effects  of  Speed  and  Altitude-The  power  spectra  of  the  linear  components  of 
turbulence  in  terms  of  temporal  frequency  are  found  by  requiring  the  variances  for  the 
spacial  temporal  frequency  description  to  be  the  same: 
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The  temporal  frequency  power  spectra,  normalized  by  the  variances,  are  described  in  terms 
of  the  temporal  frequency  ar.d  the  ratio  of  airspeed  to  integral  scale  (V^/L).  For  landing 
approach,  changes  of  the  integral  scale  are  dominated  by  changes  of  altitude.  If  the  aircraft’s 
response  to  gust  input  transfer  functions  is  independent  of  altitude  (reasonable,  except  for 
ground  effects)  and  unaltered  by  airspeed  changes  (not  true),  then  the  parameters  altering  a 
given  aircraft  configuration  to  linear  turbulence  components  of  a given  level  are  airspeed  and 
altitude. 

One  comment  consistently  received  from  pilots  concerning  the  nature  of  turbulence  is  that 
the  level  of  turbulence  appears  to  diminish  rapidly  as  the  ground  is  approached  (Ref.  4-15). 
The  description  of  turbulence  provides  for  turbulence  variances  that  increase  as  altitude 
decreases;  thus,  the  answer  must  rely  to  some  extent  on  the  effects  of  speed  and  scale. 

The  effects  of  the  speed  and  integral  scale  on  the  normalized  power  spectra  are  shown  on 
Figure  4-31.  Increasing  speed  and  decreasing  scale  cause  reduced  low  frequency  power  and 
increased  high  frequency  power.  That  is,  power  is  removed  from  the  frequencies  of  rigid 
body  resoonse  and  added  to  the  frequencies  of  structural  mode  response.  This  is  perhaps 
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more  evident  on  Figure  4-32  where  the  variance  density  is  plotted.  The  variance  remains  I 

constant  but  is  concentrated  at  higher  frequencies  as  the  airspeed  to  scale  ratio  is  increased.  | 

Figure  4-32  demonstrates  why  it  is  unlikely  that  flightpath  controllability  and  structural  $ 

fatigue  or  ride  qualities  due  to  turbulence  would  be  critical  at  the  same  flight  condition.  $ 


FIGURE  4-32.-VARIANCE  DENSITY  ASYMPTOTES,  EFFECT  OF  SPEED  AND  SCALE 


The  apparent  decrease  of  turbulence  as  the  ground  is  approached  is  caused  by  the  decrease 
of  integral  scale,  which  shifts  turbulence  power  to  frequencies  beyond  those  3t  which  the 
airplane  responds.  The  same  effect  occurs  when  airspeed  is  increased.  Landing  approach,  as 
the  lowest  airspeed  condition,  tends  to  be  the  most  critical  for  controlling  airplane  motion 
in  turbulence,  not  only  because  the  task  requires  greater  precision,  but  also  because  the 
response  of  airplane  mction  to  gusts  tends  to  be  greatest  there. 

The  discussions  about  transferring  power  from  the  rigid  body  to  the  structural  mode 
frequencies  can,  to  some  extent,  be  extended  to  transferring  power  to  different  types  of 
rigid  body  motion.  When  power  is  centered  about  the  short  priod/Dutch  roll  frequencies, 
dominant  motion  consists  of  angular  and  vertical  velocities.  Lower  speeds  and  longer  scales 
cause  greater  speed  and  linear  and  angular  displacement  responses.  For  conventional  aircraft, 
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the  primary  concern  is  with  the  control  of  attitude,  through  which  flight  path  is  maintained. 
For  STOL  aircraft,  attitude  is  insufficient  to  control  lateral  and  longitudinal  position. 

The  variance  density  tor  the  turbulence  angular  components  is  somewhat  different,  as 
shown  on  Figure  4-33.  Increasing  airspeed  shifts  the  spectra  to  higher  frequencies  as  before, 
but  the  high  pass  filtering  due  to  the  spacial  frequency  derivative  of  turbulence  used  to  form 
the  effective  angular  velocities  causes  the  low  frequency  character  to  remain  scale  length 
invariant.  Increasing  the  integral  scale  has  the  effect  of  increasing  angular  velocity  variance. 
After  the  integral  scale  becomes  large  enough  with  respect  to  the  aircraft’s  dimensions,  the 
increase  of  variance  is  accompanied  by  a decrease  in  low  frequency  power,  or  a decrease  of 
effect  on  airplane  motion. 

Generally,  shifting  the  turbulence  spt  ;tra  to  lower  frequencies  increases  the  severity  of 
aircraft  rigid  body  for  perhaps  more  correctly,  quasi-static  elastic)  motion  until  turbulence 
power  begins  to  fall  below  the  frequency  range  of  interest,  as  may  occur  with  extremely 
large  integral  scales.  Turbulence  level  (rms  or  variance)  is  an  insufficient  measure  of  the 
severity  of  turbulence  unless  speed  and  scale  are  held  constant.  At  sufficiently  high  speeds 
or  short  scales,  the  rigid  body  motion  feels  only  the  constant  low  frequency  asymptote  on 
Figure  4-31,  and  it  may  be  sufficient  to  represent  turbulence  with  unfiltered  noise  having 
the  correct  low  frequency  spectrum  amplitude  but  with  an  infinite  variance.  It  is 
unfortunate  that  there  is  so  m.ich  difficulty  in  measuring  and  so  little  agreement  on  the 
character  of  the  integral  scales  when  their  values  are  so  significant  for  the  aircraft’s  motion. 

The  effects  of  speed  are  made  more  complex  by  the  variations  of  the  gust  transfer  functions 
with  speed.  If  the  approximate  expressions  for  longitudinal  characteristic  motion  are 
expressed  in  terms  of  the  nondimensional  stability  derivatives  so  as  to  separate  out  the 
explicit  dependence  of  airspeed,  it  can  be  shown  that,  assuming  the  nondimensional 
derivatives  are  speed  invariant,  characteristic  motion  varies  with  speed  as: 
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Reducing  speed  reduces  the  short  period  natural  frequency,  increases  phugoid  natural 
frequency,  and  decreases  phugoid  damping.  Consequently,  unaugrnented  STOL  aircraft  are 
more  likely  to  have  coupled  short  period-phugoid  motion.  Furthermore,  because  the  output 
spectra  are  very  sensitive  to  changes  of  damping  ratio  for  low  damping  ratios,  STOL 
responses  to  turbulence  may  be  dominated  by  the  phugoid.  Automatic  control  systems  can 
reduce  (or  amplify)  much  of  this  effect.  For  one  STOL  configuration  examined  by  Boeing, 
phugoid  damping  augmentation  (speed  r 'back  to  thrust/drag  devices)  reduced  the  rms 
normal  acceleration  for  a fixed  level  of  t«. . tlence  by  30%.  For  conventional  aircraft,  the 
phugoid  is  assumed  to  have  so  little  influence  on  normal  acceleration  that  two-degree-of- 
freedom  analysis  is  used. 
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The  effects  of  speed  on  the  gust  transfer  functions  are  by  no  meins  restricted  to  the 
characteristic  motion.  The  high  frequency  asymptotes  of  the  normal  acce'eration  to  vertical 
and  horizontal  gust  transfer  functions  are  given  by 
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The  shapes  of  both  transfer  functions,  Figure  4-34,  are  similar.  For  conventional  aircraft, 
CLft  can  be  expected  to  be  negligible,  and  for  the  approach  speeds  of  conventional 
commercial  aircraft,  2/uq  is  small;  thus,  the  load  factor  spectrum  is  represented  only  by  that 
produced  by  vertical  gusts. 

For  two-degree-of-freedom  approximation  (drop  longitudinal  force  equation  and  inertial 
speed  degree  of  freedom,  but  not  longitudinal  gust  forcing  function),  the  variation  of  the 
load  factor  to  gust  frequency  response  for  a STOL  configuration  with  speed  is  shown  on 
Figure  4-35.  When  combined  with  the  vertical  turbulence  spectrum,  the  contribution  of 
vertical  gusts  to  the  load  factor  spectrum  becomes  that  on  Figure  4-36. 

The  increase  of  the  load  factor  to  longitudinal  gust  frequency  response  is  shown  on  Figure 
4-37  and  the  contribution  of  the  longitudinal  gust  to  the  load  factor  power  spectrum  is 
shown  on  Figure  4-38. 

The  combined  load  factor  spectrum  (the  sum  of  the  spectra  due  to  vertical  and  longitudinal 
turbulence)  is  shown  on  Figure  4-39.  By  comparing  Figure  4-39  to  Figure  4-36,  it  is  evident 
that  at  low  speeds  the  load  factor  spectrum  is  not  adequately  represented  by  just  the 
contribution  of  vertical  turbulence,  and  that  at  sufficiently  low  speeds  the  contribution  of 
the  longitudinal  turbulence  will  dominate.  A three-degree-of-freedom  analysis  of  the  same 
configuration  (including  damping  effects;  asymptotes  shown  on  Figures  4-35  through  4-39) 
revealed  a minimum  rigid  body  motion  load  factor  variance  at  about  95  knots.  For  the 
speeds  and  integral  scales  considered,  the  rigid  body  contribution  to  normal  acceleration 
dominates  the  structural  modes  contribution. 

The  power  spectrum  of  rate  of  sink  may  be  obtainpd  by  dividing  the  load  factor  spectrum 
by  the  square  of  frequency  and  is  shown  on  Figure  4-40.  The  effect  of  speed  is  seen  to  be 
even  more  pronounced.  If  the  flight  path  angle  is  more  relevant  than  rate  of  sink,  speed 
effects  are  even  stronger,  as  shown  on  Figure  4-4 1 . 

The  conclusion  that  can  be  drawn  from  this  analysis  is  that  representation  of  only  the 
vertical  component  of  turbulence  for  landing  approach  speeds  is  insufficient,  even  if  concern 
is  only  with  short  period  vertical  motion.  For  STOL  approach  speeds,  the  use  of  feedbacks 
to  direct  lift  control  devices  to  attenuate  or  control  the  responses  to  turbulence  is  like'y  to 
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FIGURE  4-37. -LOAD  FACTOR  RESPONSE  TO  LONGITUDINAL  GUST,  EFFECT  OF  SPEED 


NORMAL  LOAD  FACTOR  P.S.D.  DUE  TO  ua  AND  w(;.  EFFECT  OF  SPEt 


Loa  (w) 

FIGURE  4-40.— POWER  SPECTRUM  OF  ALTITUDE  RATE  OF  CHANGE  DUE 
TO  TURBULENCE,  EFFECT  OF  SPEED 


FIGURE  4-41. -FREQUENCY  RESPONSE  OF  FLIGHT  PA  TH  A TTITUDE  DUE  TO 
TURBULENCE,  EFFECT  OF  SPEED 


be  ineffective  as  it  would  not  alter  the  responses  to  longitudinal  turbulence.  For  the  same 
reason,  wing  loading  effects  .nay  be  insignificant.  For  powered  lift  STOL  configurations, 
speed  feedbacks  to  thrust  or  thrust  vectoring,  providing  augmentation  of  speed  derivatives, 
may  be  more  effective. 

4.2.2  Large  Disturbance  Effects  of  Winds 

Topics  that  fall  under  the  heading  “large  disturbance  motion  effects”  essentially  consist  of 
all  those  which  violate  the  assumptions  ot  small  disturbance  analysis.  Some  categories  are: 

1 ) Nonlinearities  of  the  equations  of  motion.  The  trends  predicted  by  linear  analysis 
are  generally  not  violated  by  equations  of  motion  nonlinearities,  but  reasonable 
predictions  of  magnitudes  often  require  that  the  nonlinear  equations  be  evaluated 
semiempirically  (such  as  by  simulation). 

2)  Aerodynamic  nonlinearities.  The  most  significant  aerodynamic  nonlinearities  have 
been  associated  with  angle  of  attack  variations,  particularly  CDa  (backside/ 
frontside  of  the  thrust  required  curve),  static  stability,  stall,  control  effectiveness, 
and  loss  of  directional  stability  at  high  angles  of  attack.  Particular  emphasis  has 
been  placed  on  stall  margins  required  when  flying  in  turbulence.  It  is  not 
necessary  that  turbulence  be  prevented  instantaneously  from  causing  the  stall 
angle  of  attack  to  be  exceeded;  rather,  it  must  not  be  exceeded  long  enough  to 
affect  airplane  inertial  motion.  For  powered  lift  STOL  aircraft,  strong  nonlinear- 
ities of  aerodynamics  with  speed  are  introduced.  Ground  effects  represent  an 
additional  important  class  of  aerodynamic  nonlinearities. 

3)  Coupled  motion.  Many  aspects  of  coupled  motion  may  be  evaluated  by  linear 
analysis,  but  because  of  the  large  number  of  simultaneous  equations,  it  is  difficult 
to  describe  response  characteristics  in  parametric  form.  Dynamically  coupled 
motion  problems  tend  to  be  specialize.-,  without  wide  application,  and  require 
analytic  tools  of  greater  flexibility  than  arc  often  available  for  easy  use.  Hence, 
the  problems  are  often  treated  as  a large  disturbance  problem.  Dropping  the 
assumption  of  wings  initially  level  coupled  the  longitudinal  and  lateral-directional 
motion.  Lateral-directional  forces  and  moments  frequently  have  non-zerc 
variations  with  angle  of  attack.  Coupling  may  be  introduced  by  the  multiple  use 
of  a control  surface  for  longitudinal  and  lateral-directional  control.  Perhaps  the 
greatest  coupling  is  introduced  by  the  pilot,  whose  action  may  also  be  highly 
nonlinear. 

4)  Control  system  nonlinearities.  Noi.linearities  in  the  control  system  may  either  be 
inherent  or  intended  and  are  found  in  the  electrical,  mechanical,  and  hydraulic 
subsystems.  These  nonlinearities  take  the  form  of  hysteresis,  breakouts,  dead 
zones,  authority  limits,  switching  circuits,  and  pin  changes.  Many  of  the 
ncnlinearities  are  designed  into  the  system  for  failure  protection.  Hydraulic- 
actuator  systems  have  particularly  strong  nonlinearities  that  cannot  be  overcome 
for  linear  analysis,  particularly  when  pump  flow  limits  are  exceeded  and  line 
pressure  falls.  Hydraulic  system  design  for  sufficient  control  in  turbulence  is 
developing  as  a major  simulation  task,  particularly  for  supersonic  aircraft,  STOL 
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aircraft,  and  aircraft  with  flight-critical  augmentation  systems.  When  high  control 
surface  hinge  moments  (large  actuator  bores)  combine  wi'tn  high  control  system 
rate  requirements,  as  results  when  dynamic  pressure  is  low  or  an  augmentation 
system  is  employed,  large  hydraulic  systems  result.  Small  amounts  of  overdesign 
result  in  large  weight  penalties,  and  underdesign  may  result  as  loss  of  system 
pressure  and  control  power. 

5)  Large  altitude  excursions.  Large  variations  of  altitude  cause  considerable  variation 
of  the  mean  wind  magnitude  and  shears,  turbulence  scales,  and  turbulence  levels. 
Airplane  motion  over  large  excursions,  particularly  airplane  position,  depends  on 
the  past  history  of  airplane  motion  and  cannot  be  accurately  measured  using 
constant  wind  shears  and  fixed-gain  turbulence  filters. 

The  differences  between  the  small  and  largv  disturbance  (or  linear  and  nonlinear)  responses 
are  what  gives  rise  to  the  need  for  simulation. 

One  particular  subject  under  (5)  relevant  to  autoland  systems  has  received  particular 
attention  and  is  involved  in  substantial  controversy:  The  effects  of  mean  winds  and  mean 
wind  shear  on  touchdown  dispersion.  Reference  4-16  conducts  an  analysis  that  shows  a 
headwind  that  decreases  as  tiie  ground  is  approached  causes  the  touchdown  point  to  be 
long.  Reference  4-6  notes  that  “. . . there  is  a lack  of  agreement  as  to  what  actually  takes 
place  during  an  approach  to  landing  in  a headwind  that  is  decreasing  with  altitude. 
According  to  Reference ...  an  airplane  trimmed  for  a glide  at  constant  airspeed  and 
constant  altitude  would  touch  down  short  of  the  initial  aim  point  if  no  control  action  is 
taken  by  the  pilot.”  In  contrasi.  Reference  4-17  asserts  that  “a  trimmed  airplane  executing 
an  instrument  approach  in  decreasing  headwind  would  overshoot  the  intended  point  of 
touchdown  unless  the  pilot  reduces  power.”  The  conclusion  of  the  analysis  in  Reference  4-6 
is  that  “. . . an  undershoot  will  occur  if  in  a wind  shear  the  airspeed,  angle  of  attack,  and 
throttle  setting  are  kept  the  same.  If  on  the  other  hand,  the  pilot  changes  the  throttle  and 
control  settings  so  that  the  airspeed,  angle  of  attack,  and  pitch  attitude  are  the  same  as  in 
the  steady  wind,  an  overshoot  takes  place.” 


Reference  4-17  is  also  up  to  taking  other  authors  to  task:  “. . . .certain  rules  are  established 
which  supposedly  tell  a pilot  whether  he  will  overshoot  or  undershoot  in  a particular  wind 
shear  situation.  These  ruies,  which  may  be  correct  for  certain  special  circumstances,  are  not 
correct  for  the  typically  long  term  wind  shears  which  occur  more  frequently.  Most  papers 
available  to  pilots  concerning  wind  shear  have  expressed  as  a rule  that  an  aircraft  will 
undershoot  the  runway  and  have  a deficiency  in  thrust  if  a decreasing  headwind  shear  is 
encountered  on  approach.  However,  any  pilot  who  has  ever  flown  an  ILS  with  a strong 
headwind  knows  it  takes  a great  deal  more  thrust  to  fly  the  glidepath  than  with  no  wind. 
Then  it  would  appear  that  if  a shear  to  no  wind  condition  should  occur,  there  would  be  an 
excess  of  thrust.”  The  procedure  recommended  by  Reference  4-17  is:  ‘As  th«*  pilot 
advances  the  thrust  to  the  required  level  to  compensate  for  the  rate  of  wind  shear  he  must 
begin  a gradual  reduction  in  thrust  to  compensate  for  the  changing  flight  path  angle.” 


With  so  much  conflicting  information,  one  begins  to  wonder  what  is  going  on.  Can  there 
really  be  that  many  well-published  authors  who  have  performed  erroneous  analyses? 
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First,  it  may  be  concluded  that  if  the  required  thrust  level  increases  and  if  the  thrust 
provided  is  less  than  that  required,  the  aircraft  will  tend  to  undershoot  the  glideslope  and 
land  short.  Providing  excessive  thrust  will  tend  to  cause  the  airplane  to  land  long.  The 
problem  reduces  to  computing  the  required  thrust  and  then  comparing  that  to  the  available 
thrust.  Statically,  the  change  of  thrust  requirements  may  be  determined  from  the 
approximate  relationship  derived  in  appendix  A: 
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The  term  V^y  cos  (t-^)  is  just  the  horizontal  component  of  wind  in  the  direction  of  the 
airplane’s  orientation.  If  only  wind  aligned  to  the  airplane’s  heading  is  considered,  with 
Vyy  > 0 referring  to  a tailwind,  a tailwind  will  require  a more  nose-down  pitch  attitude  and 
a headwind  will  require  a more  nose-up  pitch  attitude  than  for  still  air  at  the  same  airspeed. 
If  no  attitude  or  thrust  correction  is  made,  a steady  tailwind  will  cause  ar.  overshoot,  and  a 
steady  headwind,  as  noted  in  Reference  4-6,  will  cause  an  undershoot.  The  change  of  pitch 
attitude  at  constant  airspeed  and  glideslope  is 
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For  trimmed  flight  and  constant  airspeed,  the  lift  is  the  same  at  both  conditions,  and  angles 
of  attack  will  be  the  same.  Then,  if  condition  1 is  still  air  and  condition  2 is  a headwind 
condition, 


VW/VW,  < 0 
9i  ■ d\  >0 

The  pitch  attitude  contribution  to  thrust  is  W sin  0,  thus, 

ATREQ  = TREQ2*TREQj  = W<sin  $2'sin  0l)>o 


That  is,  if  the  attitude  correction  is  made  for  a steady  headwind,  more  thrust  is  required,  as 
noted  in  Reference  4-17,  or  the  airplane  will  touch  down  short. 

For  a headwind  that  decreases  nearer  the  ground,  the  pitch  attitude  required  will  decrease, 
and  the  thrust  required  for  the  attitude  change  will  also  decrease.  If  no  thrust  correction  is 
made,  the  attitude  effect  will  cause  an  overshoot.  However,  this  is  not  the  only  effect  of  a 
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headwind  shear.  In  order  to  hold  corstant  airspeed,  changes  in  the  wind  speed  must  be 
equated  by  changes  in  inertial  speed,  requiring  an  acceleration.  That  is 


V 


A 


ss  V-V 


w; 


dV  ^ dvW  dh 
dt  ~ dh  dt 


ATREQ 


w dv  _ wv  dVw 

g dt  ’ g dh  Y 


For  a headwind  that  diminishes  during  the  approach,  (dVyy/dh)7  >0  and  thrust  must  be 
increased,  as  opposed  to  the  attitude  effect. 

The  combined  effects  require  a thrust  change  of 


/at\ 

avw(VA  + vw)  dvw 

( W ) REQ  ” 7 

VA  g dh 

So  long  as  the  magnitude  of  the  wind  increases  with  altitude,  the  change  of  wind  on  an 
approach  path  and  the  wind  shear  will  be  opposite  in  sign. 

The  discussion  in  Reference  4-17  concerning  the  advancing  and  retarding  of  a throttle  refer.; 
to  a wind  shear  that  goes  to  zero  before  touchdown.  Thus,  while  the  shear  is  non-zero,  the 
acceleration  effect  is  presumed  to  dominate.  For  STOL  aircraft,  operating  at  low  speeds,  the 
attitude  effect  may  dominate. 

The  conclusion  of  Reference  4-6  is  compatible  with  these  results  for  the  conditions 
specified.  If  a constant  airspeed  approach  is  performed  in  a steady  headwind  using  a still  air 
throttle  setting  and  pitch  attitude,  an  undershoot  occurs.  The  incremental  effect  of  the 
shear  is  to  cause  an  increased  undershoot.  If  the  attitude  and  throttle  setting  are  set  for  a 
steady  wind  of  15  knots,  the  effect  of  a constant  headwind  shear  of  5 kt/100  ft  while  flying 
a constant  airspeed  of  70  knots  is  to  overshoot,  relative  to  the  steady  headwind  touchdown 
point  (attitude  effect  dominates). 

Reference  4-16  has  also  performed  an  analysis  fora  low  airspeed  aircraft,  but  the  predicted 
overshoot  for  flying  a constant  airspeed  approach  is  due  not  only  to  the  dominance  of  the 
attitude  effect,  but  also  to  the  fact  that  inertial  speed  changes,  not  airspeed  changes,  were 
set  to  zero.  Hence,  the  acceleration  effect  was  not  included. 

The  effects  of  airframe  configuration  on  touchdown  dispersion  are  weak  except  as  they 
affect  the  approach  speed.  Whether  an  overshoot  or  undershoot  occurs  will  depend  on: 

• Airspeed 

• Mean  wind  magnitude,  heading,  and  shear 
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• Control  procedure  (constant  airspeed,  constant  glideslope,  constant  attitude, 
constant  throttle,  or  combinations) 

• Initial  conditions  (trimmed  on  glideslope  for  still  air,  steady  wind,  or  other) 

If  the  wind  speed  were  known  at  every  altitude,  it  would  be  possible  to  determine  in 
advance  the  column  and  throttle  inputs  required  at  every  point  in  time  for  a perfect  landing. 
Of  course,  that  information  is  unavailable  to  the  pilot  or  autopilot.  Fortunately,  however, 
pilots  and  autopilots  do  not  operate  in  an  open  loop  manner.  Information  is  supplied  to 
both  portraying  the  deviations  from  the  glideslope  and  localizer  beams  and  airspeed  errors. 
Advanced  display  systems  even  indicate  a command  for  correcting  errors.  Additionally,  the 
pilot  has  another  inertial  reference  through  nis  out-the-window  vision.  Reasonably  alert  and 
competent  pilots  and  reasonable  autopilot  designs  are  capable  of  holding  constant  airspeed 
and  glid-  slope  without  knowing  the  wind  profile,  but,  of  course,  the  closure  techniques 
must  reflect  a qualitative  unders  anding  of  tlr  effects  of  winds.  Closed  loop  performance 
will  not  necessarily  reflect  a tendency  to  land  increasingly  short  or  long  with  increasing  wind 
speeds  and  wind  shears,  so  long  as  control  authority  is  not  saturated.  The  turbulence 
associated  with  the  mean  wind  does,  however,  tend  to  saturate  control  authority. 

It  may  be  noted  that  constant  airspeed  is  not  required  in  order  to  hold  the  glideslope.  A 
procedure  used  at  Boeing  Flight  Crew  Training  School  for  manual  approaches  is  to  increase 
the  initial  airspeed  by  half  the  surface  steady  wind  plus  all  of  the  difference  between  steady 
and  peak  wind,  up  to  a maximum  of  20  knots.  For  example,  surface  winds  reported  as  10 
knots  gusting  to  15  knots  would  result  in  an  initial  airspeed  increase  of  1/2(10)  + (15-10)  = 
10  knots.  The  increment  for  the  steady  wind  is  bled  off  during  the  approach.  The  peak  gust 
margin  provides  an  additional  stall  margin.  The  steady  wind  margin  reflects  a rule  of  thumb 
that  winds  at  glideslope  capture  altitude  are  50%  greater  than  at  the  surface.  Then,  the 
deficiency  in  thrust  during  the  approach  bleeds  off  the  excess  airspeed  during  the  maneuver, 
reducing  the  required  throttle  activity. 

Inability  to  hold  the  glideslope  may  not  even  be  the  dominant  factor  for  determining 
touchdown  dispersions.  Another  factor  is  difficulty  in  performing  the  flare.  Piloted 
approach  simulations  in  winds  at  Boeing  have  produced  comments  indicating  a <:ndency  to 
float  or  to  go  through  a low  frequency  altitude  oscillation  just  before  touchdown.  A 
contributing  factor  may  be  the  changes  of  the  phugoid: 

• Increased  L/D  due  to  ground  effects  reduces  phugoid  damping 

• Reduced  airspeed  due  to  throttle  chop  and  headwind  shear  decreases  short  period 
natural  frequency  and  increases  phugoid  natural  frequency 

• The  shear  may  cause  an  increase  of  phugoid  natural  frequency. 

These  I actors  may  combine  to  cause  an  increased  response  at  the  phugoid  frequency  when 
the  column  input  is  made.  Then,  the  point  of  touchdown  performance  would  depend  upon 
the  point  of  oscillation  at  which  touchdown  occurred. 
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4.3  SORTING  OUT  THE  AXIS  SYSTEMS 

The  task  of  simulating  turbulence  for  flight  at  low  altitudes  involves  at  least  three  axis 
systems:  mean  wind  axis,  relative  wind  axis,  and  body  axis. 

For  the  mean  wind  axis  system,  the  x axis  is  aligned  to  the  mean  wind  and  the  z axis  is 
downward  perpendicular  to  the  earth.  It  is  this  axis  system  for  which  the  statistical 
properties  of  turbulence  and  the  one  non-zero  cospectrum  have  been  defined.  This  axis 
system  does  not  account  for  the  motion  and  orientation  of  the  aircraft. 

The  body  axis  is  (hat  for  which  the  airplane’s  aerodynamic  and  inertial  properties  are 
known.  It  is  the  relationship  of  this  axis  system  with  the  earth  that  defines  the  airplane’s 
inertial  motion.  The  axis  system  is  attached  to  the  airplane  with  the  origin  fixed  at  the 
airplane’s  center  of  gravity.  The  x-z  plane  lies  in  the  airplane’s  plane  of  symmetry  (assuming 
that  the  airplane  is  symmetric)  with  the  z axis  downward.  The  x axis  is  oriented  with 
respect  to  some  physical  property  of  the  airplane  such  as  the  wing  chord  plane  or  a 
waterline. 

The  relative  wind  axis  also  has  its  origin  attached  to  the  center  of  gravity,  but  i.s  x z plane 
does  not  coincide  with  the  plane  of  symmetry.  Rather,  the  x axis  is  aligned  to  ihe  airspeed 
vector.  The  relationship  between  the  relative  wind  axis  and  the  body  axis  is  defines  with  the 
angle  of  attack  and  sideslip  angle  and  thus,  with  the  airspeed,  defines  the  airplane  motion 
with  respect  to  the  moving  air  mass. 

It  is  only  in  the  relative  wind  axis  that  the  transformation  from  spacial  to  temporal 
frequency  using  Taylor’s  hypothesis  = co/V^)  may  be  applied.  It  may  be  recalled  that 
the  definition  of  turbulence  began  with  correlation  functions  described  as  a function  of 
displacement  vector.  A spacial  frequency  vector  resulted  from  the  Fourier  integral  of  the 
correlation  functions.  Hence,  the  components  of  the  spacial  frequency  vector  are  aligned  to 
those  of  the  displacement  vector.  Integrations  with  respect  to  the  transverse  components  of 
spacial  frequency  were  performed  to  eliminate  the  dependence  of  the  spectra  on  those 
components.  The  time-distance  relationship  corresponding  to  the  spacial-temporal  fre- 
quency relationship  is  $=  V^At.  That  is,  the  airspeed  vector  must  be  aligned  with  the 
displacement  vector  in  Older  to  relate  spacial  and  temporal  frequencies.  The  presumed 
one-dimensional  spectra  apply  only  for  turbulence  components  aligned  to  the  relative 
wind  axis. 

Die  problem  is  this:  the  statistical  properties  of  turbulence  are  known  in  one  axis  system, 
the  spectra  shapes  in  another,  and  the  problem  must  be  solved  in  a third  axis  system.  The 
misalignment  of  the  axis  systems  is  almost  universally  ignored  for  the  simulation  of 
turbulence,  or  it  is  assumed  that  the  axis  systems  are  sufficiently  aligned  that  the  effects  of 
the  misalignment  are  negligible.  Consequently,  turbulence  is  usually  generated  in  the  body 
axis  using  the  relative  wind  axis  power  spectra  shapes  and  the  mean  wind  axis  variances  and 
integral  scales.  The  existence  of  any  cospectra  in  the  body  axis  is  seldom  acknowledged. 

A straightforward,  but  complex,  procedure  would  be  to  transform  the  statistical  properties 
of  turbulence  from  the  mean  wind  axis  to  the  relative  wind  axis,  where  they  would  be 
inserted  into  the  spectra  and  where  turbulence  components  would  be  generated,  and  then 


transform  the  components  of  turbulence  to  the  body  axis,  where  the  forces  and  moments 
acting  upon  the  airplane  could  be  found.  A solution  to  the  problem  using  this  approach  is 
described  in  the  following. 

4.3.1  Transformations 

There  are  undoubtedly  several  methods  for  developing  the  transformation  for  the  power 
spectra,  variances,  and  integral  scales.  The  method  proposed  is  based  on  the  concept  of  the 
output  power  spectrum.  Reference  4-7  shows  that  the  output  spectrum  of  multiple  filtered 
random  inputs  (Fig.  4-42)  is  given  by: 


T 


When  the  transfer  functions  are  constants  (frequency  or  time  invariant),  the  frequency 
responses  are  just  the  partial  derivatives  and  the  frequency  response  and  its  complex 
conjugate  are  equal: 
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To  apply  the  output  spectra  to  the  task  of  transformations,  consider  turbulence  generated  in 
one  axis  system  and  transformed  to  another.  The  frequency  responses,  or  partial  derivatives, 
are  just  the  elements  of  the  axis  transformations  for  vectors.  That  is,  if  turbulence  is 
generated  in  the  mean  wind  axis,  the  spectra  in  the  body  axis  are  given  by 
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where  [M  to  Bl  = mean  wind  axis  to  body  axis  vector  transformation.  Similarly,  for 
turbulence  generated  in  the  body  axis,  the  spectra  in  the  relative  wind  axis  system  arc 
given  by: 
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FIGURE  4-42.-RESP0NSE  TO  A SET  OF  RANDOM  INPUTS  (FROM  REF.  7) 

Combining  the  relationships,  the  transformation  from  the  mean  wind  axis  to  the  relative 
wind  axis  system  is 
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The  mean  wind  axis  to  body  axis  vector  transformation  is  identical  to  the  well  known  earth 
axis  to  body  axis  transformation  (Ref.  4-11)  except  that  the  heading  transformation  is  from 
the  wind  heading.  The  body  axis  to  relative  wind  axis  vector  transformation  is  obtained  by 
first  rotating  through  -a  and  then  through  0,  and  is  derived  in  appendix  4B.  The 
transformations,  both  of  which  are  orthogonal,  are  presented  on  Figure  4-43,  and  are 
undoubtedly  necessary  ingredients  for  unraveling  the  axis  systems  by  any  approach. 

Beginning  by  assuming  that  the  only  non-zero  cospeotrum  in  the  mean  wind  axis  is 
$umwm.  the  matrix  expressions  relating  the  body  axis  spectra  to  the  mean  wind  axis 
spectra  are  expanded  to  provide  the  transformation  matrix  on  Figure  4-44.  Similarly,  the 
transformation  relating  relative  wind  axis  spectra  to  body  axis  spectra  is  provided  on  Figure 
4-45.  Note  that  the  transformations  have  been  rewritten  to  appear  as  vector  transforma- 
tions. To  go  from  the  mean  wind  axis  to  the  relative  wind  axis,  the  transformation  is  the 
product  of  the  matrix  on  Figure  4-4o  times  the  matrix  on  Figure  4-44.  These 
transformations  certainly  cannot  be  considered  simple,  and  ever,  though  only  one 
cospectrum  existed  in  the  mean  wind  a.:is,  all  exist  in  general  in  both  the  uody  axis  and  the 
relative  wind  axis.  All  will  exist  in  the  body  and  relative  wind  axes  *ven  if  there  were  no 
cospectra  in  the  mean  wind  axis. 
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MEAN  WIND  AND  BODY  AXIS 
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RELATIVE  WIND  AND  BODY  AXIS 
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FIGURE  443-AXIS  TRANSrtZX*  T>ONS 

The  axis  transformation  for  the  spectra  is  not  particular  to  spectra  functions.  The 

axis  transformation  equation  is  given  in  Reference  4-18  for  tensors  ii:  general.  To  transform 

a tensor  from  axis  system  B to  axis  system  A, 


|x ij I A = |Bt0  Al  Mb  [BtoA 


Thus,  the  transformations  on  Figures  4-44  and  4-45  should  also  hold  for  the  variances  and 
covariances.  The  integral  scales  may  also  be  thought  of  as  tensor  quantities.  Integral  scales 
are  defined  as  tensor  quantities  in  Reference  4-7: 


For  isotropic  turbulence,  where  the  orientation  in  space  of  the  displacement  vector  does  not 
affect  the  integral  scales,  the  ‘shear  stress”  terms  arc  zero.  However,  at  low  altitudes  where 
statistical  properties  of  turbulence  are  dependent  upon  the  orientation  of  the  displacement 
vector  (or,  alternately,  the  direction  of  flight),  the  cross-product  terms  arc  in  general 
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FIGURE  4-45.  -RELATIVE  WIND  AXIS  VARIANCES  AND  COVARIANCES 


non-zero  and  integral  scales  are  represented  as  a tensor.  These  off-diagonal  integral  scale 
terms  are  defined  in  Reference  4-7  as  “the  j scale  of  the  i velocity  component.” 

It  car.  be  shown  more  rigorously  that  the  spectra  transformations  do  hold  for  the  variance 
and  integral  scales.  Expanding  the  first  row  on  Figure  4-44, 

<i>uu=  cos2(^-^w)  cos20  $u  u + sin2  - ^w)  cos20  4>v  v 
" umum  w vmvm 

+ sin20  4>  w - 2 cos  ( \jj  - \jjui)  sin  0 cos  0 4>„ 

mwm  w umwm 


Integrating  this  equation  with  respect  to  S2  j from  -oo  to  oo  yields 

OO 

°u2=  f *uudnl  = c°s2  (^  - i£w)  cos2  0 ou  2 + sin2  cos 2 0 o„  2 

rL  m vm 

+ sin2  0 Ou,  ~ 2 cos  (^  - sin  0 cos  0 a..  2 

wm  um  wm 


This  integral  transformation  can  be  applied  to  every  term  on  Figures  444  and  445. 

The  spectra  are  just  Fourier  integrals  of  the  correlation  functions;  hence.  Figures  444  and 
445  must  also  hold  for  the  correlation  functions.  Since  the  correlation  functions  in  turn 
may  be  integrated  with  respect  to  the  displacement  vector  magnitudes  to  yield  the  integral 
scales,  the  transformation  on  Figures  444  and  445  hold  also  for  the  integral  scales. 

The  selected  description  for  the  statistical  properties  of  turbulence  accepted  horizontal 
isotropy.  Thus,  the  transformations  on  Figure  442  for  the  variances  and  covariances  and  the 
integral  scales  may  be  simplified  by  using 


;um  = °vm  " aH’ 
m m 


^um  - K'—.  ~ 

m m 


The  subscript  H is  used  to  refer  to  horizontal  components.  Similarly,  the  variance  and 
integral  scale  for  vertical  turbulence  are  rewritten  as  a2v  and  Ly.  The  u-w  covariance  is 
identified  as  u*2,  but  the  integral  scale  for  the  covariance  has  not  been  provided  by  the 
literature.  With  these  changes,  the  transformations  for  the  variances  and  covariances  are 
simplified  on  Figure  446.  The  same  transformation  applies  to  the  integral  scales.  A 
corresponding  simplification  does  not  exist  for  the  body  axis  to  relative  wind  axis  tensor 
transformation.  Note  also,  that  the  simplified  form  on  Figure  446  does  not  apply  to  the 
spectra  as 


FIGURE  4-46.— BODY  AXIS  VARIANCES  AND  COVARIANCES 
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Figure  4-44  reveals  that  in  the  absence  of  pitch  and  bank  angle  rotations,  the  statistical 
properties  of  turbulence  are  invariant  with  rotations  in  the  plane  of  the  earth,  precisely  the 
assumption  of  horizontal  isotropy. 

To  have  found  the  required  transformations  does  not  imply  that  the  problem  has  been 
solved.  Even  though  the  statistical  properties  of  turbulence  and  the  cospectra  are  presumed 
to  be  known  in  the  mean  wind  axis  system  ana  can  be  transformed  to  the  relative  wind  axis 
system  where  the  , ower  spectra  are  presumed  to  be  known,  the  solution  remains  unknown 
because  the  forms,  of  the  cospectra  in  the  relative  axis  system  are  unknown.  With  this 
observation,  the  initial  approach  fails.  Alternate  approaches  must  be  considered  or 
sufficiently  accurate  approximations  found.  To  gain  insight,  the  condition  of  isotropy  is 
examined  first. 

4.3.2  Isotropic  Turbulence 

For  the  condition  of  isotropy,  the  mean  wind  axis  system  is  no  longer  relevant,  as  the 
statistical  properties  of  turbulence  are  independent  of  the  orientation  of  the  flight  path. 
That  is,  t.ie  matrices  for  transforming  various  covariances  and  integral  scales  reduce  to 
identity  column  matrices  when  the  variances  and  integral  scales  for  each  component  are 
equal  and  when  the  covariances  are  zero  in  some  one  axis  system.  Additionally,  there  are 
only  two  power  spectra  in  the  relative  wind  axis  system;  the  parallel  or  longitudinal 
spectrum  and  the  normal  or  transverse  spectrum.  The  relative  wind  axis  spectra  may  be 
transformed  to  the  body  axis  as  shown  on  Figure  4-47. 

As  seen  on  Figure  4-47,  even  though  the  variance  and  integral  scales  are  invariant  and  the 
covariances  remain  zero  for  an  axis  transformation,  the  spectra  for  the  three  body  axis 
components  of  turbulence  are  not  the  same  as  those  for  the  three  components  of  the 
relative  wind  axis  system.  Furthermore,  the  cospectra  are  not  zero  in  the  body  axis  system 
even  though  they  were  in  the  relative  wind  axis  system.  This  is  comparable  to  moments  of 
inertia:  there  is  but  one  orientation  of  an  axis  system  relative  to  the  airplane  for  which  all 
the  products  of  inertia  are  zero-that  of  the  principal  axis.  Hence,  the  relative  wind  axis 
system  is  the  principal  axis  for  turbulence. 

The  cospectra,  as  seen  on  Figure  4-48,  assume  both  positive  and  negative  values  as  they  must 
to  enable  zero  covariances.  Even  though  the  covariances  of  turbulence  are  zero,  the 
covariances  of  turbulence  as  seen  by  the  airplane  are  non-zero  because  the  airplane  filters 
out  the  effects  at  high  frequencies. 

Figure  4-48  gives  the  illusion  of  » dative  significance  only  at  very  low  frequencies,  but  when 
plotted  so  that  the  area  under  the  curve  is  proportional  to  the  contribution  of  a frequency 
range  to  tl.e  covariance,  Figure  4-49,  it  is  seen  that  the  intermediate  frequencies  have  the 
greatest  impact  on  the  spectra  for  aircraft  motion.  The  point  on  Figures  4-48  and  4-49 
where  the  cospectra  cross  zero  (±1.339  Lflj  = 1.225)  divides  the  areas  between  0 and  ±°° 
into  equal  parts. 

Although  using  relative  wind  axis  spectra  for  generating  turbulence  in  the  body  axis  is  not 
precisely  correct,  it  may  be  sufficiently  accurate  jf  the  error  is  small. 
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FIGURE  4-47. -BODY  AXIS  SPECTRA , ISOTROPIC  TURBULENCE 
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FIGURE  4-48.-BODY  AXIS  COVARIANCE  DENSITY , ISOTROPIC  TURBULENCE 


FIGURE  4-49.-B0DY  AXIS  COSPECTRA.  ISOTROPIC  TURBULENCE 
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For  the  case  where  sideslip  angle  is  zero,  the  body  axis  vertical  spectrum  may  be  written  as: 


*w  = 4>n  cos2a  + <fcpsin2a 


At  the  high  frequencies, 


*p|ft, 


The  difference  between  the  body  axis  and  the  relative  wind  ; <is  vertical  turbulence  power 
spectra  as  a fraction  of  the  relative  wind  axis  spectrum  is 


"^w  _ 4 cos2a  + 3 sin2a  _ , 1.2. 

— — . 3 1 - rsin  a 
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Even  for  an  angle  as  large  as  20°,  this  error  is  only  about  3%.  At  the  low  frequencies, 
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For  an  angle  as  large  as  20°,  the  error  is  only  about  11%.  It  can  easily  be  shown  that  the 
largest  effect  of  the  transformation  is  at  zero  frequency. 


Similar  analysis  for  the  longitudinal  spectra  yields: 
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The  effects  at  low  frequencies  for  the  longitudinal  spectrum  are  even  less  than  those  for  the 
vertical  spectrum.  The  lateral  spectrum  is  unaltered  by  angle  of  attack  rotations.  If  the  angle 
of  attack  were  zero  and  sideslip  non-zero 
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For  reasonable  angles  of  attack  and  sideslip  angles,  generating  isotropic  turbulence  directly 
in  the  body  axis  does  not  introduce  significant  errors  for  most  engineering  applications. 
Whether  or  not  the  cospectra  may  be  ignored  is  a different  question.  However,  for  isotropic 
turbulence,  it  is  not  necessary  to  generate  turbulence  directly  in  the  body  axis.  Turbulence 
components  may  be  generated  in  the  relative  wind  axis  system,  then  transformed  to  the 
body  axis  system  using  the  transpose  of  the  body  axis  to  relative  wind  axis  vector 
transformation  on  Figure  4-43.  The  correct  body  axis  power  spectra  and  cospectra  will 
result.  The  vector  transformation  is  not  so  complex  that  its  use  is  prohibitive. 

4.3.3  Low  Altitude  Turbulence 

Consider  the  special  case  of  level  flight  in  the  direction  of  the  mean  wind,  wings  level.  For 
horizontal  isotropy,  the  variances  and  integral  scales  for  the  components  of  turbulence  in 
the  ielative  wind  axis  system  are  the  same  as  those  for  the  components  in  the  mean  wind 
axis  system. 

If,  in  addition,  the  airplane  is  at  some  angle  of  attack  but  zero  sideslip  angle,  the  ratio  of  the 
relative  wind  axis  power  spectra  at  low  frequencies  is 
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or,  from  the  condition  of  isotropy  at  high  frequencies, 
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F,  additionally,  the  um-wm  cospectrum  may  be  ignored,  the  effects  of  angle  of  attack  at 
low  frequencies  are: 
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The  effect  of  angle  of  attack  is  greatest  at  low  altitudes  where  o^/cy  is  greatest.  At  an 
altitude  of  100  feet  a mean  wind  speed  of  10  knots  at  the  surface,  and  neutral  atmospheric 
considerations,  the  selected  description  yields 
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For  the  same  20° angle  considered  for  the  isotropic  case, 
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The  change  of  the  longitudinal  spectrum  is  small  at  low  frequencies,  but  the  change  of  the 
vertical  spectrum  is  enormous.  The  entire  vertical  spectra  ratio  is  shown  on  Figure  4-50.  At 
high  frequencies,  where  turbulence  at  low  altitudes  is  isotropic,  the  effects  are  again  quite 
small.  The  percentage  of  error  of  the  vertical  spectra  ratio  at  low  frequencies  for  all  altitudes 
is  shown  on  Figure  4-51.  Significant  errors  are  not  restricted  to  the  altitude  and  angle 
considered. 

The  method  of  generating  turbulence  directly  in  the  body  axis  system  using  relative  wind 
axis  characteristics  will  become  very  bad  at  low  altitudes  where  components  of  the  larger 
horizontal  turbulence  variance  and  integral  scale  should  introduce  substantially  increased 
low  frequency  power  into  the  vertical  body  axis  turbulence  components.  This  error  may 
well  account  for  the  lack  of  “patchiness”  found  by  Reference  4-19  ir.  conventional 
turbulence  generation. 

If,  for  the  same  flight  condition,  the  angle  of  attack  were  zero  but  sideslip  non-zero,  then  at 
low  frequencies  the  effects  of  the  sideslip  angle  are 
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These  are  the  same  relationships  as  those  found  for  isotropy,  which  is  to  be  expected  since 
the  rotation  takes  place  in  the  plane  of  isotropy.  Additional  effects  are  introduced  when  the 
flight  path  is  non-zero,  heading  not  in  the  direction  of  the  mean  wind,  wings  not  level,  and 
the  cospectrum  in  the  mean  wind  axis  nonnegligible. 

The  simple  analysis  reveals  that  it  is  not  sufficient  to  generate  turbulence  in  the  body  axis 
using  mean  wind  axis  statistical  characteristics  and  relative  wind  axis  spectra  shapes. 
Turbulence  cannot  be  generated  in  the  relative  axis  system  as  for  isotropic  turbulence 
because  at  low  altitudes  the  relative  wind  axis  cospectra  are  non-zero  and  are  unknown. 

Two  primary  effects  exist.  One  is  the  change  of  the  spectra  due  to  the  difference  in  shape 
between  the  longitudinal  and  transverse  spectra.  The  other  is  the  change  in  the  spectra  due 
to  the  differences  between  the  horizontal  and  vertical  mean  wind  axis  variances  and  integral 
scales.  A comparison  of  the  isotropic  and  restrictive  low  altitude  analysis  of  the 
transformations  reveals  that  the  latter  effect  is  by  far  the  more  powerful.  That  is,  it  is  more 
important  to  account  for  the  orientations  of  the  variances  and  integral  scales  than  it  is  to 
account  for  the  orientations  for  the  power  spectra  shapes. 

The  proposed  method  is  to  generate  turbulence  in  the  plane  of  the  earth  using  the  relative 
wind  axis  spectra  shapes  but  in  the  direction  of  the  airspeed  vector.  The  components 


FIGURE  4-50.— RE  LA  T/VE  WIND  TO  BODY  AXIS  TRANSFORMATION  EFFECT  ON  VERTICAL 
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generated  would  then  be  transformed  to  the  body  axis  system.  This  method  would  have  the 
following  effects: 

• So  long  as  horizontal  isotropy  exists,  the  integral  scales  and  variances  would  be 
correctly  oriented. 

n The  error  due  to  the  misorientation  of  the  horizontal  and  vertical  spectra  shapes 
depends  or.  the  flight  path  with  respect  to  the  air  (0  - or). 

• Except  for  small  ( 6 - a)  effects,  the  orientation  of  the  lateral  spectra  shape  would 
be  correct. 

• The  effect  of  the  u-w  mean  wind  axis  cospectrum  remains  unaccounted  for,  ?nd 
large  errors  could  result  when  the  aircraft  is  not  flying  in  the  direction  of  the 
mean  wind  if  the  u-w  cospectrum  is  significant  for  any  orientation. 

• Body  axis  cospectia  will  result. 


There  still  is  no  assurance  that  this  method  will  not  yield  significant  errors.  It  can  only  be 
stated  that  the  errors  will  be  substantially  less  than  those  produced  by  the  other  methods.  In 
particular,  they  will  be  less  than  those  produced  by  the  conventional  method  of  generating 
turbulence  components  in  the  body  axis  using  relative  wind  axis  spectra  shapes  and  mean 
wind  axis  variances  and  integral  scales. 
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The  proposed  method  is  summarized  on  Figure  4-52.  For  lack  of  a better  name,  the  axis 
system  used  for  the  generation  of  turbulence  is  referred  to  as  the  “turbulence  generation” 
axis  system. 

4.3.4  Significance  of  Mean  Wind  Axis  Cospectra 

If  no  cospectra  existed  in  the  mean  wind  axis  system,  the  three  linear  components  of 
turbulence  would  be  uncorrelated  and  their  statistics  would  be  invariant  for  rotations  in  the 
plane  of  the  earth,  assuming  horizontal  isotropy.  However,  the  literature  reveals  that 
cospectra  do  exist  at  u-w  in  the  mean  wind  axis  system,  and  Figure  4-46  shows  that  the 
power  spectra  must  be  modified  and  three  cospectra  must,  to  be  rigorous,  be  introduced  for 
any  deviation  from  the  mean  wind  heading. 

The  cospectra  can  be  ignored  only  if  it  can  be  shown  that  their  effects  are  insignificant.  The 
cospectra  have  been  described  as  diminishing  more  rapidly  than  the  power  spectra  at  high 
frequencies.  Thus,  at  high  frequencies,  their  effects  are  relatively  insignificant.  The  break 
frequency  of  the  cospectra  has  been  previously  estimated  as  shown  on  Figure  4-53.  For  an 
extreme  surface  wind  level,  say  30  knots,  and  a minimum  altitude  of  concern,  say  30  feet, 
Figure  4-53  shows  the  cospectra  break  frequency  to  be  at  0.003  Yty  for  neutral  atmospheric 
stability  (most  likely  for  very  high  wind  speeds  and  very  low  altitudes),  or  about  0.16 
rad/sec.  This  is  probably  not  below  the  minimum  frequency  of  interest,  so  it  cannot  be 
considered  insignificant.  The  cospectra  are  likely  to  have  weak  effects,  however,  at  least  for 
the  majority  of  the  cases. 
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The  general  form  of  the  output  spectra  for  a parameter  having  a constant  frequency 
response  has  been  described  as: 


If  the  effects  of  the  cospectra  on  all  of  the  force  or  moment  spectra  are  insignificant,  the 
cospectra  are  insignificant,  even  though  they  may  lie  within  the  frequency  range  of  interest. 

First,  none  of  the  aerodynamic  forces  and  moments  are  significant  with  respect  to  both  vy 
and  Uy  or  Wy.  Thus,  the  effect  of  the  mean  wind  axis  u-w  cospectra  on  the  body  axis  u-v 
and  v-w  cospectra  need  not  be  considered  further. 

For  the  u-w  cospec^a  to  have  even  a weak  effect  on  a component  of  force  or  moment,  the 
force  or  moment  derivatives  with  respect  to  longitudinal  and  vertical  gust  components  must 
be  of  the  same  order  of  magnitude.  If  the  Uy  derivative  exceeds  the  wy  derivative,  then  th? 
low  frequency  gain  of  the  cospectra  must  be  large  with  respect  to  that  of  the  longitudinal 
power  spectrum: 


Similarly,  if  the  wy  derivative  is  large  with  respect  to  the  uy  derivative,  then  the  low 
frequency  cospectra  must  be  large  with  respect  to  the  low  frequency  vertical  power 
spectrum.  The  same  factors  that  tend  to  produce  a cospectrum  break  frequency  within  the 
frequency  range  of  interest  also  reduce  the  low  frequency  pin  (4*uw  ~ 1 /( 1/T))  so  that  the 
low  frequency  cospectra  pin  is  of  the  same  order  of  magnitude  as  the  longitudinal,  power 
spectrum  when  the  break  frequency  is  high.  It  is  not  at  all  impossible  for  the  w and  u der- 
ivatives of  a force  or  moment  to  be  of  the  same  order  of  magnitude,  but  it  is  unlikely  and,  at 
most,  the  effect  of  the  cospectrum  will  be  weak.  The  number  of  cases  where  the  co»pectra 
have  an  effect  on  aircraft  motion  does  not  appear  to  justify  the  complexity  required  to 
represent  them. 


4.4  NOISE  GENERATION  FOR  TURBULENCE  SIMULATION 

The  method  for  generating  turbulence  by  a temporal  process  is  based  on  the  output 
spectrum.  If  a single  input  is  filtered,  the  output  power  spectrum  is  defined  by: 

*OUT  = |G(iw>|2  *IN 
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where  G(s)  is  the  filter  transfer  function.  Solving  for  the  filter  amplitude  frequency  response 
gives 


or,  if  the  power  spectrum  of  the  input  is  unity  over  all  frequencies  (physically  unrealizable 
as  it  would  imply  infinite  variance), 


|G(iu)|=^<*>ouT 

That  is,  the  filter  can  be  designed  to  match  the  square  root  of  the  desired  output  power  j 

spectrum.  1 

1 

It  is  not  actually  necessary  for  the  input  power  spectrum  to  be  unity  over  all  frequencies  , 

(white  noise),  only  over  the  frequency  range  of  interest. 

I 
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The  filtering  process  does  not  alter  the  amplitude  distribution  of  the  input;  the  input  power 
spectrum  and  the  probability  density  distribution  are  independent.  Thus,  the  input  must 
have  the  desired  output  amplitude  distribution. 

To  meet  the  requirements  of  a random  process,  the  correlation  between  any  two  elements  j 

displaced  in  time  by  any  amount  (serial  correlation)  must  be  zero.  To  match  the  definition  j 

of  turbulence,  the  input  random  process  must  have  a zero  mean. 

I 
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There  aie  many  alternate  methods  for  generating  the  input  random  process,  both  for  digital 
and  analog  simulation  applications.  None  of  them  satisfy  the  requirements  exactly.  One  of 
the  most  conceptually  simple  methods  for  digital  simulation  is  to  load  a table  of  random' 
numbers  for  the  desired  probability  density  distribution  into  the  computer.  However,  to 
produce  3 minutes  of  random  noise  for  three  uncorrelated  turbulence  components  and  a 
frame  time  of  40  milliseconds  would  require  13,667  random  numbers  and  the  same  number 
of  storage  units.  This  could  be  a significant  portion  of  the  capacity  of  most  digital 
simulators,  and  even  the  keypunching  time  would  be  prohibitive.  Thus,  an  auditional 
requirement  of  the  random  process  is  that  it  must  be  efficient,  not  only  in  terms  of  storage 
requirements,  but  also  in  terms  of  computation  time.  Other  methods  for  digital,  analog,  and 
hybrid  applications  will  be  examined. 

4.4.1  Analog  Computer  Methods 

4.4. 1.1  Analog  Random  Noise  Generators 

Semiconductor  diodes,  photocells,  and  thyratrons  are  sources  of  random  noise  which  have 
Gaussian  probability  density  distribution.  To  ensure  a zero  mean  value,  the  noise  signal  must 
go  through  a dc  blocking  filter  with  a sufficiently  large  time  constant  to  allow  passage  of  the 
lowest  frequency  of  interest.  A bandpass  filter  selects  a frequency  band  where  the  noise 
power  spectrum  is  flat.  Using  a frequency  shifting  technique,  the  flat  power  spectrum  may 


start  at  a desired  frequency.  An  automatic  gain-control  circuit  controlling  the  mean  square 
output  will  ensure  a stationary  noise  output. 

Binary  noise  with  outputs  alternating  between  two  fixed  voltages  can  be  produced  by  a 
flip-flop  triggered  by  random  pulses  from  some  radioactive  phenomenon.  Such  a signal, 
which  sometimes  is  called  a random  telegraph  wave,  may  readily  be  filtered  to  produce 
random  noise  with  Gaussian  probability  distributions  and  a flat  power  spectrum. 

There  are  many  more  random  physical  phenomena  and  application  techniques  which  can  be 
used  to  construct  elaborate  analog  random  noise  generators.  The  reader  is  referred  to 
Reference  4-20  for  more  complete  descriptions. 

The  output  of  a given  analog  noise  generator  will  be  affected  by  variations  in  ambient 
temperature,  background  electromagnetic  fields,  and  any  changes  in  the  physical  properties 
of  circuit  components.  The  statistical  characteristics  of  the  random  noise  must  therefore  be 
verified  regularly  by  the  measurement  of  statistical  averages  from  sufficiently  large  noise 
samples. 

The  analog  random  noise  generator  system  described  in  Reference  4-2 1 is  used  extensively 
for  low  frequency  analog  computer  applications.  It  offers  two  stable  outputs  of 
band-limited  white  noise  which  can  readily  be  filtered  to  yield  other  reasonable  power 
spectra.  The  low  frequency  output  has  a flat  power  spectrum  from  0 to  350  hertz,  and  the 
high  frequency  output  has  a flat  power  spectrum  from  10  to  35,000  hertz.  Time-variable 
filters  may  be  used  to  produce  certain  categories  of  nonstationary  noise,  and  suitable  diode 
function  generators  can  be  used  to  alter  the  amplitude  probability  distribution.  Since  the 
randomness  is  derived  from  nondeterministic  physical  phenomena,  it  is  impossible  to  repeat 
a random  sequence  of  events  exactly.  This  disadvantage  may  preclude  the  use  of  an  analog 
random  noise  generator  in  certain  applications.  Although  this  type  of  noise  generator  has 
primarily  been  used  with  analog  computers,  they  may  be  used  with  digital  computers  by 
providing  a suitable  analog-to-digital  interface. 

4.4. 1 .2  A Hybrid  Analog-Digital  Pseudo-Random  Noise  Generator 

The  problem  of  nonrepeatability  of  random  sequences  associated  with  a true  analog  random 
noise  generator  can  be  avoided  by  the  use  of  a digital  shift  register  sequence  generator, 
which  produces  binary  pseudo-random  noise  sequences.  A pseudo-random  sequence  is 
produced  by  a deterministic  process  but  satisfies  some  predetermined  set  of  statistical  tests 
for  randomness. 

Shift  register  sequences  have  been  studied  quite  extensively.  Reference  4-20  describes  the 
properties  of  particular  arrangement  and  shows  how  * shift  register  sequence  can  be  applied 
to  produce  pseudo-random  analog  noise.  Figure  4-54,  which  has  been  reproduced  from 
Reference  4-20,  is  a block  diagram  of  a practical  pseudo-random  noise  generator  system. 

Consider  an  n-bit  digital  shift  register  where  each  bit  can  either  have  the  state  0 or  1 . The 
register  can  have  2n  different  combinations  of  0s  and  Is.  Starting  with  any  n-bit  sequence 
except  all  0s,  the  states  of  the  n^-bit  and,  say,  the  m^-bit  are  supplied  to  a modulo-two 
adder.  The  output  of  a modulo-two  adder  is  1 if  the  two  inputs  are  different  and  is  0 if  the 
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FIGURE 4-54.-A  PRACTICAL  PSEUDO-RANDOM  NOISE  GENERATOR  SYSTEM 
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two  inputs  are  the  same.  Let  the  modulo-two  output  state  replace  that  of  the  first  bit  and 
then  shift  the  state  of  each  bit  to  the  next  higher  order  bit  in  the  sequence.  Repeating  this 
operation  will  produce  a periodic  binary  sequence  of  0’s  and  l’s.  The  maximum  period 
obtainable  with  modulo-two  feedback  is  (2n-l)  if  the  feedback  is  selected  from  the  stages 
specified  in  Reference  4-20.  The  all  0’s  state  is  excluded  from  the  sequence  since  it  will 
merely  reproduce  itself. 

The  binary  sequence  is  used  to  produce  a pseudo-random  square  wave  x(t)  alternating 
between  two  values.  If  there  is  a shift  pulse  every  At  seconds,  x(t)  has  a period  of  (2n-l)  At 
seconds.  When  the  simulation  time  is  shorter  than  the  shift  register  period,  the  first  and 
second  order  probability  distributions  of  a pseudo-random  square  wave  are  essentially  the 
same  as  those  of  true  random  binary  noise  generated  by  independent  trials  yielding  one  of 
the  two  states  with  equal  probability. 

The  one-dimensional  probability  distribution  of  a random  square  wave  assuming  one  of  two 
equally  probable  values  (±a)  at  fixed  instants  t = mAt  consists  of  two  probabilities  (see 
Fig.  4-55). 


p(x)  x = ±a 

p(x)  - 0 for  x a 


This  distribution  and  consequently  the  mean  value  of  x(t)  do  not  depend  upon  time. 
However,  the  two-dimensional  distribution  of  x(t)x(t+  r)  turns  out  to  be  time  dependent. 
Consider  the  values  of  x(t)  and  x(t+r)  at  t * tj,  where  | r|  < At  and  the  time  origins  have 
beer,  arbitrarily  chosen  so  that  0 < t j < At.  For  a given  time  displacement  r 

x(tj)x(t  j +r)  = a2 

with  a probability  of  1 if  (tj  +r)  < At  and 

x(t])x(tj  + r)  = ±a'* 

with  equal  probability  of  1/2  if  (tj  + r)<  At.  Therefore,  for  the  same  value  of  the  time 
displacement  r,  the  ensemble  averaged  autocorrelation  function  may  have  one  of  two  values 
depending  upon  the  value  of  the  time  tj.  Thus  the  random  function  considered  is 
nonstationary. 


If  I r | > At,  then 


x(tj)x(tj  +r)=  ±a2 


with  equal  probability  of  1/2  for  any  value  of  the  time  tj.  For  time  displacements  greater 
than  At  and  less  than  the  shift  register  period  (2n-i)  At, the  pseudo-random  square  wave 
x(t)  can  be  considered  to  represent  a stationary  random  process.  The  process  can  also  be 
considered  ergodic  since  successive  values  of  x(t)  for  time  displacements  larger  than  At  and 
less  than  (2n-l)At  are  essentially  uncorrelated.  The  time-averaged  mean  value  and  the 
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autocorrelation  function  derived  from  the  pseudo-random  square  wave  are  then  the  same  as 
the  equivalent  ensemble  averages. 

Referring  to  Figure  4-55,  the  time-averaged  mean  value  and  autocorrelation  function  of  a 
pseudo-random  square  wave  alternating  between  the  values  +a  and  -a  are  as  follows: 


x = a/(2n  - 1)  0 

R (T)=  a2  [,  lr  - k(2n  - 1 ) At 
Kxx'T'  a 1 At 


when  |r-k(2n-l)At|  < At,  (k  = 0,  ±1.  ±2, ) and 


Rvvtr)  a*  0 otherwise 


This  autocorrelation  function  is  periodic  with  time  period  (2n-l)At.  For  large  n the  period 
becomes  very  long  and  a/(2n-l)  tends  toward  zero.  For  n = 32  the  pseudo-random  sequence 
will  repeat  after  essentially  4,294,967,295  uncorrelated  events. 

The  periodic  autocorrelation  can  be  represented  by  a Fourier  series. 


Rxx(t)  = 


00  fsin( 

E — 

rw»  *- 


(2n“1)kf^l.  kw0At/2 


ko)f)At/2)l  ikcjQr 


where  w = 2ir/(2n-l)At  is  the  fundamental  frequency. 

Transformation  of  the  periodic  autocorrelation  function  yields  the  power  spectral  density 
function: 


a2  ” fsin(kw0At/2)]2 

^ E ["  ka,0  MI2  J 


where  6(w  - Icwq)  is  the  impulse  function. 
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The  power  spectrum  of  a periodic  pseudo-random  square  wave  is  a line  spectrum  where  the 
spectral  lines  are  separated  by  the  fundamental  frequency  2*/(2n-l)At.  The  power 
contribution  from  each  multiple  of  the  fundamental  frequency  is  proportional  to 


sin  (kff/(2n  - 1 ) 
kjr/(2n  - 1 ) 


which  is  constant  within  -0.1  dB  up  to  approximately  co  = kwg  = 0.5/ At.  The  shift  register 
period  (2n-l ) At  must  be  large  compared  to  the  required  simulation  time.  The  fundamental 
frequency  cjq  = 2w/(2n-l  )At  will  then  be  small  compared  to  the  lowest  frequency  of 
interest,  and  adjacent  spectral  lines  cannot  be  resolved.  As  the  period  T = (2n-l  )At  becomes 
large,  the  power  spectral  density  function  approaches: 


0xx(w)  = : 


a2  At 

’ . wAt" 

sin  — 

2ir 

co  At 
2 

the  pseudo-random  noise  approximation  band  limited  white  noise,  with  a specified  flat 
spectrum  up  to  a frequency  determined  by  the  shift  pulse  frequency.  The  approximate  fiat 
spectrum  is  then 


*xx<w> 


a2  At 
2ir 


and  the  autocorrelation  function  is  approximated  by 

RXX(T) = a2  At  5(r> 

The  shift  pulse  frequency  which  determines  the  bandwidth  of  vhe  white  noise  must  be  large 
compared  to  the  highest  frequency  of  interest  in  the  simulation,  but  should  not  be  larger 
than  of  the  order  of  ten  since  the  power  spectral  density  is  proportional  to  the  shift  pulse 
period  At  (Ref.  4-20). 

For  pseudo-random  waveforms  with  periods  greater  than  2*°  x At  (Ref.  4-20)  low  pass 
filtering  of  the  pseudo-random  waveform  will  yield  random  noise  with  essentially  a 
first-order  Gaussian  probability  distribution,  if  the  filter  time  constant  is  large  compared  to 
At  but  does  not  exceed  nAt.  Higher  order  distributions  are  not  necessarily  Gaussian. 

It  has  been  shown  how  a suitably  designed  pseudo-random  binary  noise  generator  will 
produce  approximate  band-limited  white  noise.  This  method  offers  many  advantages  which 
are  not  shared  by  pure  analog  noise  generators  discussed  in  the  previous  subsection.  Since  a 
binary  shift  register  is  used  to  produce  the  pseudo-random  noise,  the  analog  noise  output  is 
relatively  unaffected  by  the  physical  environment.  By  resetting  the  initial  value  of  the  shift 
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register,  a random  sequence  of  events  can  be  repeated  identically.  The  bandwidth  of  the  flat 
power  spectrum  can  easily  be  changed  by  simply  changing  the  shift-pulse  rate.  Digital 
multiplexing  can  be  used  to  produce  multiple  uncorrelated  noise  outputs,  and  delayed 
sequences  of  random  noise  can  readily  be  obtained. 

The  mean  and  mean  square  outputs  of  time-invariant  linear  systems  depend  only  on  the 
autocorrelation  function  of  the  random  noise  input.  In  the  case  of  the  pseudo-random 
square  wave,  its  triangular  autocorrelation  function  approximates  the  delta  autocorrelation 
function  of  white  noise  very  well  when  the  shift  period  At  is  suitably  selected.  However,  in 
the  case  of  nonlinear  systems,  the  output  will  be  affected  by  the  second  and  higher  order 
probability  distributions,  which  are  not  necessarily  Gaussian. 

4.4.2  Digital  Computer  Methods 

Methods  for  providing  sequences  of  random  numbers  for  use  on  a digital  computer  can  be 
divided  into  three  groups:  generation  by  a random  ohysical  phenomenon,  the  use  of  a 
random  number  table,  and  the  use  of  a mathematical  process  to  generate  a sequence  of 
pseudo-random  numbers.  Random  ntimbeis  that  manage  to  pass  a predetermined  set  of 
statistical  tests  for  randomness,  even  though  produced  by  a completely  deterministic 
process,  are  called  ‘pseudo-random’  numbers. 

The  first  alternative  involves  attaching  a mechanical  or  electrical  random  noise  generator  to 
the  digital  computer.  By  the  use  of  a proper  interface,  sequences  of  random  numbers  can  be 
produced.  The  analog  noise  generator  described  previously  may  be  used  for  this  purpose. 
This  method  has  the  serious  disadvantage  that  a given  sequence  of  random  numbers  cannot 
be  identically  repeated  as  required  in  debugging.  The  associated  electronics  and  other 
equipment  of  these  devices  must  be  maintained  to  ensure  acceptable  invariance  of  the 
statistical  properties  of  the  output. 

The  use  of  random  number  tables  has  the  advantage  that  the  random  number  sequences  can 
have  almost  any  desired  statistical  properties,  and  that  any  given  sequence  of  random 
numbers  can  be  identically  repeated.  Since  generally  it  would  be  impractical  to  store  the 
whole  random  number  table  in  the  memory  core,  the  main  problem  with  this  approach  is 
the  time  required  to  read  the  random  numbers  into  the  computer.  Reference  4-22  describes 
a random  number  generator  which  uses  a table  but  overcomes  this  problem.  The  method  is 
considered  practical  for  large  computers  with  buffered  inputs. 

The  third  alternative,  which  will  be  covered  in  some  detail  in  this  discussion,  is  the 
generation  of  pseudo-random  number  sequences  by  a completely  specified  arithmetic  rule 
which  is  so  devised  that  certain  statistical  tests  will  not  detect  any  significant  departure  from 
randomness.  Arithmetic  methods  are  normally  based  on  some  recurrence  relation  involving 
integers.  Each  new  number  is  generated  from  the  previous  one  in  such  a way  that  the  output 
appears  to  be  drawn  at  random  from  the  finite  population  of  numbers  that  the  computer 
can  produce. 
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4.4.2. 1 Random  Numbers  With  a Uniform  Distribution 

Random  numbers  are  normally  classified  according  to  their  probability  density  distribution. 
The  following  discussion  will  concentrate  exclusively  on  the  generation  of  random  numbers 
with  a uniform  probability  density  distribution.  The  cumulative  distribution  function  for 
; the  standardized  uniform  distribution  is  defined  as 

0, X<0 
X,  0 < X < 1 

1, X  >1 


It  will  subsequently  be  shown  how  random  numbers  having  other  distributions  can  be  easily 
obtained  from  uniformly  distributed  random  tiumbeis. 

The  goal  is  to  find  a relation  that  produces  sequences  of  random  numbers  which  are 
statistically  independent,  uniformly  distributed,  reproducible,  and  nonrepeating  for  any 
desired  length.  Furthermore,  the  method  must  satisfy  requirements  for  computational  speed 
and  minimum  amount  of  computer  memory  capacity.  The  so-called  congruential  methods, 
properly  applied^  have  been  found  to  satisfy  most  of  these  requirements,  and  consequently 
there  has  been  a strong  emphasis  on  their  use  for  digital  computations.  The  fundamental 
congruence  relationship  of  these  methods  may  be  expressed  as  follows: 

Xj  = aXj.j +C(modm)  , (0<Xj<m) 

which  means  that  the  expression  (aXj_  j + C)  is  divided  by  m.  and  Xj  is  set  equal  to  the 
remainder.  Xj  is  the  i^  random  number  and  Xj+j  will  be  the  next.  Xj,  i,  a,  C,  and  m are  all 
positive  integers  with  Xj,  a,  and  C all  less  than  m.  Given  an  initial  value  Xq,  a constant 
multiplier  a,  and  an  additive  C,  then  the  congruence  relationship  given  by  the  above 
equation  will  produce  the  sequence  of  random  integers  Xj,  X2, . . .,  Xj, . . .,  where  all  Xj’s 
are  less  than  m.  The  random  integers  in  the  sequence  may  be  transformed  to  rational 
random  numbers  in  the  interval  from  0 to  1 by  the  relation  rj  = Xj/m,  0 < rj  < 1 . 

The  determination  of  the  period  of  pseudo-random  sequences,  the  statistical  testing  of  given 
sequences  of  numbers,  and  the  analytic  determination  of  the  statistical  properties  of 
sequences  of  pseudo-random  numbers  are  the  three  main  areas  of  interest  in  the  studies  of 
arithmetical  generators.  The  parameters  which  will  ensure  the  maximum  period  of  the 
sequences  have  been  determined  tor  most  of  the  generators.  Statistical  tests  of  the  sequences 
have  not  beer,  so  successful.  It  is  impracticai  to  devise  a sufficient  set  of  tests  which  will 
ensure  randomness  for  all  applications.  It  is  therefore  necessary  to  compromise  with 
statistical  properties  suitable  for  most  problems.  However,  cases  where  the  generator 
properties  are  incompatible  with  the  particular  problem  at  hand  may  occur.  Therefore,  it  is 
important  to  examine  the  resuits  to  determine  whether  the  simulation  is  giving  a reasonable 
answer  to  the  problem.  The  analytic  study  of  the  statistical  properties  of  pseudo-random 
numbers  is  a difficult  task.  Significant  achievements  in  this  field  arc  presented  in  References 
4-23,  -24,  and  -25. 
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There  are  three  main  congruential  methods  used  for  generating  pseudo-random  numbers, 
each  being  a different  version  of  the  general  relationship.  These  methods  are  the 
multiplicative  congruential  method,  the  mixed  congruential  method,  and  the  additive 
congruential  method.  Each  of  these  methods  is  currently  being  used  on  a number  of  digital 
computers. 

4A.2.1.1  The  Multiplicative  Method- The  multiplicative  congruential  method  (also  called 
the  power  residue  method)  uses  the  congruence  relation 


Xj  = aXj.j  (mod  m) 


This  is  a special  case  where  C = 0.  Among  the  three  congruential  methods  the  multiplicative 
method  has  been  found  to  behave  best  statistically  (Refs.  4-22,  -26,  and  -27).  Furthermore, 
this  method  offers  a relative  advantage  in  terms  of  computational  speed  for  most  cases. 
Conditions  are  imposed  on  the  starting  value  Xq,  the  constant  multiplier  a,  and  the 
modulus  m,  to  ensure  computational  speed,  a maximum  period,  and  good  statistical 
properties  for  the  sequences  generated  by  this  method. 


ft 


The  application  of  this  method  in  both  binary  and  decimal  number  systems  will  be 
considered. 

Bimry  romputers:  The  multiplicative  method  for  generating  pseudo-rar.dom  number?  on  a 
binary  computer  is  summarized  from  Reference  4-26  as  follows: 

( 1 )  Choose  m = 2b,  where  b is  the  number  of  binary  bits  in  a computer  word. 


(2)  Choose  a positive  odd  integer  as  the  starting  value  Xg. 
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(3)  Choose  an  integer  a = St  13  as  the  constant  multiplier,  where  t is  a positive 
integer  giving  a value  for  a close  to  2b^. 

(4)  Compute  aXg  using  fixed-point  integer  arithmetic.  This  product  will  consist  of  2b 
bits,  from  which  the  lower  order  b bits  are  retained  and  are  equal  to  the  new 
number  X j . 

(5)  Compute  rj  = X j/2b  to  obtain  a uniformly  distributed  rational  number  from  the 
interval  0 to  1 . 


(6)  Each  successive  random  number  Xj  is  obtained  from  the  lower  order  bits  of  the 
product  aXj.j. 

With  the  above  selection  of  the  modulo  m,  the  multiplicative  constant  a,  and  the  starting 
value  Xq,  the  maximum  period  of  2^  wjjj  be  obtained  (b  > 2).  The  full  period  includes 
one-fourth  of  all  the  different  numbers  available. 
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Decimal  computers:  The  multiplicative  method  for  generating  pseudo-random  numbers  on  a 
decimal  computer  is  summarized  from  Reference  4-26  as  follows: 

( 1 ) Choose  m = 1 0'^,  where  d is  the  number  of  decimal  digits  in  a computer  word. 

(2)  Choose  a positive  odd  integer  not  divisible  by  5 as  a starting  value  Xq. 

(3)  Choose  an  integer  a = 200  tip  as  the  constant  multiplier,  where  p is  any  of  the 
values  3,  11,  13,  19,  21,  27,  37,  53,  59,  61,  69,  77,  83,  91  and  t is  a positive 
integer  giving  a value  for  a close  to  1 0^/2. 

(4)  Compute  aXg  using  fixed-point  integer  arithmetic.  This  product  will  consist  of  2d 
digits,  from  which  the  lower  order  digits  are  retained  and  are  equal  to  the 
number  X]. 

(5)  Shift  the  decimal  point  d digits  to  the  left  to  convert  the  random  integer  number 
X]  into  a unifonnly  distributed  rational  number  r j from  the  interval  0 to  1 . 

(6)  Each  successive  random  number  Xj  is  obtained  from  the  lower  order  digits  of  the 
product  aXj.j. 

With  the  above  selection  of  the  modulo  m,  the  multiplicative  constant  a,  and  the  starting 
value  Xq,  the  maximum  period  of  5x1 0^-2  will  be  obtained  (d  >3).  The  full  period 
includes  one-fourth  of  all  the  different  numbers  available. 

The  fact  that  the  value  of  the  multiplicative  constant  a was  chosen  to  be  close  to  the 
square  root  of  m in  both  cases  is  a necessary  but  not  sufficient  condition  for  minimizing 
first  order  serial  correlation  between  the  numbers  in  the  sequences.  Although  the 
multiplicative  method  is  considered  to  be  the  better  of  the  three  congruential  methods, 
Reference  4-22  points  out  several  shortcomings.  Only  empirical  testing  can  establish 
confidence  in  the  statistical  properties  of  a given  sequence  generated  by  the  multiplicative 
congruence  method. 

4.4.2. 1.2  The  Mixed  Method-The  mixed  congruential  method  uses  the  fundamental 
congruence  relation  described  where  C#0.  The  advantage  of  this  method  is  that  by  the 
proper  selection  of  the  multiplier  and  the  additive  constant  C,  the  period  will  cover  the  full 
set  of  m different  numbers,  m being  the  modulo.  As  before,  the  application  of  this 
method  in  both  binary  and  decimal  number  systems  will  be  considered. 

Binary  computers:  The  mixed  method  for  generating  pseudo-random  numbers  on  a binary 
computer  is  summarized  from  Reference  4-26  as  follows: 

( 1 )  Choose  m = 2^  where  b is  the  number  of  binary  bits  in  a computer  word. 


(2)  Choose  a positive  integer  number  for  Xq. 

(3)  Choose  a positive  odd  integer  number  for  C. 
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(4)  Choose  an  integer  a = (2^  + 1 ) for  a constant  multiplier  (S  > 2). 

(5)  Compute  (aXg  + C)  using  fixed-point  integer  arithmetic.  This  result  will  consist  of 
2b  bits,  from  which  the  lower  order  bits  are  retained  and  are  equal  to  the 
number  X j . 

(o)  Compute  rj  = Xj/2^  to  obtain  an  informally  distributed  rational  random  number 
from  the  interval  0 to  1 . 

(7)  Each  successive  random  number  Xj  is  obtained  from  the  lower  order  bits  of  the 
result  (aXj.j  + C). 


With  the  above  selection  of  the  modulo  m,  the  multiplicative  constant  a,  the  additive 
constant  C,  and  the  starting  value  Xq,  the  maximum  period  of  2^  will  be  obtained  (b  > 2). 
The  full  period  includes  all  the  numbers  available. 

Decimal  computers:  The  mixed  method  for  generating  pseudo-random  numbers  on  a 
decimal  computer  is  summarized  from  Reference  4-26  as  follows: 
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( 1 ) Choose  m = 1 0d,  where  d is  the  number  of  decimal  digits  in  a computer  word. 

(2)  Choos»*  a positive  integer  number  as  the  starting  value  Xq. 

(3)  Choose  a positive  odd  integer  number  not  divisible  by  5 for  the  additive 
constant  C. 


j? 


(4)  Choose  an  integer  a = ( 1 0^  + 1 ) for  a constant  multiplier  (S  > 2). 

(5)  Compute  (aXg  + C)  using  fixed-point  integer  arithmetic.  The  result  will  consist  of 
2d  digits,  from  which  d digits  are  retained  and  are  equal  to  the  number  X j . 

(6)  Shift  the  decimal  point  d digits  to  the  left  to  convert  the  random  integer  number 
Xj  into  a uniformly  distributed  rational  number  rj  from  the  interval  0 to  1 

(7)  Each  successive  random  number  Xj  is  obtained  from  the  lower  order  digits  of  the 
result  (aXj.j  + C). 

With  the  above  selection  of  the  modulo  m,  the  multiplicative  constant  a,  the  additive 
constant  C,  and  the  starting  value  Xq,  the  maximum  period  10d  will  be  achieved  (d  >2). 
The  full  period  includes  all  the  different  numbers  available. 

Although  the  preceding  conditions  will  ensure  a maximum  period  of  the  pseudo-random 
sequences,  they  are  not  sufficient  for  assuming  tha;  the  mixed  congruential  method  will  be 
statistically  satisfactory.  The  selection  of  a value  for  the  constant  multiplier  close  to  the 
square  root  of  m is  not  sufficient  for  minimizing  first  order  serial  correlation  for  Ihese 
sequences.  Only  empirical  testing  can  establish  confidence  in  the  statistical  properties  of  a 
given  sequence  generated  by  the  mixed  congruential  method.  Systematic  testing  of  mixed 
congruential  generators  with  m « 2^5  and  m = 10^  has  been  described  in  References  4-22 
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and  4-28.  These  tests  revealed  that  the  value  ;\  W,  has  no  significant  influence  on  the 
statistical  properties  although  certain  values  of  C tended  to  improve  the  statistical 
properties  of  the  sequences.  For  m = 23^,  a i:  (2^  + 1)  is  a good  choice  of  multiplier  when 
C = 1.  For  m = 10^  with  d > 8,  a good  choice  of  a multiplier  is  a = 101  when  C = 1.  All  the 
digits  in  the  random  numbers  generated  by  this  method  have  the  full  period.  This  makes 
small  word  sizes  and  higher  speeds  possible  when  the  length  of  the  period  is  of  little 
significance. 

4.4.2. 1.3  The  Additive  Method- The  additive  congruentia!  method  is  described  by  the 
recursion  relation 


Xj  = (XH  + X;_n)  (mod  m) 

where  the  Xjs,  i,  n,  and  m are  positive  integers  with  n > 2 and  Xj<  rn.  As  for  the  other 
congruential  generators,  the  values  normally  chosen  for  the  modulo  m are  2^  for  binary 
computers  and  10^  for  decimal  computers  where  b is  the  maximum  nunber  of  bits 
and  d is  the  maximum  number  of  decimals. 


: 


The  starting  values  Xg,  X.j,  . . . Xn  must  be  provided  in  an  original  storage.  Th>s  method 
can  produce  sequences  with  periods  longer  than  m since  a given  number  is  dete? mined  by 
the  combinations  of  two  predecessors.  For  a binary  computer  the  pseudo-random  numbers 
generated  by  this  method  will  have  a period  equal  to  P x 2^*1 , where  Pn  depends  cn  n and 
the  word  size  b.  Several  values  for  Pn,  when  b is  equal  to  35,  are  tabulated  in  Reference 
4-29.  For  example,  for  n = 16  the  period  is  255  x 23^.  In  general,  n > 16  is  necessary  but 
not  sufficient  to  ensure  good  statistical  characteristics.  Discarding  every  second  number 
from  the  sequence  produces  reasonable  random  numbers  with  n = 6 and  with  a periou  equal 
to  63  x 23^  (Ref.  4-26).  Additive  generators  were  originally  proposed  because  addition  is 
faster  than  multiplication  on  most  computers.  However,  the  computational  speed  depends 
upon  the  particular  programming  codes  used,  and  the  indexing  operations  tend  to  reduce 
the  speed  advantage.  As  in  the  case  of  the  two  methods  discussed  earlier,  the  deteimination 
of  the  statistical  properties  of  random  number  sequence  produced  by  an  additive 
congruential  generator  will  require  empirical  tests. 

The  multiplicative  method  has  generally  been  found  to  behave  well  statistically,  while  the 
mixed  and  additive  generators  do  not  always  do  as  well.  Se  era)  papers  have  been  publi'hed 
indicating  that  some  correlation  exists  between  successive  numbers  produced  by  the 
multiplicative  and  mixed  generators.  These  correlations  are  suspected  to  occur  less 
frequently  for  the  multiplicative  method.  However,  Reference  4-25  claims  that  the 
difference  in  correlation  results  from  using  a less  than  optimum  fixed  multiplier  for  the 
mixed  generators,  and  concludes  that  there  is  no  significant  difference  in  the  statistical 
properties  of  the  sequences  produced  by  the  multiplicative  ar.d  mixed  generators.  The 
correlations  appear  as  patterns  and  periodicities  in  the  random  number  sequences  and  may  x 
give  poor  results  in  problems  where  order  statistics  are  important. 

4.4.2. 1.4  Advanced  Congruential  Methods- Reference  4-22  maintains  that  the  commonly 
used  tests  for  randomness  in  pseudo-random  number  sequences  have  little  relevance  to 
actual  applications  and  have  therefore  limited  value.  Instead  a series  ot  more  stringent  tests 
on  multiplicative  and  mixed  generators  and  on  two  improved  generators  were  conducted.  It 


| was  concluded  that  the  mixed  methods  are  not  satisfactory  and  the  multiplicative  methods 

| are  suspect  at  best.  The  alternative  generators  developed  passed  all  the  devised  tests  for 

| randomness. 

r One  of  the  improved  methods  uses  a stored  table  of  random  numbers  derived  from  the  Rand 

| Corporation  table  of  random  digits  (Ref.  4-30).  As  a number  is  used,  it  is  replaced  by  a 

transformed  version  of  itself  provided  by  the  relation 

x)  = aXj  + C (mod  m) 

so  that  when  the  original  table  is  exhausted  a new  table  is  available.  This  can  be  repeated  for 
j several  cycles  by  using  a different  value  for  a and  C in  each  cycle.  Thus,  the  problem  of  a 

finite  table  is  avoided.  Reference  4-22  used  the  transformation 


x|  = (2 1 5 + 5)  Xj  + 3 (mod  227) 

for  the  second  run,  and 

x)  =(27+  l)Xj+  1 (mod  227) 


for  the  third  run.  This  method  is  only  practical  for  large  computers  using  a buffered  input. 


The  second  improved  method  suggested  in  Reference  4-22  uses  two  congruential  generators, 
where  one  shuffles  the  order  in  which  the  numbers  from  the  other  generator  are  chosen. 
Reference  4-22  used  the  following  relations  to  describe  this  method 

Xi  = (217  + 3)Xj.,  (mod  235) 

Yj  = (27  + 1)  Yj_,  + 1 (mod  235) 

where  Xq  - 1 . Yq  = 0.  The  first  128  random  numbers  produced  from  the  first  relation  were 
stored  in  the  memory  core.  The  first  seven  bits  produced  by  the  second  relation  were  used 
as  an  index  to  pick  one  number  from  one  of  the  128  core  locations.  The  location  of  the 
chosen  number  was  then  refilled  with  the  next  number  produced  by  the  first  relation.  The 
time  used  to  generate  a random  number  by  this  method  is  about  twice  the  time  required 
with  a single  congruential  generator.  Reference  4-22  concludes  that  the  method  does  have 
better  statistical  properties  than  any  of  the  other  congruential  generators. 


4.4. 2.1. 5 Selected  Congruential  Methods-lt  appears  that  the  multiplicative  congruential 
method  is  a good,  simple  choice  with  few  pitfalls.  For  some  applications,  the  mixed  method 
or  the  additive  method  may  be  faster,  but  their  parameters  must  be  chosen  with  care  to 
ensure  equivalent  statistical  properties.  However,  the  sequences  produced  by  these  three 
generators  display  certain  nonrandom  serial  patterns  and  periodicities  which  may  or  may 
not  have  a measurable  effect  on  the  results  from  turbulence  simulations.  For  applications 
where  the  additional  computational  time  and  storage  requirements  of  more  complex 
methods  are  acceptable,  the  use  of  a random  number  table  or  the  combination  of  two 
generators  as  suggested  in  Reference  4-22  should  be  adopted. 
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4.4.2.2  Random  Numbers  with  Nonuniform  Distributions 

This  section  discusses  how  uniformly  distributed  random  numbers  from  the  interval  0 to  1 
may  be  transformed  into  random  numbers  drawn  from  other  probability  distributions. 
Random  numbers  which  are  uniformly  distributed  between  0 and  1 are  denoted  by  rj.  There 
are  three  basic  methods,  or  some  variation  of  them,  for  simulating  nonuniform 
distributions:  the  inverse  transformation  method,  the  rejection  method,  and  the  composi- 
tion method.  Following  is  a brief  general  description  of  these  methods  based  on 
Reference  4-26. 

4.4.2  2.1  Inverse  Transformation  Method-To  generate  the  random  numbers  Xj  from  a 
particular  population  whose  probability  density  function  is  given  by  f(x),  it  is  necessary  to 
obtain  the  cumulative  distribution  function 


x 

F(x)  = J f(x)dx 

“ OO 

F(x)  is  defined  over  the  range  0 to  1 . Therefore,  Xj,  which  is  a random  number  from  the 
distribution  f(x),  is  uniquely  determined  by  the  relation 

rj  = F(xj) 

where,  as  before,  r j is  a uniformly  distributed  number  from  the  interval  0 to  1.  For  any 
value  of  q it  is  possible  to  find  a value  Xj  determined  by 

Xj  = F*1  (rj) 

if  the  inverse  function  of  the  function  F is  known.  For  many  probability  distributions  it 
is  impossible  to  obtain  an  analytic  expression  for  the  inverse  function  of  the  cumulative 
distribution  function.  This  problem  can  be  overcome  by  the  use  of  a numerical 
approximation  to  the  distribution  function,  as  illustrated  in  Figure  4-56.  This  method  is 
very  suitable  for  generating  random  numbers  having  empirical  distributions. 

4.4.2. 2.2  The  Rejection  Methcd-U  the  nonuniform  probability  density  function  f(x)  is 
bounded  and  the  corresponding  random  numbers  have  a finite  range  a < x<b  the  following 
method  may  be  used: 


(1)  Multiply  f(x)  by  a scale  factor  c,  such  that 

cf(x)  < 1 a < x <ib 

(2)  Express  x as  a linear  function  for  r, 

x = a + (b  - a)r 

(3)  Generate  pairs  of  random  numbers  (r  j , 
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Tj  = random  number  from  uniform  distributed 
numbers  in  the  interval  0 to  1 

Xj 3 random  number  from  a population  with 
cumulative  probability  distribution  F(X) 


FIGURE  4-56.  - NUMERICAL  APPROXIMA  TION  TO  OBTAIN  THE  IN  VERSE  OF  A 
CUMULA  TIVE  DISTRIBUTION  FUNCTION 


(4)  If  a pair  of  random  numbers  that  satisfy  the  relationship 
T2  <cf[a  + (b-a)rj] 

are  encountered,  then  “accept”  the  pair  and  use  x = a + (b  - a)r  j as  the  random 
number  generated.  If  this  relationship  is  not  satisfied,  reject  the  pair  and  continue 
to  generate  another  pair. 

The  theory  behind  this  method  is  based  on  the  fact  that  probability  of 

[r  < cf(x)l  - cf(x) 

If  x is  selected  at  random  from  the  range  a to  h according  to  step  3 and  rejected  or 
accepted  according  to  step  4,  then  the  probability  density  function  of  the  accepted  values 
of  x will  be  f(x).  The  mean  nuir-i'cr  of  triai : befor-  a successful  pair  of  random  numbers 
<rj , r2>  is  found  is  1/c  and  therefore  the  method  may  be  inefficient  for  certain  probability 
density  functions. 
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4.4. 2.2.3  The  Composition  Method  Random  numbers  having  a probability  density  function 
f(x)  may  be  generated  by  combining  random  numbers  having  simpler  but  properly  selected 
probability  density  functions  gj(x).  The  proportion  from  each  of  the  approximate 
distributions  gj(x)  is  such  that 


n 

f(x)  = £ gj{X>Pj 

Pj  and  gj(x)  are  selected  with  the  purpose  of  minimizing  the  sum 


T'ETfi 

i=l 

Where  Tj  is  the  average  computation  time  for  generating  random  numbers  from  gj(x). 
4.4.2.3  The  Normal  Distribution 


In  statistical  work  the  normal  distribution  is  the  best  known  and  most  frequently  used 
probability  density  distribution.  Both  mathematical  proof  and  statistical  experience  indicate 
that  this  distribution  is  to  be  expected  when  dealing  with  complex  natural  physical 
phenomena.  The  assumption  of  normally  distributed  gust  velocities  has  been  commonly 
used  in  the  modeling  of  turbulence  fields.  For  this  reason,  the  generation  of  normally 
distributed  random  numbers  will  be  covered  in  some  detail  in  the  following  discussion. 


If  a random  variable  x has  a probability  density  function 
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Where  ox  is  the  standard  deviation  and  x is  the  mean  value,  then  x has  a Gaussian  or  normal 
probability  density  function.  The  cumulative  Gaussian  distribution  function  F(x)  only  exists 
in  integral  form,  but  its  values  are  tabulated  in  almost  any  book  on  statistics.  There  are  four 
methods  commonly  used  to  generate  normally  distributed  random  numbers:  the  central 
limit  method,  Teichrow’s  approximation,  the  direct  metnod,  and  the  composition  method. 

4.4. 2.3.1  Central  Limit  Method- The  central  limit  theorem  states  that  the  probability 
distribution  of  the  sum  of  n independently  but  identically  distributed  random  numbers 
with  respective  mean  values  x}  and  variances  o 2 will  approach  the  normal  distribution 
asymptotically  with  a mean  value  and  variance  equal  to 
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when  n becomes  large.  Summing  uniformly  distributed  numbers  having  the  same  mean 
values  and  variances,  a value  for  n as  low  as  10  will  provide  a good  approximation  to  the 
normal  distribution  for  values  of  x less  than  3 ox  from  the  mean  value. 


If  r i,  i * 1,  2 n,  are  n uniformly  distributed  numbers  from  the  interval  0 to  1,  the 

central  limit  theorem  yields  the  foi’owing  relationship 


where  x is  a random  number  from  an  approximately  Gaussian  population  with  mean  value 
equal  to  x and  standard  deviation  equal  to  ox.  The  value  of  n is  normally  selected  to  be 
1 2 to  simplify  the  computations,  in  which  case  this  equation  reduces  to 


x = a„ 


E rrfl 

i-1 


+ x 


This  approach  leads  to  a relatively  fast  program,  but  the  value  of  n=  12  truncates  the 
distribution  at  ±6  cx,  and  values  of  x greater  than  ±3  ox  from  the  mean  value  have  been 
found  to  be  unreliable  (Ref.  4-26). 

It  can  be  seen  from  Figures  4-57,  -58,  and  -59  that  the  central  limit  method  with  n * 12  will 
produce  probability  distributions  where  deviations  beyond  three  times  the  standard 
deviation  are  considerably  less  likely  than  would  be  predicted  by  the  Gaussian  distribution. 
The  turbulence  generated  by  these  methods  will  therefore  contain  fewer  large  peak  gusts 
than  would  be  predicted  by  the  Gaussian  distribution.  To  obtain  better  accuracy,  larger 
values  of  n may  be  considered,  but  in  these  cases  the  efficiency  of  the  central  limit  method 
decreases  and  other  approaches  should  be  considered. 


Probability  density 


Probability  density 
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P (X)g  and  P (X)  -J2  are  approximate 

Gaussian  amplitude  probability 
distributions  obtained  using 
the  central  limit  method, 
summing  5 and  12  uniformly 
distributed  random  numbers, 
respectively 
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FIGURE  4-58. -A PPROXIMA  TE  GAUSSIAN  AMPLITUDE  DISTRIBUTIONS,  LOG  PLOT 
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true  Gaussian  amplitude  distribution 
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P(X)g  and  P(X)12  are  approximate 

Gaussian  amplitude  distributions 
obtained  using  the  central  limit 
method,  summing  5 and  12  uniform 
numbers,  respectively 

2 

P(X)  = (27r)”^e_*  ^.normalized 
Gaussian  amplitude  distribution 

Standard  deviations  = 1 
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P(X)5  -P(X) 


1 P<X)5  = 0 \ 
\at  X = 3.87b' 
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P(X)12  = 0 
at  X = 6.0 


FIGURE  4-59.—DEVIA  TIONS  OF  APPROXIMA  TE  GAUSSIAN  AMPLITUDE  DISTRIBUTIONS 
FROM  THE  TRUE  GAUSSIAN  DISTRIBUTION 
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4.4.2.3.2  Teichrow's  Approximation-Tins  is  a variation  of  the  central  limit  method  that 
improves  the  accuracy  of  the  sequences  obtained  but  is  fairly  inefficient.  From  Reference 


4-20  let 


y 


1 
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then  a rand*  *m  number  x drawn  from  a normally  distributed  population  with  mean  value 
equal  to  0 and  standard  deviation  equal  to  1 is  given  by 

x = y |aj  + y2  (a3  + y2  (a5  + y2  (a7  + a9y2)))| 


where 

al  = 

3.949846138 

a3  = 

0.252408784 

a5  = 

0.076542912 

a7  = 

0.008355968 

a9  = 

0.02989776 

4.4.2. 3. 3 The  Direct  Method-Lei  rj  and  r 2 be  two  independent  random  numbers  from  a 
uniform  distribution  in  the  interval  0 to  1 . Then 

x j = (-2  logg  r j ) 1 /2  (cos  2m 2) 
x2  * (-2  logg  rj)1/2  (sin  2*r2) 

are  two  random  numbers  from  a population  with  a normal  distribution,  with  mean  value 
equal  to  0 and  standard  deviation  equal  to  1 . This  transformation  is  exact,  and  the  speed  of 
calculations  compares  well  with  that  of  other  methods  if  the  required  function  subroutines 
are  efficient. 

4.4.2. 3.4  Composition  Method-The  normally  distributed  random  numbers  are  derived  from 
three  populations  having  different  densities,  gj(x),  g2(x),  and  g3(x).  The  normal  density 
function  is  approximated  by 

fix)  = 0.9578gj(x)  + 0.395g2(x)  + 0.027g3(x) 

This  method  is  faster  than  the  direct  method  but  requires  approximately  500  storage 
locations  for  specified  constants.  The  equation  implies  that  gj(x)  is  used  95.78%  of  the 
time,  g2(x)  is  used  3.95%  of  the  time,  and  g3(x)  is  used  0.27%  of  the  time.  The  generation 
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of  random  numbers  from  the  population  having  density  functions  gj(x)  is  fast,  while  the 
generation  of  random  numbers  from  the  two  populations  having  density  functions  g2(x)  and 
gjfx)  is  relatively  slow.  Reference  4-3 1 describes  this  method  in  detail, 

4.4. 2. 3. 5 Comparison  of  Normal  Distribution  Methods-The  selection  of  a digital  method 
for  generating  a normal  distribution  involves  a tradeoff  between  accuracy,  computation 
time,  and  storage  requirements.  This  tradeoff  is  a strong  function  of  the  computer’s 
characteristics.  Even  for  a given  computer,  the  tradeoff  between  computation  time  and 
storage  will  lead  to  different  optimum  solutions  for  different  simulations,  depending 
whether  memory  or  computation  time  is  most  critical. 

The  composition  method  can  be  rejected  out  of  hand  as  it  involves  large  computation 
storage  requirements  without  superior  accuracy.  A comparison  of  the  computation  time 
requirements  for  the  other  methods  is  made  on  Table  4-3.  Time  required  for  mathematical 
operations  will  vary  tremendously  from  computer  to  computer,  particularly  time  required 
for  table  lookups  and  nonarithmetic  operations.  Table  4-3  is  provided  only  as  an  illustration, 
and  the  t.'me  requirements  are  based  on  a relatively  modern  digital  computer.  The  linear 
distribution  is  presumed  to  be  generated  by  the  multiplicative  congruential  method,  and  the 
time  required  by  nonarithmetic  operations  is  not  considered. 

Table  4-3  shows  that  the  inverse  transformation  method  requires  the  least  time.  However,  a 
table  accurately  representing  the  inverse  of  the  cumulative  probability  requires  a very  large 
number  of  values,  depending  on  how  much  of  the  tails  is  represented. 

The  next  fastest  method  is  the  central  limit  method,  depending  on  how  the  number  of 
elements  from  a linear  distribution  are  to  be  used.  However,  as  shown  on  Figure  4-59,  the 
central  limit  method  drastically  underpredicts  the  tails  of  the  normal  distribution. 
Teichrow’s  method  is  a more  accurate  version  of  the  central  limit  method. 

Two  estimates  are  made  for  the  direct  method.  The  differences  depend  on  whether  table 
lookup  or  series  are  used  to  compute  the  logarithm,  square  root,  and  cosine  function;.  Table 
lookups  are  feasible  for  these  functions  because  the  numbers  operated  upon  are  either  scaled 
or  can  be  scaled  to  reduce  the  number  of  points  required  to  represent  the  function 
accurately.  When  storage  requirements  are  critical,  the  series  representations  of  the 
functions  is  <.jed.  The  accuracy  of  the  direct  method  is  limited  only  by  the  number  of  bits 
in  a word. 

The  figures  on  Table  4-3  are  misleading  because  neither  the  storage  requirements  nor  the 
accuracy  is  held  constant  between  the  methods.  This  is  r.ot  possible,  as  the  accuracy  of  the 
direct  method  cannot  be  duplicated  by  the  other  methods.  The  choice  of  the  optimum 
method  depends  heavily  upon  how  much  of  the  normal  distribution  tails  must  be 
represented. 

The  significance  of  the  tails  depends  on  both  the  response  variable  anr!  the  criteria  applied 
to  that  variable.  For  example,  the  infrequent  high  velocity  samples  of  turbulence  are  more 
important  for  acceleration  variables,  having  a more  nearly  instantaneous  response  to 
turbulence,  than  for  the  position  variables.  The  large  amplitudes  have  greater  influences  on 
the  tails  of  the  response  distribution  than  on  the  amplitudes  near  the  response  mean.  Hence, 


the  tails  are  more  important  when  performance  limits  (rate  of  sink,  touchdown  dispersion, 
nacelle  strike,  etc.)  cannot  be  exceeded  more  often  than,  say,  once  in  10^  landings  than 
when  performance  limits  cannot  be  exceeded  more  often  than  once  in  10^  landings. 


It  is  usually  desirable  to  have  a standard  noise  generation  technique  for  all  simulations.  An 
intuitive  estimate  for  approach  and  landing  is  that  the  distribution  should  be  accurately 
represented  to  three  standard  deviations.  This  would  rule  out  the  central  limit  method  using 
less  than  1 2 samples.  The  method  that  appears  to  be  most  suitable  as  a standard  is  the  direct 
method.  Use  cf  the  direct  method  eliminates  accuracy  considerate  ns  without  the  severe 
core  requirements  of  the  inverse  transformation  method.  The  tradeoff  then  needs  to  be 
performed  only  when  constraints  on  time  are  severe.  Even  then,  the  additional  time  over  the 
central  limit  method,  for  three  turbulence  components  and  the  numbers  on  Table  4-3,  is 
only  0.00065  second. 

4.4.2.4  The  Power  Spectrum  of  a Digital  Noise  Generator 


The  preceding  discussion  shows  how  periodic  sequences  of  pseudo-random  numbers  with  a 
given  probability  density  distribution  may  be  generated  on  digital  computers.  The  following 
analysis  will  derive  expressions  ?or  the  autocorrelation  function  and  the  power  spectral 
density  function.  Referring  to  Figure  4-60,  consider  a random  function  x(f),  which 
represents  the  random  variations  in  a particular  turbulence  component.  The  time  axis  is 
divided  into  equal  intervals  A'  In  successive  time  intervals  the  random  function  assumes 
independent  values  which  are  kept  constant  over  the  time  increment  At.  If  xj  is  the 
magnitude  of  x(t)  at  t = tj,  fie  probability  that  x(tj)  lies  between  the  value  Xj  and  X|  + 
dx  i is  given  by 

Probabilit  / of  |xj  < x(tj)  <X|  + dx  j j =f(xj)dxj 

where  f(x)  represents  the  probability  density  functions  of  the  random  function  x(t).  It  can 
be  seen  that  f(x)  values  do  not  depend  upon  the  time  t j. 

The  two-dimensional  probability  density  distribution  of  x(t)  x(t  + r)  turns  out  to  be  time 
dependent.  Consider  the  values  of  x(t)  and  x(t  + r)  at  t = tj,  where  !f  |<At  and  the  time 
origin  has  been  chosen  so  that  0 < t j < At.  For  a given  time  displacement  r,  let  x(t  j + r)  * 
x2.  Then, 

x(t,)x(tj  +r)  = xj2 

with  probability 

g(x|  x2)  dxj  dx2  = f(xj)5(xj  - x2)  dxj  dx2, 

if  (tj  + r)<  At,  i.e., 

x(t!)  = X(t|  + T)  = Xj, 


ax  = standard  deviation 
At  = simulation  frame  time 
t2"t1+T 


rIGURE  4-60. - POWER  SPECTRUM  AND  AUTOCORRELA  TION  FUNCTION  OF  A 
DIGITAL  RANDOM  NUMBER  GENERATOR 
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x(tj)x(tj  +r)  = Xj  X2 


with  probability 


if  (t  j +t)  > At,  i.e., 


g(x  j ,x2)  dx  j dx2  = f(x  j ) f(x2)  dx  j dx2, 


x(tj)  = xj,x(tj  +r)  = x2 


where  g(xjx2)  dx  j dx2  is  the  joint  probability  that  x(tj)  has  a value  between  X|  and  xj  + 
dx,  and  x(t  j + r)  has  a value  between  x2  and  x2  + dx2.  For  the  same  time  displacement  r 
the  joint  probability  distribution  has  two  different  expressions,  depending  upon  the 
sampling  time  tj.  Thus,  the  random  function  considered  is  nonstationary. 

If  |r|  > At,  then 


with  probability 


x(tj ) x(tj  +r)  = xj  x2 


g(xj,x2)  dxj  dx2  = f(x j ) f(x2)dXj  dx2 


for  any  value  of  the  time  t j . 

For  time  displacements  greater  than  At  and  less  than  the  period  T,  the  periodic 
pseudo-random  function  x(i)  can  be  considered  to  represent  a stationary  random  process. 
The  function  can  also  be  considered  eigodic  since  successive  values  of  x(t)  for  time 
displacements  greater  than  At  and  less  than  T are  essentially  uncorrelated.  The 
time-averaged  mean  value  and  the  time-averaged  autocorrelation  derived  from  x(t)  may  be 
considered  the  same  as  the  equivalent  ensemble  averages. 

The  probability  that  x(t)  = x(t  + r)  is  the  probability  that  t and  t + r arc  both  in  the  same 
interval  At,  which  is  evidently  (1  - (|  r|-rAt))  if|r|  <At  and  zero  if  M > At.  The 
time-averaged  autocorrelation  function  Rxx(t)  of  the  periodic  pseudo-random  function  x(t) 
with  a mean  value  equal  to  zero  and  variance  equal  to  ax“  is 

Rxx<T>= °x2[i 


when  It-  kt|  < At,  (k  - 0,  ±1,  ±2  . . .) 


Rxx(r)  = 0 


otherwise. 
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This  autocorrelation  function  is  periodic,  having  the  same  period  T as  the  random  function 
x(t).  However,  for  the  purpose  of  turbulence  simulation  the  period  T may  be  made 
sufficiently  larger  than  the  time  delays  of  interest  so  that  the  periodicity  may  be  neglected. 

Transforming  the  autocorrelation  function  yields  the  power  spectral  density  function 


ox2  At 


2 


This  power  spectrum  which  is  shown  graphically  in  Figures  4-60,  -6 1 , and  -62  is  constant 
within  -0. 1 dB  up  to  approximately  co  = 0.5/ At. 

The  effect  of  the  periodicity  of  x(t)  is  to  make  the  power  spectrum  a line  spectrum  where 
the  spectral  lines  are  separated  by  fundamental  frequency  ojq  = 2jt/T.  The  power 
contribution  from  each  multiple  of  the  fundamental  frequency  is  proportional  to 


sin  (kffAt/t) 
kffAt/T 


2 


However,  since  the  period  T will  be  sufficiently  larger  than  the  time  delays  of  interest,  the 
spectrum  will  appear  continuous. 

The  pseudo-random  function  x(t)  approximates  band-limited  white  noise  with  a specified 
flat  spectrum  up  to  a frequency  determined  by  the  frame  time  At.  The  approximate  flat 
spectrum  is 


0Xx^)=- 


qx2At 

27T 


and  the  corresponding  autocorrelation  function  is  approximated  by 


Rxx<T>  = qx2  At  5(r) 

The  frame  time  At  which  determines  the  bandwidth  of  the  white  noise  must  be  small 
compared  to  the  smallest  time  constant  and  oscillation  period  of  interest  in  the  simulation. 
The  power  spectral  density  is  proportional  to  the  frame  time  At  and  the  variance  a x~,  but  is 
independent  of  the  form  of  the  particular  probability  density  function. 

Any  random  process  used  on  a digital  computer  or  any  digital  pseudo-random  process,  even 
when  used  with  an  analog  computer,  has  the  above  spectrum  characteristics,  and  the 
elements  of  the  process  must  be  multiplied  by  2 jr/At  to  give  bandwidth-limited  white  noise. 


FIGURE  4-61. -DIGITAL  RANDOM  NUMBER  GENERATOR  POWER  SPECTRUM 


Digital  noise  computation 
At  = simulation  frame  time 


U)At,  rad 

FIGURE  4-62.— NOISE  POWE * SPECTRUM,  LOG-LOG  SCALE 
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4.4.2.S  Digital  Computer  Application 

Programming  of  digital  simulators  is  not  generally  performed  by  the  test  engineer.  Software 
techniques  for  generating  noise  are  not  as  well  understood  as  analog  techniques,  and  digital 
simulation  does  not  lend  itself  so  well  to  noise  spectral  analysis.  For  these  reasons,  the 
digital  simulation  test  engineer  often  has  little  knowledge  of  noise  generation.  Consequently, 
a brief  review  and  discussion  of  pitfalls  is  pertinent. 

The  objective  is  to  provide  uncorrelated  noise  with  a spectrum  of  unit  amplitude  over  the 
frequency  range  of  interest,  referred  to  as  “band-limited  white  noise.”  There  are  three  basic 
steps  required  to  achieve  this  result  by  software,  as  shown  on  Figure  4-63 : 

• Generation  of  a uniform  distribution,  having  unit  amplitude  between  C and  1 . 

• Generation  of  a normal  or  Gaussian  distribution  from  samples  of  the  linear 
distribution. 

• Division  of  the  samples  from  the  normal  dist.ibution  by  the  square  root  of  low 
frequency  unadjusted  spectrum  gain. 

The  uniform  distribution  generation  controls  the  statistical  randomness  of  the  noise.  The 
most  common  methods  are  variations  of  the  congruential  relationship.  The  basic  procedure 
requires  multiplication  of  the  previously  generated  unadjusted  random  number  by  a 
constant,  to  which  another  constant  may  be  added.  The  resulting  number  is  stored  in  two 
registers.  The  unadjusted  random  number  is  equal  to  the  lower  order  bits  in  the  second 
register.  This  number  is  then  adjusted  to  provide  an  clement  from  a uniform  distribution 
between  0 and  1 . The  resulting  uniform  noise  distribution  has  a mean  of  1 /2  and  a variance 
of  1/12. 

The  randomness  of  the  noise  may  be  strongly  dependent  upon  proper  selection  of  the 
multiplicative  and  additive  constants.  When  using  the  multiplicative  congruential  method 
(power  residue  method)  too  low  a multiplicative  constant  can  introduce  strong  correlation 
between  successive  samples.  When  a small  random  number  occurs,  a small  constant  will 
cause  the  next  number  in  the  overflow  register  to  be  small  compared  to  the  size  of  the 
register.  The  overflow  will  then  increase  monotonically  until  the  capacity  of  the  register  is 
exceeded,  after  which  the  numbers  will  tend  to  be  random  until  another  small  number  is 
generated. 

Correlation  between  successive  numbers  introduces  high  frequency  harmonics,  with  the 
frequency  of  the  harmonics  proportional  to  the  multiplicative  constant.  Tnis  serial 
correlation  appears  as  strong,  long  period  “fluctuating  shears,”  and  may  be  observed  by  the 
slow  buildup  of  the  signal  standard  deviation  to  the  desired  level  when  computing  a 
cumulative  signal  standard  deviation.  The  effect  may  be  masked  by  judicious  selection  of 
the  starting  number.  However,  the  selection  of  the  starting  number  does  not  alter  the 
correlation.  A more  relevant  test  of  a bias  is  the  lack  of  a running  standard  deviation  (say, 
over  the  previous  1 0 seconds)  to  build  up  slowly. 
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The  probability  density  distribution  of  the  white  noise  is  controlled  by  the  generation  of  the 
normal  distribution  from  elements  of  the  linear  distribution.  If  the  peak  output  noise  never 
exceeds,  say,  twice  the  noise  standard  deviation,  the  error  is  likely  to  be  in  this  step.  This 
step  is  also  where  the  non-zero  mean  of  the  linear  distribution  is  corrected  to  produce  zero 
mean.  The  level  of  the  noise  is  frequently  adjusted  at  this  step  to  provide  output  noise  with 
a unity  standard  deviation.  The  objective  is  not,  however,  to  provide  noise  with  a standard 
deviation  of  one.  Rather,  adjustment  for  the  noise  standard  deviation  is  more  correctly 
considered  as  part  of  the  next  step,  the  adjustment  of  the  low  frequency  spectrum  level. 

The  output  of  the  Caussian  generation  produces  a spectrum  with  low  frequency  gain  of 


LIM  4> 
to-K) 


_oNAt 
NOISE  “ — T 


Where  At  is  the  sampling  interval  and  ojq  is  the  standard  deviation  of  the  Gaussian  noise. 
The  noise  spectrum  is  10%  within  a constant  spectrum  up  to  about  wAt  = 1.15.  On  digital 
computers,  computational  stability  for  feedback  loops  exists  for  time  constants  as  short  as 
50%  greater  than  the  frame  time.  Thus,  the  noise  spectrum  is  essentially  flat  for  the 
maximum  frequency  that  can  be  represented. 

Since  the  noise  spectrum  is  flat,  band-limited  white  noise  is  achieved  by  multiplying  the 
unadjusted  spectrum  by  a constant  k, 


This  factor  may  be  conveniently  combined  with  the  filter  gain  to  give  low  frequency 
gains  of: 
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The  combined  gain  should  not  be  confused  with  a change  of  units  of  the  spectrum  being 
modeled.  That  is,  the  spectrum  of  turbulence  that  eventually  results  has  units  of 
(ft/sec)2/(rad/sec),  not  (ft/sec)^/(cycles/sec). 

To  provide  uncorrelated  turbulence  components,  three  white  noise  generators  are  generally 
specified.  However,  when  software  is  used  to  produce  the  pseudo-random  number,  it  is 
undesirable  to  use  different  techniques  for  each  component.  Then,  the  same  routine  may  be 
used  for  all  three  components  by  simply  using  different  starting  numbers  for  generating  the 
uniform  distributions. 

Software  noise  generation  eventually  repeats,  so  care  must  be  taken  in  the  selection  of  the 
three  starting  numbers  so  that  they  are  not  displaced  over  too  short  a time  period.  That  is, 
;he  correlation  between  two  turbulence  components  may  be  perfect  if  the  noise  sequences 
e.  e shifted  in  time.  If  the  time  shift  required  is  too  short,  the  effective  aerodynamic 
coupling  occurs. 

A sifer  and  more  efficient  method  for  generating  uncorrelated  turbulence  components  is  to 
simply  make  three  passes  through  the  noise  generator  in  one  computation  frame.  If  the 
constants  for  the  noise  generator  are  correctly  selected,  the  sequences  for  the  three 
components  are  separated  in  time  by  at  least  one-third  the  period  of  the  noise  generator. 


4.5  MODELING  FOR  SIMULATION 

The  model  providing  the  effects  of  wind  is  described  in  terms  of  six  basic  parts,  as  shown  on 
Figure  4-64: 

• The  probability  model,  which  is  not  used  on  line  or  during  the  running  of  the 
simulation,  is  used  to  determine  the  combinations  of  parameters  defined 
deterministically. 

• Using  the  probabilistic  parameters,  the  mean  wind  speed  and  mean  wind  shear  are 
determined  at  the  airplane's  altitude. 

• The  turbulence  associated  with  the  mean  wind  is  generated  at  the  airplane’s 
altitude  and  for  the  airplane’s  airspeed. 

• Using  the  Euler  angles  describing  the  airplane’s  attitudes,  the  wind  heading,  and 
the  horizontal  components  of  airspeed,  the  mean  wind  and  the  turbulence 
components  are  transformed  into  components  along  the  airplane’s  body  axis  and 
are  assigned  to  the  airplane’s  center  of  gravity. 
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• The  airplane’s  inertial  velocities  and  the  components  of  wind  arc  combined  to 
form  the  parameters  required  for  determining  aerodynamic  forces. 

• The  aerodynamic  forces  ire  developed  in  a manner  compatible  with  the  technique 
required  to  accurately  reflect  the  effects  of  the  wind  and  turbulence. 

A last  step,  the  determination  of  aircraft  motion  from  the  forces  and  moments,  is  unaltered 
by  the  presence  of  wind  and  turbulence. 

4.5.1  Probability  Model 

Frequently  there  are  two  probabilities  to  be  dealt  with,  an  input  and  an  output  probability. 
For  example,  a criterion  may  state  that  for  a headwind  having  a magnitude  equal  to  or  less 
than  that  occurring  90%  of  the  time,  the  airplane  may  not  have  a lateral  dispersion  greater 
than  such  or  such  value  for  more  than  1 % of  the  landings. 

The  input  and  output  criterion  may  be  stated  qualitatively,  as  in  Reference  4-32: 
“. . . analysis  should  show  that  under  realistic  environmental  conditions . . . the  touchdown 
performance  will  be  such  that  landing  outside  the  prescribed  dispersion  area  will  be 
improbable.” 

The  output  probability  is  used  to  ensure  that  an  accident  will  occur  very  infrequently.  The 
use  of  the  input  probability  is  less  clear.  If  a known  relationship  exists  between  the  input 
and  the  output  (i.e.,  higher  surface  wind  speeds  cause  exceeding  touchdown  position  limits 
to  be  more  probable),  the  input  probability  may  be  used  to  reduce  the  number  of 
parameters  and/or  to  reduce  the  output  probability  while  maintaining  constant  the 
likelihood  of  an  accident.  This  approach  is  most  suitable  when  a single  input  is  described 
probabilistically  and  least  suitable  when  multiple  inputs  are  described  probabilistically, 
particularly  when  the  combination  of  inputs  that  are  successively  more  critical  is  unknown. 

When  surface  conditions  are  severe  enough,  an  airplane  need  not  land  at  a specific  airfield, 
but  has  recoil  e to  diverting  to  an  alternate  field.  The  input  probability  may  be  used  to 
reflect  the  si  erity  of  conditions  that  should  be  met  or  to  restrict  the  severity  of  conditions 
that  must  be  met. 

The  descriptions  of  a mean  wind  and  turbulence  that  have  been  selected  provide  for  three 
parameters  defined  probabilistically:  wind  heading  at  the  surface,  wind  speed  at  the  surface, 
and  atmospheric  stability  measured  at  the  surface.  A fourth  parameter  that  could  have  been 
included  is  the  heading  shear,  or  the  profile  of  wind  heading.  However,  no  analytic 
description,  matching  empirical  measurements,  nor  any  empirical  description  could  be 
found  and  the  parameter  shall  not  be  described. 

AH  other  parameters  have  been  described  deterministically  in  terms  of  the  probabilistically 
defined  parameters,  even  though  distributions  about  the  deterministic  descriptions  are 
likely. 
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Increases  in  the  surface  wind  cause  more  severe  wind  conditions  for  aircraft  during  approach 
and  landing.  Although  more  stable  atmospheric  conditions  cause  more  severe  mean  wind 
shears  up  to  a point,  they  also  reduce  the  severity  of  turbulence  for  a fixed  surface  wind 
speed,  making  it  difficult  to  define  the  probability  of  being  at  a more  severe  stability 
condition.  It  is  also  quite  difficult  to  define  the  most  and  least  severe  surface  wind  headings 
for  all  aircraft. 

It  is  concluded  that  a ranking  of  combinations  of  probabilistically  defined  parameters 
according  to  increasing  severity  is  not  possible  for  all  aircraft.  Consequently  an  input 
probabilitv  is  not  used.  Rather,  combinations  of  parameters  shall  be  provided  according  to 
the  weighting  provided  by  the  joint  probability  densities. 

One  simplification  to  the  joint  distribution  function  is  immediately  available:  evidence  that 
the  wind  heading  (as  measured  from  the  heading  of  the  prevailing  wind)  is  correlated  with 
either  the  mean  wind  speed  or  atmospheric  stability  is  very  weak,  and  wind  heading  will  be 
assumed  to  be  un„Ou  elated  with  stability  and  wind  speed.  On  the  ether  hand,  evidence  that 
the  distribution  of  atmospheric  stability  is  dependent  upon  the  wind  speed  is  quite  strong, 
and  a joint  description  must  be  provided.  A joint  description  cf  the  surface  mean  wind 
speed  and  atmospheric  aCcbility  is  generated  by  providing  a unique  probability  density 
distribution  of  atmospheric  stability  at  the  surface  for  each  surface  wind  speed. 

A means  must  be  provided  to  generate  the  desired  joint  probability  density  distributions. 
First,  the  distribution  for  iwo  correlated  pa:ameters  is  considered  (such  as  atmospheric 
stability  and  wind  speed  at  tho  surface).  As  an  example,  all  the  wind  speeds  are  divided  into 
two  groups,  say,  those  that  are  less  than  10  knots  and  those  that  are  greater  than  10  knots. 
Let  the  probability  of  having  a wind  speed  less  than  1C  knots  be  0.65  and  the  probability 
that  the  wind  speed  is  greater  than  10  knots  be  0.35.  Similarly,  all  conditions  of  stability  are 
divided  into  groups  of  stable  and  unstable  and  assigned  probabilities  as  follows: 


V20<!0kt 

V20>  10  kt 


The  joint  probabilities  cf  the  four  possible  outcomes  are  computed  as  shown  on  Figure 
4-65.  The  case  of  uncorrclated  parameters  can  be  evaluated  in  the  same  manner,  but  the 
result  reduces  to  the  joint  probability  equal  to  the  product  of  the  unconditional 
probabilities: 


p!Rbo<0 


p lRbo>0 


0.3 

0.7 

0.45 

0.55 

PjA,  B}  = P{ A } P|B|,  A and  B unccrrelated 

The  outcome  of  Figure  4-65  is  represented  if  first  all  wind  speeds  or  Richardson’s  numbers 
within  in  interval  are  assigned  the  mean  of  the  interval.  The  interval  means  are  plotted 
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FIGURE  4-65.-EXAMPLE:  JOINT  PROBABILITY  FOR  CORRELATED  PARAMETERS 


against  a 0 to  1.0  argument  so  that  the  percentage  of  the  0 to  1.0  space  occupied  by  an 
interval  mean  is  equal  to  the  probability  of  the  interval.  The  plots  corresponding  to  the 
example  are  shown  on  Figure  4-  66. 

A random  number  from  a 0 to  i.O  uniform  distribution  is  generated  and  the  first  curve  is 
entered  to  obtain  a V^q.  Depending  on  the  V^,  obtained,  a second  curve  is  entered  with  a 
new  random  number  1o  obtain  P.^q-  As  the  procedure  is  repeated  many  times,  the  joint 
distributions  obtained  are  those  in  Figure  4-65. 

The  example  described  is  quite  crude,  b”t  better  joint  probability  representations  are 
obtained  as  more  intervals  are  used  for  each  parameter.  As  the  number  of  intervals 
approaches  infinity,  the  curves  in  Figure  4-66  approach  the  inverses  of  the  cumulative 
probability  curves,  with  the  0 to  1.0  argument  equal  to  the  cumulative  probability  (the 
exceedance  probability  curves  could  be  used  just  as  well). 
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The  probability  model  that  results  is  that  on  Figure  4-67.  The  procedure  is  as  follows: 

1)  Generate  three  random  samples  from  a uniform  probability  density  distribution 
defined  between  0 and  1 . 

2)  Using  the_first  random  sample,  enter  the  cumulative  (or  exceedance)  probability 
curve  for  V20  to  find  the  surface  wind  speed. 

3)  Using  the  second  random  sample,  enter  the  cumulative  (or  exceedance) 
probability  curve  for  R^q  to  find  the  atmospheric  stability  at  the  surface. 

4)  Using  the  third  random  sample,  enter  the  cumulative  (or  exceedance)  probability 
curve  for  to  find  the  wind  heading. 

5)  Compute  the  down-runway  component  of  mean  wind  at  the  surface.  If  it  exceeds 
+10  knots  (positive  downwind  component  is  a tailwind),  return  to  1).  This 
corresponds  to  the  FAA  requirement  (Ref.  4-32)  that  aircraft  need  demonstrate 
approaches  and  landings  for  tailwinds  only  up  to  10  knots. 

The  cumulative  wind  heading  probability  is  derived  by  integrating  the  selected  wind  heading 
probability  density  function  and  is  provided  in  Figure  4-68.  Wind  heading  is  used  to  mean 
the  direction  to  which  the  wind  is  blowing,  relative  to  the  runway  heading  (assumed  to  be 
aligned  to  the  prevailing  wind),  which  is  opposite  the  meteorological  convention. 

Desciibing  mean  winds  and  Richardson’s  numbers  for  all  cumulative  (or  exceedance) 
probabilities  between  0 and  1 is  more  difficult  as  the  maximum  surface  winds  or 
Richardson’s  numbers  that  ever  have  or  ever  will  be  reached  are  unknown. 

The  problem  associated  with  wind  speed  is  alleviated  by  the  FAA  requirement  (Ref.  4-32) 
implying  that  wind  speeds  only  up  to  some  maximum  value  need  be  consideied. 
Presumably,  greater  winds  result  in  a diversion  to  an  alternate  field  or  perhaps  even  a manual 
approach.  If  a maximum  value  is  specified,  then  random  numbers  associated  with  the  greater 
wind  speeds  should  be  discarded  and  a new  sample  generated.  This  amounts  tc  ratioing  the 
curve  so  that  the  maximum  wind  speed  corresponds  to  a cumulative  probability  of  1.0  (that 
is,  use  the  cumulative  or  exceedance  probabilities  of  surface  wind  speeds,  given  that  the 
surface  wind  speed  is  less  than  the  maximum).  The  wind  speed  probabilities  are  presented 
on  Figure  4-69. 

The  problem  associated  with  wind  speed  may  also  be  alleviated  by  using  an  input 
probability  to  determine  a single  surface  wind  speed  to  be  used.  However,  as  mean  wind 
speed  increases,  the  Richardson’s  number  distribution  narrows  and  it  is  possible  that  the 
highest  surface  wind  speed  is  not  the  most  severe  one. 

Limitations  on  the  maximum  levels  of  atmospheric  stability  and  instability  that  must  be 
considered  are  not  provided.  This  may  in  part  be  due  to  relative  ignorance  about  the  effects 
of  atmospheric  stability,  the  paucity  and  variability  of  empirical  data,  and  simply  the  fact 
that  stability  is  not  a parameter  measured  and  reported  by  airport  towers. 
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FIGURE  4-67.  -PROBABILITY  MODEL  SCHEMA  TIC 


Extreme  levels  of  instability  may  result  in  extreme  levels  of  turbulence,  even  for  reasonable 
mean  wind  speeds.  It  is  likely  that  there  is  some  extreme  turbulence  level  in  which  an 
approach  would  not  be  performed.  Hence,  a restriction  resulting  in  a maximum  level  of 
instability  is  feasible  and  greater  instabilities  need  not  be  considered. 

The  extremely  stable  conditions  present  a different  problem.  As  stability  increases, 
turbulence  decreases  until  it  disappears  altogether.  As  discussed  in  the  next  subsection,  the 
mean  wiud  speed  and  speed  shear  at  altitude  at  first  increase  as  a ratio  times  the  wind  speed 
at  the  surface  then  decrease  as  stability  increases.  Also,  at  extremely  stable  conditions,  the 
likelihood  of  atmospheric  discontinuities,  such  as  low  altitude  inversion  layers  which  are 
difficult  to  model,  increases,  invalidating  models  providing  continuous  variations  for  altitude 
changes. 

it  can  be  argued  that,  rather  than  discarding  all  random  samples  corresponding  to 
cumulative  or  exceedance  probabilities  for  which  Richardson’s  numbers  are  not  defined,  the 
last  stated  value  should  be  used.  This  at  least  would  be  more  representative  of  the  more 
extreme  value  that  should  be  used  and  can  be  expected  to  frequently  give  the  same  result  in 
terms  of  success  or  failure.  This  is  the  suggested  approach  to  be  used  with  Figures  4-70,  -71. 
and  72.  obtained  from  the  selected  descriptions.  Fortunately,  the  most  extreme  levels  of 
stability  occur  at  the  lowest  surface  wind  speeds,  thus  reducing  their  effect. 
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FIGURE  4-71. -CUMULATIVE  PROBABILITY  OF  R/AT GIVEN  WIND  SPEEDS, 
12  TO  24  KT 
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4.5.2  Mean  Wind  Model 

The  descriptions  of  the  mean  wind  profile  and  the  mean  wind  shear,  selected  from 
alternative  descriptions  provided  by  the  literature,  are: 


Where  $(hy/i'),  f(hyy/£')  and  g(hyy/2')  are  given  on  Figures  4-73,  4-74,  4-75,  and  4-76, 
which  describe  the  functions: 

h/£'<0: 


R: 


(1  - 18  Rjl 


_ _ <P  (W) 

>a’  ■ iwr 


d* 


= f(f')-(T 


W)f  f(*)d* 
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1 > h/8'  > 0: 

*($)  - I -0  + 4.5  (*jp) 
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FIGURE 4- 73. — NOND! ME NS/ONA L SHEAR 
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FIGURE  4-75.— CONTRIBUTION  OF  NON-NEUTRAL  STABILITY  TO  MEAN  WIND 


FIGURE  4-76.-VAR /ABLE  SHEAR  STRESS  CORRECTION  TO  WIND  PROFILE 
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AM  other  terms  required  for  generating  the  mean  wind  profile  and  mean  wind  shear  remain 
constant  throughout  a simulation  and  may  be  computed  prior  to  the  running  of  the 
simulation: 

• Combinations  of  V20  and  R^g  are  determined  from  the  probability  model  or 
may  be  user  specified. 


u*r./k 


"=7  — presented  on  Figure  4-77  as  a function  of  R:  , which  describes 
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• 1/8'  presented  on  Figure  4-78  as  a function  of  Ri2g»  which  describes 
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The  mean  wind  profile  and  the  mean  wind  shear  could  have  been  specified  directly  in  terms 
of  Richardson’s  number  at  each  altitude  without  introducing  the  explicit  dependence  on 
h/fi'.  However,  it  then  would  have  been  necessary  to  compute  Richardson’s  number  at  each 
altitude,  a computation  that  would  r .quire  a table  lookup.  Using  h/£'  eliminates  the  table 
lookup  during  the  simulation,  simplifying  the  simulation;  table  lookups  for  determining  h/fi ' 
from  R$2q  are  performed  before  the  running  of  the  simulation. 

The  detailed  procedure  for  computing  the  wind  and  turbulence  model  parameteis  is 
provided  schematically  on  Figure  4-79  and  is  described  as  follows: 


Initial  condition  calculations 

Determine  1/fi'  from  R^q  using  Figure  4-78 
Determine  (u,Q/k)/V2o  from  R^q  usi-.*  Figure  4-77 

- Compute  u*Q/k  = l(u*0/k)/V20l  V20  and  u*Q  = 0.4(u*0/k) 

- Compute  d = 800(u*Q/k) 

On-line  calculations 

- Compute  hcc/d 


- Compute  hty/d  = 


hCG^’ 
1 , 


hCG<  d 

hcc 


where  hyy  is  the  altitude  used  in  the  wind  and  turbulence  models.  Limiting 
hty/d  to  one  ensures  that  the  mean  wind  will  be  constant  above  the 
boundary  layer. 

Compute  1 - (h^y/d),  h^y/g',  and  h^y  = (hyy/d)d 

The  detailed  calculations  for  determining  the  mean  wind  (used  for  point  aerodynamic 
effects)  and  the  mean  wind  shear  terms  (used  for  distributed  lift  effects)  are  presented 
schematically  on  Figure  4-80  and  are  described  as  follows: 


• Compute  ln(l  + (20/3)  hyy),  or  use  table  lookup.  This  is  the  adiabatic 
contribution  to  the  mean  wind. 

• Determine  f(h^y/£'),  the  contribution  of  nonadiabatic  thermal  conditions  to  the 
mean  wind,  from  Figures  4-74  or  4-75. 

• Determine  g(hyy/'£'),  the  contribution  of  the  altitude  vacation  of  shear  stress  to 
the  mean  wind,  from  Figure  4-76. 


FIGURE  4 79.  -SCHEMA  TIC  OF  CALCULA  TIONS 
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• Compute 


v -H!9 

vw— r 


In(!  y hw)  + f 


• Determine  fkh/u„,Q)(dViy/3h),  the  constant  shear  stress  nondimensional  shear, 
from  Figur.  r-73  using  h yy/£\ 

• Compute 


fXw=%/kh  / hW\  1 
dh  k \u*0  3h  / \ d / hw 


This  is  the  wind  speed  shear. 


4.5.3  Turbulence  Model 


Three  uncorrelated  components  of  mean  wind  axis  system  turbulence,  all  measured  at  the 
same  point,  are  produced  by  passing  samples  of  band-limited  white  noise  having  a Gaussian 
probability  density  distribution  through  gains  and  filters  which  cause  the  outputs  to  have 
power  spectra  approximating  the  Von  Karman  spectral  snapes.  The  filter  time  conslants  and 
the  gains  are  dependent  upon  the  airspeed,  integral  scales,  and  turbulence  variances.  A 
qualitative  description  of  this  procedure  is  provided  on  Figure  4-81. 


FIGURE  4-81. -GENERATION  OF  TURBULENCE  VELOCITY  SCHEMATIC 
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The  Von  Karman  spectra  for  the  components  in  the  direction  of  the  mean  wind, 
perpendicular  to  the  right  of  the  direction  in  the  mean  wind  in  the  horizontal  plane,  and 
vertically  downward,  respectively,  are  given  by 
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where  SI  = w/V^,  and  where  the  variances  and  the  power  spectra  are  related  by 


OO 

ai2=:  j ) dS2, 


4.5.3. 1 Noise  Generator 


Any  procedure  producing  noise  with  a flat  unit  amplitude  power  spectrum  over  the 
frequency  range  of  interest,  thus  implying  negligible  serial  correlation,  and  having  a 
probability  density  distribution  that  does  not  deviate  significantly  from  a Gaussian 
distrib>  '.ion  for  amplitudes  up  to  ±3o  is  an  acceptable  noise  generator. 

A particular  routine  for  use  on  digital  binary  computers  that  provides  a good  combination 
o.'  efficiency  (computation  time  and  memory  requirements)  and  accuracy  is  described  as 
follows: 

( 1 ) Generation  of  uniform  distribute  ween  0 and  1 

(a)  Choose  positive  odd  integer  for  xg 

(b)  Choose  an  integer  K = 8t±3,  where  t is  a positive  integer  giving  a value 
for  k close  to  2^/2  and  where  b is  the  number  of  binary  bits  in  a 
computer  word. 

(c)  Compute  kxg  using  fixed  point  integer  arithmetic.  The  product  is  stored  on 
two  registers.  The  lower  order  b bits  arc  retained  and  are  equal  to  the  new 
number  x i . 


(d)  Compute  rj  = Xj/2^.  The  term  rj  is  a random  number  from  a uniform 
probability  density  distribution  between  0 and  1 . 

(e)  Each  successive  random  number  xj  is  obtained  from  the  b lower  order  bits 
of  the  product  kXj.j. 

(2)  Generation  of  Gaussian  distribution 

From  two  successive  samples  from  a uniform  distribution,  rj  and  compute  a 
sample  from  a Gaussian  distribution,  g,  by : g = (-2  In  r j )l/2  cos(2jrr2> 

(3)  Spectrum  adjustment 

Adjust  the  magnitude  of  g to  provide  a spectrum  of  unit  amplitude  by 
multiplying  g by  2*/At,  where  At  is  the  computation  frame  time.  The  product  is 
the  input  to  the  turbulence  filter. 

(4)  Multiple  components  of  turbulence 

Perform  the  entire  process  (1,2,  ana  3)  three  times  within  each  computation 
cycle,  once  for  each  of  the  three  components,  using  six  successive  samples  from 
the  uniform  distribution. 

The  method  for  generating  the  uniform  distribution  is  known  as  the  “multiplicative 
c<  .'•gruential”  or  the  “power  residue  method.”  The  method  for  generating  the  Gaussian 
distr.c  :<on  from  the  uniform  distribution  is  known  as  the  “direct  method.” 

4.5.3. 2 Turbulence  Statistics,  Mean  Wind  Axis 

The  standard  dev:  <iions  and  integral  scales  for  the  components  of  turbulence  aligned  to  the 
mean  wind  axis  y/stem  are  generated  in  accordance  with  the  selected  description  as 
presented  on  Figure  4-82  and  as  described  in  the  following: 

Determine  oy/ u*(h/£')  from  Figures  4-83  or  4-84 

Calculate  oy  = (oy/u*)  ( 1 - h/d)  u*Q 

Determine  from  Figure  4-85 

Calculate  a ^ = (Of^/Oy)°y 

Identify  Ly  = h^r  < 1000  ft 

Calculate  Ljj  = Ly(o^j/oyl 

4.5.3.3  Turbulence  Filters 

Upon  assurance  that  the  random  noise  has  a flat  spectrum  of  unit  amplitude,  it  remains  to 
develop  filters  having  frequency  responses  equal  to  the  square  roots  of  the  turbulence  power 
spectra. 
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FIGURE  4-82.  -SCHEMA TIC  OF  CALCULA  TION  OF  MEAN  WIND  AXIS 
TURBUL  ENCE  STA  TISTICS 


First,  it  must  be  ensured  that  the  spectrum  being  matched  is  two  sided.  That  is, 
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FIGURE  483.  -o^/u.  VARIATION  WITH  STABILITY 


The  latter  form  has  twice  the  amplitude  of  the  former  and  is  used  when  output  variances  are 
computed  from  the  output  spectrum  by  numerical  integration.  The  knowledge  that  the 
spectrum  is  even  is  used  to  enable  integration  over  half  the  frequency  domain.  The  variance 
is  then  twice  the  integral.  However,  rather  than  defining  the  variance  as  twice  the  integral 
from  0 *o  oo,  a one-sided  spectrum  has  been  defined,  with  twice  the  amplitude  of  the 
two-sided  spectrum.  Unfortunately,  the  one-sided  spectrum  has  been  carried  over  to 
simulation.  The  effect  is  turbulence  with  twice  the  intended  variance  since,  by  the  Fourier 
integral  inversion  theorem, 


x(t)  = 


OO 

f x(u>)  e'w*  dw  , 
?00 


all  frequencies  from  -«>  to  oo  transform  into  time;  there  is  no  way  to  restrict  a temporal 
process  to  producing  a half-plane  power  spectrum. 

A second  point  of  confusion  is  the  units  of  the  spectrum.  The  appearance  of  the  gain  of  l hr 
in  the  spectra  is  often  erroneously  assumed  to  represent  a conversion  of  units  from 
(velocity)2/(rad/sec)  to  (velocity)^/(cycles/sec).  The  Von  Karman  spectra  presented  are  in 
terms  of  1 /(rad/sec). 
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To  convert  from  spacial  frequency  to  temporal  frequency,  Taylor’s  hypothesis,  = w/V^. 
requiring  the  variance  to  be  the  same  in  either  domain,  is  used: 


00  1 /*° 

= J J 4>(nj)do) 


00 

■ / * 


(o>)  dec 


4>’(w)  = 77-  4>(fi) 
VA 


To  approximate  the  Von  Karman  spectra,  filters  must  approximate 


,y4>v(to)  = aH 


JVU)=  °V 


ihese  square  roots  of  the  temporal  frequency  Von  Karman  power  spectra  are  shown  on 
Figure  4-86. 

The  ultimate  test  as  to  whether  a filter  correctly  represents  a given  power  spectrum  is  to  test 
the  contribution  of  each  frequency  to  the  total  variance  within  the  frequency  range  of 
interest.  This  is  not  the  same  as  ensuring  that  the  total  variance  is  the  same. 
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FIGURE  4-86. — TURBULENCE  F/L  TER  DESIGN 


It  is  often  assumed  that  the  filters  that  exactly  produce  the  Dryden  spectra  represent  the 
Von  Karman  spectra  well.  This  does  not  appear  to  be  the  case,  as  seen  on  Figure  4-87,  unless 
the  maximum  frequency  of  interest  is  below 


w<  0.05- 


-H 


and 


VA 

w<0.09-~ 

LV 

which  is  quite  unlikely  for  landing  approach.  The  Dryden  spectra,  although  having  the 
correct  variance,  overpredicts  the  Von  Karman  spectra  by  as  much  as  25%  at  the  frequencies 
having  the  greatest  contribution  to  the  variance.  The  greater  contribution  to  the  variance  at 
the  intermediate  frequencies  by  the  Dryden  spectra  is  compensated  by  a lesser  contribution 
at  the  very  high  frequencies.  The  very  high  frequencies,  however,  will  be  beyond  the 
maximum  frequency  of  interest;  they  have  a negligible  contribution  to  the  output  response 
or  variance.  It  is  most  likely  that  use  of  the  Dryden  spectra  will  overpredict  the  airplane’s 
responses  to  turbulence. 

Much  better  filter  approximations  are  obtainable.  Examples  are  those  on  Figure  4-88,  whose 
asymptotes  are  shown  on  Figure  4-87,  and  which  are  compared  to  the  Von  Karman  spectra 
on  Figures  4-89  and  4-90.  The  error  on  Figures  4-89  and  4-90  is  reduced  to  less  than  3%, 
except  at  very  high  frequencies.  The  high  frequencies  can  be  matched  better  as  higher  order 
filters  are  used,  but  the  filters  on  Figure  4-88  are  expected  to  satisfy  the  simulation 
requirements  for  almost  all  aircraft  during  approach  and  landing.  No  first  order  filter  for  the 
longitudinal  spectrum,  comparable  to  the  Dryden  filters,  could  be  found  that  would 
adequately  represent  the  right  side  of  the  peak  on  Figure  4-89.  Similarly,  second  order 
filters  could  not  be  found  for  the  transverse  spectra. 

The  filters  must  be  reduced  to  first  order  lags,  with  the  Laplace  transform  variable,  s, 
appearing  only  as  integrator  (1/s).  A series  of  first  order  lags  may  be  used,  but  the  parallel 
arrangement  on  F:gure  4-91,  obtained  by  a partial  fraction  expansion,  is  preferred,  as  it  is 
considered  easier  to  implement  and  check  out. 

4.5.4  Transformations 

Axis  system  transformations  provide  the  interrelationship  between  the  mean  wind  axis 
system,  in  which  the  characteristics  of  the  wind  and  turbulence  are  defined,  and  the 
airplane’s  body  axis  system,  in  which  aircraft  motion  is  defined.  Specifically,  transforma- 
tions are  needed  to  define: 

• Body  axis  components  of  the  mean  wind 

• Body  axis  components  of  the  mean  wind  shear 

• Body  axis  components  of  turbulence. 


Von  Karman  spectra 


FIGURE  4-87 -COMPARISON:  DRYDEN  AND  VON  KARMAN  VARIANCE  DENSITY 
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FIGURE 4-88. —TURBUL ENCE  FILTERS 


The  required  transformations  have  been  discussed  previously  and  are  presented  on 
Figure  4-92. 

4.5.5  Aerodynamic  Parameters 

The  aerodynamic  parameters  are  those  upon  which  aerodynamic  forces  and  moments  are 
dependent  and  can  be  represented  by  suitable  modifications  of  the  velocity  distributions 
over  the  airplane. 

The  velocity  distribution  about  the  airplane  is  represented  by  four  parts,  made  up  of 
combinations  of  mean  wind  or  turbulence,  and  point  lift  or  distributed  lift  effects.  It  is 
generaily  necessary  to  provide  separate  buildups  of  wing-body  (where  the  primary  body 
effects  are  considered  to  come  from  the  carryover  of  wing  lift)  and  tail  forces  and  moments 
for  turbulence  simulation  during  landing  approach. 

The  effective  linear  velocities  at  the  center  of  gravity  used  for  wing-body  aerodynamics  are 
made  up  of  the  sum  of  the  mean  winu  components  and  the  turbulence  components: 
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BODY  AXIS  MEAN  WIND  COMPONENTS 
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Effective  body  axis  wind  anguiar  velocities  for  wing-body  terms  are  related  to  the  first  order 
Taylor-series  terms  and  have  mean  wind  and  turbulence  contributions: 


PWCG  ' pWCG  + PT 

qwCG  ' qwCG+qr 

rwcc  ’Twcc  + rT 


; 

where 
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PwCG 

Sxj 


8ww  _ 3ww  dh  _ 
3y  3h  dy  ~ 

3ww  _ 3ww  ^ 
3x  " 3h  dx 


3w^r 

cos  6 sin  0 


3wyy 

-jr*'' 


There  are  two  contributions  to  wing-body  effective  yaw  rate:  one  due  to  the  normal  force 
variation  in  the  chordwise  direction  and  one  due  to  the  spanwise  distribution  of  the 
longitudinal  force. 
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Only  the  penetration  distributed  lift  effects  of  turbulence  are  represented.  Thus, 

PT  = 0 

The  remaining  angular  turbulence  terms  are  obtained  by  filtering  the  linear  turbulence 
components: 

1 s 

qT  ~ ~ VA  1 + 2c/ttVaswT 

(rT>Z  = 1 + 2c/irVAsvT 


Ar'V'f* 


Linear  wind  accelerations  are  determined  from  the  mean  wind  shear  components  and 
filtered  derivatives  of  turbulence  velocities,  as  done  for  the  angular  components,  by 
recognizing  that  turbulence  is  represented  as  being  variable  only  with  distance: 


. _ 3uW  dx_  9 f-  . „ , v 

uw  --aTdt-^luw  + uT1  vacg 


9uw  / s \ 
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Inc  effect  of  turbulence  on  the  velocities  at  the  tail  derives  from  two  sources:  the  direct 
effect  of  the  turbulence  velocities  plus  the  effect  of  the  wing-body  on  the  tail,  as  measured 
in  terms  of  downwash  and  sidewash. 

No  v/ing-body  effect  is  provided  for  the  longitudinal  wind  component.  The  turbulence  at 
the  tail  is  described  in  terms  of  that  at  the  center  of  gravity,  delayed  by  the  amount  of  time 
required  to  traverse  the  distance  equal  to  the  tail  length.  Thus, 


'TAIL 


UwCG-  9x 


-sEt/Va 


■ cos  0 cos  0 


Downwash  and  sidewash  reduce  the  magnitude  of  angle  of  attack  and  sideslip  at  the  tail  and 
are  assumed  to  be  linearly  related  to  wing  lift  and  side  force,  respectively.  Wing  lift  and  side 
force  are  in  turn  assumed  to  be  determined  significantly  only  by  angle-of-attack  and  sideslip 
angle.  That  is,  the  wing-body  effects  on  the  tail  due  to  turbulence  are: 
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Similarly, 


-sSt/Va 
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(AWT)TAIL="fe  wt  K(s)  e-s®T^A 


(AVt)TAIL  = -|fvTK(s)e'SeT/VA 


The  transport  lag  accounts  for  the  time  required  for  the  downwash  to  reach  the  tail,  and  no 
additional  contributions  of  the  tail  to  a and  j}  derivatives  are  to  be  used.  The  total 
expressions  for  the  wind  velocity  vertical  and  lateral  components  are: 
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When  the  lengths  from  the  wing-body  aerodynamic  center  to  the  aerodynamic  centers  of  the 
vertical  and  horizontal  tails  are  significantly  different,  the  side  velocity  should  be  based  on 
the  vertical  tail  arm,  the  vertical  velocity  should  be  based  on  the  horizontal  tail  arm,  and 
two  longitudinal  velocity  terms  should  be  computed.  Generally,  unless  the  horizontal  and 
vertical  tails  are  on  opposite  ends  of  the  airplane,  the  tail  arms  will  be  close  enough  to 
warrant  using  an  average  length  (for  canards,  tail  lengths  are  negative). 

Neither  tail  lift  growth  nor  the  distribution  of  turbulence  over  the  tail  surfaces  are 
accounted  for,  as  their  presumed  relatively  small  dimensions  make  these  effects 
insignificant. 
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One  additional  tail  term  has  not  yet  been  accounted  for:  die  effective  wind  roll  rate  due  to 
the  vertical  distribution  of  the  lateral  component  of  mean  wind  over  the  vertical  tail.  This 
term  is: 

3vu/  3vw 

PwTAIL  = PwTAIL  = "3?  ’ TiT  cos  c“  * 

From  the  wind  and  inertial  velocity  components,  the  effective  velocities  with  respect  to  the 
air  mass  are  developed: 


Uacg 

*acg 


= uW(s)  - UW  i:(s) 
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Tail  inertial  and  effective  wind  angular  velocities  for  the  use  v/ith  rate  derivatives,  other  than 
roll  rate,  do  not  appear  explicitly  but  arc  involved  in  the  computation  of  linear  velocities  at 
the  tail. 

The  angle  of  attack  and  its  time  derivative,  sideslip  angle,  airspeed,  and  dynamic  pressure  at 
both  the  wing  and  tail  are  determined  from  the  linear  airspeed  components  by: 


Linear  components 
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Wing-body  terms  j 
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The  appropriate  Kiissner  and  Wagner  lift  growth  filters,  K(s)  and  W(s),  are  determined  from 
Table  4-2  and/or  Figure  4-30,  according  to  the  three-dimensional  wing-body  lift  curve  slope. 
The  Kiissner  lift  growth  function  can  correctly  modify  the  total  center  of  gravity  wind 
components,  or  the  sum  of  turbulence  and  mea  i wind,  rather  than  just  the  turbulence 
component.  The  difference  will  be  negligible  as  the  mean  wind  along  the  flight  path  will  not 
change  fast  enough  to  cause  significant  attenuation. 

The  transport  lags  are  perhaps  easiest  to  represent  in  a digital  computer  by  storing  past 
values.  The  maximum  error,  by  this  method,  is  an  error  of  the  time  delay  equal  to  half  the 
frame  time.  Then,  if  10  rad/sec  is  representative  of  the  maximum  frequency  of  interest,  the 
error  can  be  expressed  as  a phase  angle: 

Atf>  = coAt/2  = 5 At 

for  At  = 40  milliseconds  and  A0  = 0.2  rad  = 11 .5®. 

An  alternate  technique,  if  it  is  known  that  large  percentage  changes  of  airspeed  do  not 
occur,  is  to  use  two  deterministic  processes  for  generating  the  noise.  The  starting  numbers 
are  adjusted  so  the  noise  sequences  are  displaced  by  time  equal  to  the  transport  lag.  Then, 
one  noise  source  is  used  for  wing-body  turbulence  and  the  delayed  source  for  turbulence  at 
the  tail.  This  method  may  be  particularly  attractive  for  analog  simulations  using  digital  shift 
register  noise  generators. 

If  neither  of  the  above  transport  lag  methods  is  feasible,  filter  approximations  to  the 
transport  lag,  such  as  those  on  Figure  4-29,  may  be  used. 
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The  equations  for  the  aerodynamic  parameters  for  th  wing-body  and  the  tail  are  collected 
and  presented  on  Figures  4-93  and  4-94,  respectively. 

4.5.6  Aerodynamic  Forces  and  Moments 

The  aerodynamic  forces  and  moments  are  built  up  by  first  building  up  the  separate 
wing-body  forces  and  moments,  based  on  their  respective  aerodynamic  parameters.  For 
example,  pitching  moment  may  be  built  up  by 


M = CMwb  (ttcG’  6cWB’  qWB)  qS  + fi»  % (°H’  V qHSH 


The  subscript  H refers  to  horizontal  tail  characteristics  and  $C\yg  an(*  ®c^  refer  to  control 
surfaces  assigned  to  the  wing-body  and  the  tail.  With  the  exception  of  the  effective  tail  roll 
rate,  caused  by  the  vertical  gradient  of  wind  over  the  vertical  tail,  tail  contributions  to 
moments  are  found  from  the  tail  forces  and  the  moment  arms.  The  contributions  of  the  tail 
roll  rate,  in  terms  of  linear  derivatives  are 

iY  “ (^v-WHS 

AL  “ (%)V>WHS» 

AN  ’ MvWh* 


where  the  subscript  V refers  to  the  vertical  tail  contribution  and  where  the  coefficients  ai . 
based  or.  wing  area. 

There  are  two  wing-hody  yaw  rate  effects:  the  chordwise  change  of  the  wing  normal  force, 
and  the  spanwise  force  distribution  change  due  to  the  difference  in  forward  speed  along  the 
span,  referred  to  as  the  Z and  X effects.  Wing-body  yaw  rate  derivatives  are  identified  as  to 
their  source  and  combined  by 

AC'WB=(C'rJx  ('AWb)x+  Kwb)z  ('AW»)Z 

When  it  is  determined  that  the  aerodynamics  are  sufficiently  linear,  the  inertia!  velocity 
effects  on  motion  may  be  represented  by  total  airplane  coefficients  and  the  incremental 
effects  of  winds  by  separate  wing-body  and  tail  effects. 

Upon  development  of  the  aerodynamic  forces  and  moments,  their  application  in  the 
equation  of  motion  is  conventional. 
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FIGURE  4-93.— WING-BOD  Y BODY  AXIS  AERODYNAMIC  PARAMETERS 
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4.S.7  Model  Simplifications 

A great  number  of  simplifying  assumptions  have  been  applied  to  develop  the  model  for  two 
reasons: 

1 ) The  assumption  was  necessary  to  develop  any  model. 

2)  It  was  reasonably  certain  that  making  the  assumption  would  not  significantly  alter 
the  output  spectrum  and  the  output  probability  density  distribution  within  the 
frequency  region  of  concern  for  any  aircraft. 

For  any  particular  airplane,  I here  are  undoubtedly  additional  suitable  assumptions.  The 
criteria  for  determining  the  suitability  of  an  assumption  continue  to  be  the  same:  a 
simplification  of  assumption  is  acceptable,  provided  they  do  not  cause  significant  changes  of 
the  probability  distribution  of  the  output  motion  nor  cause  significant  changes  of  the 
output  spectra  for  the  lelevant  motion  parameters. 


There  is  one  assumption  in  particular  that  is  used  almost  univeisally  for  simulation- the 
assumption  of  neutral  atmosphere.  If  this  assumption  can  be  made,  a great  number  of  wind 
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and  turbulence  model  simplifications  become  possible.  However,  from  the  probability 
model,  a narrow  distribution  of  atmospheric  stability  at  the  surface  about  neutral  occurs 
only  for  very  high  wind  speeds.  To  ensure  small  levels  of  nonneutral  stability,  it  must  be 
valid  to  either  conside  • only  the  mean  level  of  stability  ai  high  wind  speeds  or  to  assume 
that  only  the  altitudes  very  close  to  the  surface  are  significant. 

Using  only  mean  conditions,  or  conditions  very  near  the  mean,  implies  that  interest  is  in  the 
mean  response,  or  the  responses  near  the  mean,  not  in  the  whole  of  the  distribution. 
Assuming  mean  conditions  implies  either  that  interest  is  not  in  failure  probabilities  or  the 
more  remote  events,  or  it  implies  ihat  the  relationship  between  the  mean  response  and  the 
rest  of  the  response  distribution  is  known. 

For  those  applications  that  are  concerned  with  high  mean  wind  levels,  the  following 
functions  are  simplified: 
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*(h/8')  = *(0)=  1 
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The  model  for  the  mean  wind  and  the  statistical  turbulence  parameters  reduce  to: 
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For  those  applications  for  which  it  can  be  shown  that  the  winds  and  turbulence  at  the 
higher  altitudes  have  an  insignificant  effect,  simplification  results  from  assuming  h^r/d  as  0. 
Then,  the  function  g(hyy/8')  is  not  needed  and  h " hyy.  If  this  assumption  is  combined  with 
the  assumption  of  high  wind  levels,  the  mean  wind,  mean  wind  shear,  and  rms  level  for 
vertical  turbulence  reduce  to: 
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dh 
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Two  other  classes  of  simplifications  are  possible:  those  which  can  be  shown  to  be 
conservative  and  those  which  can  be  shown  to  r.ot  significantly  affect  aircraft  response. 

Simplifications  that  normally  would  be  conservative  include: 

• Deletion  of  lift  growth  (unsteady  aerodynamics)  representation. 

• Use  of  the  Dryden  spectra. 

• Deletion  of  h/d  effects  in  the  mean  wind,  mean  wind  shear,  and  the  rms  turbu- 
lence models. 

• Constant  rms  levels  for  horizontal  turbulence  equal  to  that  at  the  surface,  L.'t 
without  corresponding  changes  of  the  horizontal  integral  scales. 

• Assignment  of  the  probability  of  exceeding  R^q  = 1 .0  to  the  probability  of 
incurring  R|2q=  10  (no  turbulence  exists  for  Rj-q  >1.0  and  the  shear  at  any 
altitude  reduces  for  more  stable  conditions).  ' 

This  list  is  not  intended  to  be  exhaustive.  Conservatism  imposes  an  economic  penalty 
associated  with  overdesign.  The  list  does  not  include  the  assumption  of  integral  scales 
invariant  with  altitude.  Although  a single  worst  integral  scale  may  be  found  for  a single 
touchdown  parameter  and  a particular  airplane,  the  critical  integral  scale  will  vary  from 
airplane  to  airplane,  with  approach  speed,  and  with  different  touchdown  parameters.  When 
normal  acceleration  feedbacks  are  in  danger  of  saturation  due  to  turbulence,  short  integral 
scales  are  critical.  When  touchdown  rates  of  sink  are  near  those  causing  structural  failure  of 
the  landing  gear,  integral  scales  causing  maximum  turbulence  power  near  the  short  period 
become  critical.  For  touchdown  dispersions,  critical  integral  scales  tend  to  be  longer.  For 
excessive  attitudes  at  touchdown,  still  another  critical  integral  scale  (or  scales)  would  be 
specified. 

Simplications  that  might  be  shown  to  not  significantly  affect  airplane  response  or 
touchdown  performance  for  a particular  airplane  include: 

• Small  angle  approximations  to  the  transformations. 

• Separate  longitudinal  and  lateral-directional  simulations. 

• Represent  gust  penetration  (longitudinal  distributed  lift  effects)  by  effective 
turbulence  pitch  and  yaw  rales  rather  than  separate  wing  and  tail  buildups  with  a 
transport  lag  or  use  a point  representation  rather  than  using  any  distributed  lift 
representation.  Simpler  distributed  lift  representations  are  possible  with  higher 
airspeeds  and  shorter  tail  lengths. 

These  simplifications  are  generally  nonconservative  and  would  require  substantiation.  L inear 
analysis  might  be  sufficient  for  substantiating  distributed  lift  simplifications. 
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4.6  ANALYSIS  OF  TOUCHDOWN  PERFORMANCE 

Traditionally,  adequate  touchdown  performance  has  been  demonstrated  by  generating 
distribution  curves  for  each  of  the  parameters.  Then  it  is  shown  from  these  distribution 
curves  that  the  probability  of  exceeding  a critical  value  is  more  remote  than  required.  For 
example,  compliance  for  longitudinal  touchdown  dispersion  may  be  shown  by  generating 
from  a simulator  the  probability  distribution  for  touchdown  points  relative  to  a nominal 
point.  If  the  probability  of  exceeding  1500  feet  from  the  nominal  point  is  less  than  0.01, 
the  airplane-autoland  system  is  acceptable. 


This  procedure  should  then  be  repeated  for  all  significant  parameters: 
• Longitudinal  touchdown  dispersion 


• Lateral  touchdown  dispersion 

• Rate  of  sink  at  touchdown  to  ensure  structural  limits  are  not  exceeded 

• Pitch  attitude-excessive  angles  at  touchdown  can  cause  structural  problems  due 
to  the  tail  or  the  nose  gear  striking  first 

• Bank  angles  -excessive  angles  of  touchdown  may  cause  wing  tip  or  nacelle  strikes 

• Crab  angles-excessive  angles  may  cause  structural  failure  due  to  excessive  side 
loads  on  the  landing  gear. 

Data  for  each  of  the  parameters  may  be  collected  singly  or  in  combination  with  data 
collected  for  other  parameters.  A 3°  longitudinal  simulation  may  be  nin  to  collect  data  for 
the  longitudinal  parameters  and  another  separate  three-degree-of-frecdom  simulation  may  be 
run  for  the  lateral-directional  parameters.  Even  further  breakdowns  may  occur:  landings  in 
mean  wind  and  turbulence  may  be  performed  separately;  separate  landings  for  longitudinal 
and  vertical  turbulence  may  be  performed. 

For  each  type  of  simulation  about  3,000  runs  are  required.  For  example,  fora  longitudinal 
simulation,  10  wind  speeds  with  100  runs  each,  plus  1000  runs  at  the  maximum  wind  speed 
is  likely.  This  gives  at  least  100  points  associated  with  probabilities  more  remote  than  10'^. 
If  the  simulation  is  broken  down  only  into  longitudinal  and  lateral-directional  simulations, 
4000  runs  are  required.  In  order  to  perform  this  number  of  runs,  it  is  necessary  to  use 
analog  simulation  so  that  time  can  be  scaled.  A common  time  scaling  is  100  to  1. 


In  theory,  a simulation  of  any  complexity  can  be  performed  with  analog  simulators.  In 
practice,  the  complexity  of  the  simulation  is  restricted  by  the  amount  of  time  and 
equipment  available.  Hence,  it  is  necessary  to  use  analog  simulation  to  enable  the  number  of 
runs  required,  but  in  order  to  perfoim  an  analog  simulation,  it  is  necessary  to  simplify 
complex  simulations.  The  choice  may  well  be  between  an  insufficient  number  of  data  points 
with  an  accurate  model  on  a digital  computer  or  a sufficient  number  of  data  points  with  an 
inaccurate  model.  The  solution  often  results  in  a simplified  model  that  is  conservative. 
Conservatism,  however,  results  in  overdesign,  which  in  tun  results  in  economic  penalties. 
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This  procedure  is  objectionable  because  it  does  not  account  for  the  correlation  of  » 

parameters.  For  example,  do  excess  lateral  dispersions  occur  at  the  same  time  that  excess 
longitudinal  dispersions  occur?  The  acceptability  of  the  airplane-autoland  system  is  likely  to 
be  much  different  when  they  occur  independently  than  when  they  appear  together,  for  the 
number  of  unsafe  landings  for  the  number  of  total  landings  is  altered. 

Additionally,  when  the  simulation  is  broken  down  into  too  many  subsimulations,  the 
dependence  one  performance  parameter  has  upon  more  than  one  wind  parameter  may  be  j 

ignored.  For  example,  if  longitudinal  turbulence  and  the  mean  wind  are  simulated  only  to  ; 

determine  longitudinal  dispersion  and  vertical  turbulence  is  used  only  to  determine  rate  of  ! 

sink  at  touchdown,  the  dependence  of  dispersion  upon  vertical  turbulence  (caused  because 
touchdown  dispersion  is  the  measure  of  longitudinal  position  at  a specific  altitude, 
altitude  = 0)  and  the  dependence  of  rate  of  sink  on  the  horizontal  winds  (drag  rise  causes 
rate  of  sink  to  change  vith  airspeed)  are  ignored. 

All  these  problems  may  be  alleviated  ii  a sufficient  number  of  points  can  be  obtained 
efficiently  from  a digital  simulation  for  which  increased  complexity  does  not  impose  so 
severe  a problem.  The  following  presents  an  approach  that  can  be  used  with  a digital 
simulator. 

Consider  each  landing  to  be  measured  in  terms  of  a success  or  a failure  rather  than  in  terms 
of  quantitative  measures  of  each  parameter.  A success  occurs  when  each  touchdown 
parameter  is  within  its  prescribed  bounds.  The  objective  is  to  ensure  that  the  rate  of  failure 
(number  of  failures/number  of  landings)  does  not  exceed  a prescribed  level.  This  objective  is 
achieved  if  it  can  be  shown  that  the  probability  of  an  airplane  having  a failure  rate  greater 
than  a specified  amount  is  remote. 

Alternately,  the  question  is:  What  is  the  probability  that  there  will  be  r failures  in  n tests? 

The  question  is  answered  by  the  binomial  distribution,  which  describes  the  probability  of 
obtaining  r occurrences  in  n tests  when  it  is  known  that  the  average  rate  of  occurrence  for 
all  possible  tests  is  b: 


P(r  occurrences  in  n tests)  = 


n! 

r!(n  - 4)! 


br(l  -b)n'r 


Now,  to  devise  a test  whereby  n successive  landings  must  be  made  without  a failure,  r is 
set  to  zero  and  the  equation  is  solved  for  n 


P 


b°(  1 - b)n'°  = 


(1  - b)n 


n 


log(P) 
log(l  - b) 


— t^spy  z+?  4 


For  example,  if  unsafe  landings  may  occur  only  once  in  100  landings  (b  = 0.01),  and  we  do 
not  want  the  probability  of  accepting  an  airplane  having  a failure  rate  greater  than  0.01  to 
be  greater  than  10%, 


n a _ °.SiQ:  * I = 229 

n log(0.99) 

That  is,  at  least  229  landings  must  be  performed  without  any  failures  to  ensure  an 
acceptable  airplane-autoland  system  for  a simulation  containing  six-degree-of-freedom 
motion  and  all  wind  and  turbulence  parameters. 

Figure  4-95  shows  that  the  probability  of  accepting  a configuration  with  an  excessive  failure 
rate  can  be  reduced  substantially  with  a moderate  rise  in  the  number  of  landings  that  must 
be  performed.  For  example,  the  number  of  runs  required  for  0.01  probability  is  459.  A very 
low  probability  of  accepting  a configuration  with  an  excessive  failure  rate  is  not  required, 
for  if  such  a configuration  were  erroneously  accepted,  the  probability  that  the  failure  rate 
for  such  a configuration  was  much  greater  than  that  required  would  be  remote. 

The  choice  of  a 10%  probability  of  accepting  a configuration  having  an  unacceptably  large 
failure  rate  was  arbitrary  and  implies  that  the  probability  of  rejecting  a configuration  having 
a better-than-required  failure  rate  is  as  much  as  90%.  The  selection  of  a probability  of 
accepting  an  unsatisfactory  failure  rate  should  result  by  balancing  the  costs  of  overdesign 
against  the  consequences  of  not  meeting  a specific  failure  rate.  It  is  conceivable  that  a higher 
probability  is  appropriate.  Allowing  a finite  probability  for  accepting  a configuration  with 
excessive  failure  rates  is  not  a relaxation  of  requirements  compared  to  the  traditional 
method;  the  dispersion  associated  with  a specified  exceedance  probability  is  not  known  with 
certainty.  The  probability  of  accepting  a configuration  having  a greater  actual  dispersion  at 
the  specified  exceedance  probability  can  be  calculated. 

The  computer  lime  comparison  for  the  digital  simulation  example  requiring  229  runs  and 
the  analog  simulation  requiring  4000  runs  with  a 100-to-l  time  scaling  is 


Digital  simulation  time  _ 229 

Analog  simulation  time  4000/ 1 00 


= 5.725 


No  accounting  for  any  time  scaling  on  digital  computers  was  made,  although  some  time 
scaling  is  generally  possible.  A time  saving  occurs  if  the  tolerances  on  other  items  are  run 
simultaneously  with  the  wind  simulation.  For  example,  winds  and  turbulence  may  be  run 
simultaneously  with  a simulation  of  localizer  and  glideslopc  errors. 

For  a 130-knot  approach  speed  on  a 3®  glideslope,  the  mean  rate  of  sink  will  be  1 1.5  ft/sec. 
For  an  approach  begun  from  500  feet,  each  approach  and  landing  requires  43.5  seconds  plus 
some  additional  time  for  the  trim  and  flare.  Using  50  seconds  per  landing,  229  runs  can  be 
performed  in  3.18  hours.  This  amount  of  time  is  certainly  feasible  for  a digital  simulation, 
particularly  because  no  on-line  monitoring  is  required.  In  fact,  a number  10  or  20  times  as 
large  would  be  feasible  for  certification. 
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With  a little  more  sophisticated  thinking,  the  number  of  digital  simuhtor  runs  required  can 
further  be  reduced.  When  Richardson’s  number  at  an  altitude  of  20  feet  exceeds  1 .0,  there  is 
virtually  no  turbulence.  Then,  results  are  repeatable  for  a given  wind  speed,  heading,  and 
level  of  stability.  With  a few  runs,  boundaries  for  heading,  wind  speed,  and  Richardson’s 
number  can  be  determined  such  that  inside  the  boundary  there  v ill  never  be  a failure  and 

outside  the  boundary  there  will  always  be  a failure.  From  the  data  defining  the  probability 

distributions  of  heading,  wind  speed,  and  Richardson’s  number,  the  probabilities  of  being 
inside  and  outside  the  boundary  can  be  determined,  say  Pj  and  P2.  From  the  data  in 
Section  3.3.3, 1 , the  probability  of  exceeding  Rj2q  - 1.0  at  Cape  Kennedy  is  53%.  Then 

Probability  of  failure  = b = 0.47  P3  + 0.53(0*Pj  + 1*P2) 

b - 0.53P2 

P3  = “047 

For  b = 1 0'2,  P3  = 0.02 1 2 - 1 . 1 29  P2  = probability  of  failure  for  Rj  < 1 . 

If  it  turned  out  that  P2  = 0.005,  the  number  of  runs  required  to  evaluate  all  cases  for  which 
R^q  < 1 0 would  be 

„ _ log  (0.1) _ log  (0-1) 

n ~ log  1 1 - (0.02 1 2 - 1 . 1 29  • 0.005)]  ~ log  (0.9844) 


= 147  runs 

If  fewer  than  82  runs  are  required  to  establish  the  probability  of  failure  given  Richardson’s 
number  is  greater  than  1,  a net  savings  in  the  number  of  runs  required  is  realized. 

The  problem  may  also  be  partitioned  according  to  wind  speed.  For  high  wind  speeds,  the 
distribution  of  Richardson’s  r.umber  at  the  surface  is  quite  narrow  about  neutral  conditions. 
Then,  for  high  wind  speeds,  the  neutral  atmospheric  stability  model  is  applicable  and  the 
simulation  model  is  grer.tly  simplified.  The  low  wind  speed  conditions  may  then  be  run  on  a 
digital  simulator  and  the  high  wind  speed  conditions  would  be  run  on  either  digital  or  analog 
simulators. 

In  conclusion: 

1 ) Evaluation  of  touchdown  performance  need  not  be  performed  by  computing  the 
exceedance  probabilities  for  each  touchdown  parameter.  Rather,  each  touchdown 
may  be  considered  as  a failure  or  success,  depending  on  whether  all  parameters  are 
within  specified  bounds.  The  latter  approach  leads  to  a significant  savings  of  the 
number  of  landings  required  to  ensure  a satisfactory  airpiane-autoland  system. 


The  reduced  number  of  required  runs  enables  the  use  of  digital  simulation. 


f 
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3)  The  use  of  digital  simulators  enables  simultaneous  evaluation  of  all  six  degrees  of 
freedom  in  the  presence  of  all  components  of  wind  and  turbulence  and  in  the 
presence  of  other  factors  influencing  touchdown  performance,  such  as  beam 
errors.  This  results  in  a reduction  of  the  number  of  runs  and  time  required. 

4)  The  number  of  runs  required  can  be  reduced  by  partitioning  the  problem  such  as 
according  to  the  level  of  atmospheric  stability. 

5)  The  time  required  to  perform  the  evaluation  on  a digital  computer  as  compared  to 
traditional  methods  using  an  analog  is  efficient. 
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APPENDIX  4A 

DERIVATION  OF  GENERAL  RELATIONSHIP  BETWEEN 
INERTIAL  AND  AERODYNAMIC  ANGLES 


The  ground  track  velocity  vector  (velocity  vector  in  the  plane  of  the  earth)  is  equal  to 
the  u velocity  component  in  the  earth  axis  when  heading  is  zero  or  the  v velocity 
component  in  the  earth  axis  when  heading  is  90°.  Thus,  the  magnitude  of  velocity  in  the 
earth  axis  can  be  found  from  the  body  axis  to  earth  axis  transformation: 

VEGt  ~ UE  | \p=0  ~ VE  | ^--=90° 

= u cos  0 + v sin  0 sin  <f>  + w sin  6 cos  <p 

Rate  of  sink  is  also  found  by  transforming  body  axis  inertial  velocity  components  to  the 
earth  axis: 


h = -wg  = u sin  S - v ccs  0 sin  <f>  - w cos  6 cos  </> 


By  definition: 


tan  7 = 


_ u sin  0 - v cos  0 sin  # - w cos  0 cos  0 
u cos  0 + v sin  0 sin  <f>  + w sin  0 cos  <p 


or 


sin  6 [ v tan  y sin  tp  + w tan  y cos  <j>  - u 1 


cos  6 [-  u tan  y ~ v sin  <p  - w cos  <t>] 


tan  0 = 1 u Ian  y + v sin  <p  + w cos  <j>) 

u - v tan  7 sin  <p  - w tan  y cos  <p 


■f 

For  components  of  wind  defined  in  the  body  axis  system  (tail  wind  is  +uyy,  wind  from  left 
is  +Vyy  wind  down  is  +Wyy),  inertial  velocity  and  airspeed  components  are  related  by: 


u = uA  + uw 
v = vA  + vw 

w = WA+  W y 

Airspeed  components  can  be  expressed  in  terms  of  angle  of  attack,  sideslip  angle,  and  total 
airspeed  through  the  definition  of  the  latter: 


605 


tan  a 


WA  0 i - 

= -^T  5 _UA  tan  o+wA4'  = 0 
Sin/J  ; vA2  = VA2sin2/? 

uA2  + va2  + wa2  = va2 

In  matrix  form, 


Solving  simultaneously  for  uA2,  vA2,  and  wA2  using  Cramer’s  rule  gives 

uA2  = VA2  cos2  a cos2  0 
vA2  = VA2  sin2  0 
wA2  = VA2  sin2  o cos2  0 

Thus, 

u - U^y+  VA  cos  ot  cos  0 
v = v^+  VA  sin  0 
w = + VA  sin  a cos  0 


The  exact  expression  lor  pitch  attitude  is  given  as  follows: 


<3»*i«-^,vv  -vs»»  *■  vV  _« #>5«vv«en 


This  is  not  a closed  form  expression  for  tan  0.  Assuming  small  a,  p,  8,  6,  and  7 yields: 


8 = 


WycosW  -£w> 


7 + a 


Thus,  for  still  air  or  a pure  crosswind,  0 = 7 + a . A tail  wind  reduces  the  pitch  attitude 
required  to  hold  a glideslope  (negative  7). 


The  exact  equation  for  pure  longitudinal  motion 
(<f>  = p = \p  - \py  = 0)  reduces  to 

V\y  tan  7 - VA  (sin  (0  - a)  - tan  7 cos  (0  - a)) 


or 


sin(0-a) 

r v^r  — 

77-  + cos  (0  - a) 
VA 


and  the  body  components  of  wind  are 


= Vw  cos  ® 

ww  = Vfy  sin  0 


The  differential  relationship  is 


VW 

5VW  tan  7q  + — 5 — 67  = 5VA  (sin  (0Q  - Oq)  - tan  70  cos  (0Q-  <*q) 
cos'4  7q 

VA  c°s(0O-ao) 

07  + VAq  l cos  (0q  - oq)  + tan  79  sin  (0q  - «q)1  5a) 


cos* 


”>0 


or 


%0  ta"  TO 

5VW  tan7o-«vA — vl + 6T 

An 


^W0  + VA  cos  (°0  ~ “0> 


cos2  70 


= VA0  l cos  <°0  " “0) + ten  7 sin  (0O  - a0)l  (S6  ~ Sa> 
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APPENDIX  4B 

BODY  AXIS-RELATIVE  WIND  AXIS  VECTOR  TRANSFORMATION 


Rotate  through  p,  from 
stability  axis  to 
relative  wind  axis 


xr  * XS  cos  p + y<j  sin  p 
yR  = XS  sin  P + yS  cos  0 
ZR  = ZS 


yS 


1 1 

■ 

* 

1 1 

* 

StoR 

VT 

S to  R 

B toS  < 

t 

B to  R 

_ 

i i 

_ 

_ 

1 1 

. 

B to  R 


<ZS> 

cos  a cos  P sin  p sin  a cos  p 
-cosasin/?  cos  P -sin  a sin/? 
- sin  a 0 cos  a 


Angle  of  attack  is  the  angle  between  the  x body  axis  and  the  projection  of  the  velocity 
vector  on  the  x-z  body  axis  plane.  Sideslip  angle  is  the  angle  the  velocity  vector  makes  with 
the  x-z  body  axis  plane.  Hence  there  is  an  ordered  sequence  of  rotations:  rotate  through  a 
first,  then  through  p. 
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